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h i g h l i g h t s

� Analysis of district heating networks was performed by the hydraulic-thermal model.

� Electricity and heat networks were investigated as a whole by combined analysis.

� The integrated method required less iteration than the decomposed method.

� An engineering solution was provided to a case study of Barry Island.
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a b s t r a c t

Energy supply systems are usually considered as individual sub-systems with separate energy vectors.

However, the use of Combined Heat and Power (CHP) units, heat pumps and electric boilers creates

linkages between electricity and heat networks. Two combined analysis methods were developed to

investigate the performance of electricity and heat networks as an integrated whole. These two methods

were the decomposed and integrated electrical-hydraulic-thermal calculation techniques in the forms of

power flow and simple optimal dispatch. Both methods were based on models of the electrical network,

hydraulic and thermal circuits, and the coupling components, focusing on CHP units and circulation

pumps. A case study of Barry Island electricity and district heating networks was conducted, showing

how both electrical and heat demand in a self-sufficient system (no interconnection with external

systems) were met using CHP units. The comparison showed that the integrated method requires less

iteration than the decomposed method.

� 2015 Published by Elsevier Ltd.

1. Introduction

Energy supply systems are usually considered as individual sub-

systems with separate energy vectors, e.g. electricity, heat, gas or

hydrogen. In the present Smart Grid vision [1], the role of electricity

is most prominent with limited consideration of other energy

networks. However, there aremany benefits to be gained by consid-

ering the energy system as an integrated whole. Energy flows sup-

plied from alternative sources can be controlled; therefore, security

of energy supply could be increased. The most energy efficient

operating regime can be determined and energy losses, costs and

emissions could be minimised. Independent planning and

operation of separate energy networks will unlikely yield an overall

optimum, since synergies between the different energy vectors

cannot be exploited. Thus, an integration of energy systems is

highly desirable [2,3].

One of the examples of integrated energy networks is district

heating systems with Combined Heat and Power (CHP) units.

CHP units, electric boilers and heat pumps connected to a district

heating system act as linkages between electricity and heat net-

works. Such integrated electricity and heat networks with energy

storage could contribute to more efficient utilisation of distributed

energy [4,5]. The coupling components (CHP units, heat pumps,

electric boilers and circulation pumps) increase the flexibility for

equalising the fluctuations from the renewable energy. As the

penetration of the renewable energy sources increases [6], the

interaction of electricity and heat networks becomes tighter and

modelling of electricity and heat networks as a whole becomes

more important.
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Several approaches for modelling the integration of different

energy systems have been published. Examples include energy

hubs [2], multi-energy systems and distributed multi-generation

[5,7–9], intelligent energy systems [10], community energy [7],

smart energy systems [11], and integrated energy systems [12].

A generic framework for steady-state analysis and optimisation

of energy systems was investigated by Geidl and Andersson [2].

The coupling between multiple energy carriers was modelled using

energy hubs. Using the energy hubs concept, input power of

electricity, natural gas and district heat is converted to electricity

and heat output power through an efficiency coupling matrix.

The model showed the potential for reduction of overall energy

cost and emissions.

Smart multi-energy and distributed multi-generation systems

were described by Mancarella et al. [7–9]. In multi-energy systems,

coupling of electricity, heating, cooling and gas networks takes

place through various distributed technologies such as CHP,

micro-CHP, heat pumps, solar thermal, photovoltaic and energy

storage systems. A holistic overview from an energy, environmen-

tal, and techno-economic perspective was provided.

Several methods were developed to investigate combined

electricity and natural gas networks [2,13–18], where gas turbine

generators are the linkages between the gas and electricity

networks. An approach was used to execute a single gas and

power flow analysis in a unified framework based on the

Newton–Raphson formulation [17].

A few studies investigated the combined electricity and heat

networks, e.g. an integrated optimal power flow of electricity and

heat networks [19]. On the other hand, several studies investigated

the coupling components within combined electricity and heat

networks. The impact of heat pumps and distributed CHP on low

voltage networks was evaluated by Mancarella et al. [20], showing

how a smart combination of these technologies could reduce the

arising network impact (particularly severe in the case of heat

pumps [21]). Technology options such as electric boilers and heat

pumps that allow for distributed CHP to better co-exist with inter-

mittent renewables were investigated [22]. In these studies,

detailed analysis of heat networks was not conducted. The integra-

tion of technical design, greenhouse gas emission analysis and

financial analysis for integrated community energy systems was

modelled by Rees et al. [23–25]. In these models the electrical,

thermal and gas power flows were calculated independently and

linked through generating units.

Two methods for combined analysis were developed to investi-

gate the performance of electricity and heat networks. The meth-

ods were based on the hydraulic-thermal model of heat networks

and the electrical power flow model. The decomposed analysis

method is to solve the independent hydraulic equations, thermal

equations, and electrical power flow equations sequentially. The

integrated analysis method is to solve the combined hydraulic

equations and thermal equations, and electrical power flow equa-

tions simultaneously as an integrated whole. In this paper the

description of both methods and the results of analysis using a case

study were presented.

2. Combined electricity and district heating networks

A schematic drawing of combined electricity and district heat-

ing networks is shown in Fig. 1. The electricity and heat networks

are linked through the coupling components (e.g., CHP units, heat

pumps, electric boilers and circulation pumps), which are repre-

sented as the Sources in Fig. 1. These coupling components allow

the flows of energy between the two networks. CHP units generate

electricity and heat simultaneously; heat pumps and electric

boilers convert electricity to heat; circulation pumps consume

electricity to circulate water in the district heating network.

These coupling components increase the flexibility of the elec-

tricity and heat supply systems for facilitating the integration of

intermittent renewable energy.

From the modelling point of view, heat pumps or electric boilers

are equivalent to CHP units with negative electrical power output.

Electrical power generators are equivalent to CHP units with zero

heat output. These components are generalised as an electrical

and heat interface with adjustable heat-to-power ratio. Heat and

electrical power outputs of the interface are described by their

equivalent heat-to-power ratios as introduced by Mancarella [26].

Conventional electrical power flow calculations use a single

slack busbar. While in the integrated analysis of the combined net-

works, one electrical slack busbar and one heat slack node are

used.

In the case of islanded operation of the electrical network, two

CHP units are chosen as the slack node and the slack busbar

(Source 1 and Source 2 in Fig. 1). In grid-connected mode as shown

in Fig. 2, the electricity slack busbar is chosen as the grid connec-

tion point, so there is no heat generated at the electricity slack bus-

bar. Therefore, the grid-connected mode can be considered as a

simplified special case of islanded operation.

Other than the CHP unit being the electricity slack busbar, CHP

units with adjustable real power output and voltage magnitude are

classified as PV busbars; the other CHP units such as micro-CHP are

classified as PQ busbars with given real and reactive power output.

CHP units and other coupling components allow flows of energy

between the two networks. In islanded mode, the heat power gen-

erated by Source 2 (at the electricity slack busbar) is determined by
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Fig. 1. Schematic diagram of the combined electricity and district heating networks in islanded mode.
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the electrical power generated from this unit. Similarly, the

electrical power generated from Source 1 (at the heat slack node)

is a function of the heat network. Neither the heat network nor

the electricity network can be analysed without taking into

account the other network.

The power flow formulation of a district heating network is

similar to that of an electrical network. The AC electrical power

flow model for electrical networks is well established [27,28]. An

integrated hydraulic-thermal calculation technique of district

heating networks, the so-called thermal power flow was described

in this paper. Based on these two power flows, an integrated

electrical-hydraulic-thermal calculation technique, the so-called

integrated power flow was developed using the Newton–

Raphson method. In the integrated power flow, the known and

unknown variables of electricity and heat networks are shown in

Table 1.

The analogues of three types of busbars and nodes in the elec-

trical and thermal power flows are shown in Table 2. Each type

of busbar and node is classified according to two known quantities.

3. Analysis of district heating networks

District heating networks usually consist of supply and return

pipes that deliver heat, in the form of hot water or steam, from

the point of generation to the end consumers [12,29]. In a

simulation of a district heating network, the variables are: pressure

and mass flow rates in the hydraulic model; supply and return

temperatures and heat power in the thermal model. Hydraulic

and thermal analysis is carried out to determine the mass flow

rates within each pipe and the supply and return temperatures

at each node. Usually, hydraulic analysis is carried out before the

thermal analysis [29–32]. It is common to perform hydraulic

calculations using the Hardy-Cross or Newton–Raphson methods

[29–33]. The Hardy-Cross method considers each loop indepen-

dently and the Newton–Raphsonmethod considers all loops simul-

taneously [29]. The decomposed hydraulic and thermal analysis of

a pipe network using the Newton–Raphson method is described in

[30].

An integrated hydraulic-thermal model of district heating

networks, solved by the Newton–Raphson method, was used in

this study. In the hydraulic model, the network description is based

on a graph-theoretical method. In the thermal model, a matrix

approach was used.

3.1. Hydraulic model

3.1.1. Continuity of flow

The continuity of flow is expressed as: the mass flow that enters

into a node is equal to the mass flow that leaves the node plus the

flow consumption at the node. For the entire hydraulic network,

the continuity of flow is expressed as

A _m ¼ _mq ð1Þ

where A is the network incidence matrix that relates the nodes to

the branches; _m is the vector of the mass flow (kg/s) within each

pipe; _mq is the vector of the mass flow (kg/s) through each node

injected from a source or discharged to a load.

Heat

Electricity

Unknown electrical power

Know heat power

…

District heating network

Electric power distribution network

Electricity

slack

busbar

Heat

Heat

slack

node

Electricity Electricity

Heat Heat

Source N-1…

…

Source N

Unknown heat and 

electrical power

Known heat and 

electrical power

Known heat and 

electrical power

Grid-connection point

Electricity

Source 1

Fig. 2. Schematic diagram of the combined electricity and district heating networks in grid-connected mode.

Table 1

Known and unknown variables of electricity and heat networks.

Variables Known Unknown

Electricity networks Voltage angle h At the slack busbar At all busbars except the slack busbar

Active power P At all busbars except the slack busbar At the slack busbar

Voltage magnitude jVj At each PV busbar At each PQ busbar

Reactive power Q At each PQ busbar At each PV busbar

Heat networks Pressure head H At one given node At all nodes except the given node

Heat power U At all nodes except the slack node At the slack node

Supply temperature Ts At each source node At each load node

Return temperature Tr At each load node (before mixing) At each source node

Mass flow rate Within each pipe

Table 2

Analogues of busbar and node types in electrical and thermal power flows.

Electrical power flow PQ busbar PV busbar Vh busbar

Thermal power flow UTr node UTs node Ts H node
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3.1.2. Loop pressure equation

Head loss is the pressure change in metres due to the pipe fric-

tion [32]. The loop pressure equation states that the sum of head

losses around a closed loop must be equal to zero. For the entire

hydraulic network, the loop pressure equation is expressed as

B hf ¼ 0 ð2Þ

where B is the loop incidence matrix that relates the loops to the

branches; and hf is the vector of the head losses (m).

3.1.3. Head loss equation

The relation between the flow and the head losses along each

pipe is

hf ¼ K _mj _mj ð3Þ

where K is the vector of the resistance coefficients of each pipe. K

generally depends largely on the diameter of a pipe. The resistance

coefficient K of a pipe is calculated from the friction factor f. The

details are described in reference [34].

Hence, Eq. (2) is expressed as

B K _mj _mj ¼
X

npipe

j¼1

Bijkj _mjj _mjj ¼ 0 ð4Þ

where npipe is the number of pipes; i is the index of loops and j is the

index of pipes.

3.2. Thermal model

The thermal model is used to determine the temperatures at

each node. There are three different temperatures associated with

each node (Fig. 3): the supply temperature ðTsÞ; the outlet

temperature ðToÞ and the return temperature ðTrÞ [35]. The outlet

temperature is defined as the temperature of the flow at the outlet

of each node before mixing in the return network. If there is no

flow mixing at a node, then the outlet temperature To is equal to

the return temperature Tr at this node. Usually, the supply tem-

peratures Ts at each source and the outlet temperatures To at each

load are specified in the thermal model [29,31,36,37]. The load

outlet temperature To depends on the supply temperature Ts, the

outdoor temperature and the heat load [38–41]. For simplicity,

the outlet temperature To is assumed to be known at each load.

The heat power is calculated using equation [29,41]

U ¼ Cp _mqðT s � T0Þ ð5Þ

where U is the vector of heat power ðWthÞ consumed or supplied at

each node; the subscript th represents thermal; Cp is the specific

heat of water (J kg�1 �C�1), Cp ¼ 4:182� 10�3 MJ kg�1 �C�1); and

_mq is the vector of the mass flow rate (kg/s) through each node

injected from a supply or discharged to a load.

The temperature at the outlet of a pipe is calculated using equa-

tion [29,41,42].

Tend ¼ ðTstart � TaÞe
� kL

Cp _m þ Ta ð6Þ

where Tstart and Tend are the temperatures at the start node and the

end node of a pipe (�C); Ta is the ambient temperature (�C); k is the

overall heat transfer coefficient of each pipe per unit length

(Wm�1 �C�1)); L is the length of each pipe (m); and _m is the mass

flow rate (kg/s) within each pipe.

Eq. (6) shows that if the mass flow rate within a pipe is larger,

the temperature at the end node of the pipe is larger and the tem-

perature drop along the pipe is smaller.

For brevity, denoting T 0start ¼ Tstart � Ta; T 0end ¼ Tend � Ta;

W ¼ e
� kL
Cp _m, thus Eq. (6) is written as

T 0end ¼ T 0startW ð7Þ

The temperature of water leaving a node with more than one

incoming pipe is calculated as the mixture temperature of the

incoming flows using Eq. (8). Temperature at the start of each pipe

leaving the node is equal to the mixture temperature at the node

[29,41,43]

X

_mout

� �

Tout ¼
X

ð _minT inÞ ð8Þ

where Tout is the mixture temperature of a node (�C); _mout is the

mass flow rate within a pipe leaving the node (kg/s); T in is the

temperature of flow at the end of an incoming pipe (�C); and _min

is the mass flow rate within a pipe coming into the node (kg/s).

For a district heating network, the thermal model determines

the supply temperatures at each load and the return temperatures

at each load and source. The assumptions are that supply tem-

peratures at each source and return temperatures at each load

before mixing are specified, as well as mass flow rates within each

pipe [29,31,36,37]. The problem becomes complex when the ther-

mal model equations are applied to a district heating network with

arbitrary topology. Therefore, a matrix formulation of a thermal

model was used. Furthermore, a general program for the thermal

model in a district heating network was developed in MATLAB.

3.3. Hydraulic-thermal model

For a district heating network, the objective of the hydraulic-

thermal model is to determine the mass flow rates _m within each

pipe, the load supply temperatures and the source return

temperatures. It is assumed that the source supply temperatures

and the load return temperatures are specified; the mass flow rates
_mq or the heat power U are specified at all nodes except the slack

node [29,31,36,37]. The slack node is defined to supply the heat

power difference between the total system loads plus losses and

the sum of specified heat power at the source nodes.

If the nodal injected mass flow rate _mq is specified, the hydrau-

lic-thermal model calculations are performed independently

[30,43]. Firstly, the pipe mass flow rate _m is calculated by the

hydraulic model. Then, the results of the hydraulic model _m are

substituted into the thermal model. Finally, the load supply tem-

peratures and the source return temperatures are calculated by

the thermal model.

Alternatively, if the heat powerU consumed or supplied at each

node is specified, two methods are adopted to perform the

calculation of the hydraulic-thermal model. Conventionally, the

calculation is through an iterative procedure – referred to as the

decomposed hydraulic-thermal method – between the individual

hydraulic and thermal models [31]. In this paper, an integrated

hydraulic-thermal method was proposed, in which the hydraulic

and thermalmodels were combined in a single system of equations.

The two methods were described together with the integration of

the electrical power flow model in Section 5.

Source1

Load1

To

Tr

Ts

21

Fig. 3. Temperatures associated with each node.
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The integrated calculation combines the individual hydraulic

and thermal analyses using the Newton–Raphson approach. It

takes into account the coupling between the individual hydraulic

and thermal analyses. For instance, the thermal calculation cannot

be performed without knowing the pipe mass flows. The hydraulic

calculation cannot be performed without knowing temperatures

under the assumption that the nodal heat power is specified.

The proposed methods can handle the initial conditions with

arbitrary flow directions. During each iteration, the network inci-

dence matrix A and the loop incidence matrix B are updated

according to the signs of the pipe mass flow rates. Based on matrix

A, the formulation of the temperature mixing equations in the

thermal model is updated at each iteration.

4. Electrical power flow analysis

Given a power system described by an admittance matrix, and

given a subset of voltage magnitudes, voltage angles and real and

reactive power injections, the electrical power flow determines

the other voltage magnitudes and angles, and real and reactive

power injections.

The voltage V at busbar i is given by

V i ¼ jV ij\hi ¼ jV ije
jhi ¼ jV ijðcos hi þ j sin hiÞ ð9Þ

where jVj is the voltage magnitude (p.u.). h is the voltage angle

(rad). j is the imaginary unit.

The current injected into the network at busbar i is given by

Ii ¼
X

N

n¼1

Y inVn ð10Þ

where N is the number of busbars in the electricity network; Y is the

admittance matrix that relates current injection at a busbar to the

busbar voltage. Current injections may be either positive (into the

busbar) or negative (out of the busbar).

Thus, the calculated complex power injected at busbar i is

Si ¼ Pi þ jQ i ¼ V il
�
i ¼ V i

X

N

n¼1

ðY inVnÞ
� ð11Þ

Eq. (11) constitutes the polar form of the electrical power flow

equations.

The specified complex power being injected into the network at

busbar i is the complex power difference between the source and

the load.

Sspi ¼ Si;source � Si;load ð12Þ

Following Eqs. (11) and (12), the electrical complex power

mismatches DSi injected at busbar i are denoted as the specified

value Sspi minus the calculated value Si.

DSi ¼ Sspi � Si ¼ Sspi � V i

X

N

n¼1

ðY inVnÞ
� ð13Þ

Following Eq. (13), the diagonal and off-diagonal elements are

calculated as [44]

JSh ¼
@DSi
@hk

¼
jV iY

�
ikV
�
k k– i

jV iY
�
iiV
�
i � jSi k ¼ i

�

ð14Þ

JSV ¼
@DSi
@jVkj

¼
�V iY

�
ike
�jhk k– i

�V iY
�
iie
�jhi � Si=jV ij k ¼ i

(

ð15Þ

Thus, the electricity Jacobian matrix is constituted as

Je ¼
RealðJSh Þ RealðJSV Þ

ImagðJSh Þ ImagðJSV Þ

" #

ð16Þ

where Real represents the real part of a complex expression and

Imag represents the imaginary part of a complex expression.

Hence, the iterative form of the Newton–Raphson method is

h

jV j

� �ðiþ1Þ

¼
h

jV j

� �ðiÞ

� J�1e

DP

DQ

� �

ð17Þ

where h is the vector of voltage angles at non-slack busbars; jVj is

the vector of voltage magnitudes at PQ busbars; DP is the vector

of active power at non-slack busbars; and DQ is the vector of reac-

tive power at PQ busbars.

5. Combined analysis

Two methods for combined analysis were developed to

investigate the performance of electricity and heat networks. The

methods are based on the hydraulic-thermal model of heat

networks and the electrical power flow model.

For the power flow analysis, the electrical power at each busbar

is specified except for the slack busbar. Heat power is specified at

each node except for the slack node. Thus, the linkages between

electrical and heat networks are the generation components

(CHP units or electric boilers) at the slack busbar or slack node,

and the non-generation components such as the circulation

pumps.

The assumptions for the example network shown in Fig. 1 are as

follows:

(1) Source 1 is connected to the heat slack node and Source 2

connected to the electricity slack busbar.

a. In grid-connected mode, Source 1 corresponds to a gas tur-

bine CHP unit and Source 2 corresponds to the connection

to the grid.

b. In islanded mode, Source 1 corresponds to a steam turbine

CHP unit and Source 2 corresponds to a gas turbine CHP

unit.

(2) The heat-to-power ratio of the gas turbine CHP unit is con-

stant and the gas turbine CHP unit can be operated at partial

load conditions to respond to electricity and heat load

variation.

(3) The fuel input rate to the steam turbine CHP unit is constant

and the heat-to-power ratio of the steam turbine CHP unit

can be modulated.

(4) The heat power generated by CHP units is fully utilised,

without the waste of heat.

Two calculation techniques were developed to calculate the

operating points of the electricity and heat networks.

1. In the decomposed electrical-hydraulic-thermal method, the

independent hydraulic equations and thermal equations, and

electrical power flow equations were calculated sequentially

and linked through the coupling components. The sequential

procedure is iterated at each time step until the solution con-

verges to an acceptable tolerance.

2. In the integrated electrical-hydraulic-thermal method, the elec-

trical power flow equations, the hydraulic equations, and the

thermal equations were combined and solved simultaneously

as an integrated whole.

The structure of the integrated electrical-hydraulic-thermal

method is shown in Fig. 4. The hydraulic and thermal model equa-

tions are linked through the mass flow rates. The electrical power

flow equations and hydraulic-thermal model equations are linked

through the coupling components.
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5.1. Decomposed electrical-hydraulic-thermal method

In grid-connected mode, the hydraulic-thermal model is solved

first. Then these results are transferred to the electricity network

through the coupling components (CHP units, heat pumps, electric

boilers and circulation pumps). Finally the electrical power flow

model is solved. In grid-connected mode, any surplus or deficit in

electrical power is supplied from the main grid and there is no heat

generated at the electricity slack busbar. Therefore, the indepen-

dent hydraulic model, thermal model and electrical power flow

model are solved sequentially only once without iteration.

In islanded mode, the independent hydraulic and thermal model

and electrical power flow model are solved sequentially. This

sequential procedure is iterated until the solution converges to

an acceptable tolerance.

The flowchart of the decomposed electrical-hydraulic-thermal

method is shown in Fig. 5. Both grid-connected mode and islanded

mode are considered, and the islanded mode is highlighted in blue.

In the flowchart shown in Fig. 5, the input data and the

initialised variables are shown in Table 1. Based on these variables,

the nodal mass flow rates _mq are calculated using the heat power

Eq. (5).

The heat power from Source 1 at the heat slack node is denoted

as ;1;source. The electrical power from Source 1 is denoted as P1;source.

The heat power from Source 2 at the electricity slack busbar is

denoted as ;2;source. The electrical power from Source 2 is denoted

as P2;source. Here, the electrical power represents active power.

Heat power from a Source is related with its generated active

power and vice versa.

U1;source is calculated from the results of the decomposed

hydraulic-thermal method using the heat power Eq. (5).

;1;source ¼ CpA1;source _mðTs1;source � Tr1;sourceÞ ð18Þ

where A1;source is a row of the network incidence matrix A that

relates Source 1 at the heat slack node; Ts1;source and Tr1;source are

the supply temperature and return temperature at Source 1.

P1;source is determined by U1;source .

P1;CHP ¼
;1;source=cm1; gas turbine

�;1;source=Zþ geF in; steam turbine

�

ð19Þ

where cm1 is the heat-to-power ratio of the gas turbine CHP1; Z is

the ratio that describes the trade-off between heat supplied to the

site and the electrical power of the extraction steam turbine CHP1

[45]; ge is the electrical efficiency of the unit in full condensing

mode; F in (MW) is the fuel input rate of the steam turbine unit,

which is held constant in this paper.

The total electrical power supplied from Source 1 is decreased

by the pump electrical power consumption and thus Eq. (19) is

P1;source ¼ P1;CHP � Pp ð20Þ

where Pp is the electrical power consumed ðMWeÞ by the pump; the

subscript e represents electrical.

P2;source is calculated from the results of the electrical power flow

calculation using Eq. (11), plus the pump electrical power

consumption.

P2;source ¼ Real V2;source

X

N

k¼1

ðY ikVkÞ
�

( )

þ Pp ð21Þ

In islanded mode, U2;source is determined by P2;source.

;2;source ¼ cm2P2;source ð22Þ

where cm2 is the heat-to-power ratio of the CHP unit at Source 2.

In Fig. 6 the procedure of determining the heat and electrical

power generated from Source 1 and Source 2 is illustrated. The left

line that slopes downward describes the performance curve of an

extraction steam turbine CHP unit at Source 1 and the slope is

equal to the negative of the Z ratio of Source 1 (�Z). The right line

that slopes upward describes the performance curve of a gas tur-

bine CHP unit at Source 2 and the slope is equal to the heat-to-

power ratio of Source 2 ðcm2Þ.

Following the flowchart as shown in Fig. 5, the steps used to

solve the model as illustrated in Fig. 6 are as follows:

(1) Start with the known variables as shown in Table 1 and net-

work parameters.

(2) Assume the initial conditions for the heat and electricity net-

works. Iteration i = 1.

(3–6) Solve the hydraulic and thermal model, represented as the

red dashed arrow a! b when i = 1.

(7) Calculate ;
ðiÞ
1;source, represented as a horizontal dotted line.

(8) Calculate P
ðiÞ
1;source, represented as a vertical dotted line,

according to the performance curve of Source 1 using

Eq. (19).

(9) Solve the electrical power flow model, represented as the

blue solid arrow b! c when i = 1.

(10) Calculate P
ðiÞ
2;source, represented as a vertical solid line.

(11) Calculate ;
ðiÞ
2;source, represented as a horizontal solid line,

according to the performance curve of Source 2 using

Eq. (22).

(12) This procedure is repeated from step 3 until

D;
ðiÞ
2;source ¼ ;

ðiÞ
2;source � ;

ði�1Þ
2;source becomes less than the tolerance

e ¼ 10�3 � i ¼ iþ 1.

5.2. Integrated electrical-hydraulic-thermal method

In the integrated electrical-hydraulic-thermal method, the elec-

trical power flow equations, the hydraulic equations and the ther-

mal equations were combined to form a single system of equations

and solved simultaneously as an integrated whole using the

Newton–Raphson method. The structure of the calculation tech-

nique is shown in Fig. 4 and the flowchart is shown in Fig. 7.

Both grid-connected mode and islanded mode are considered,

and the islanded mode is highlighted in1 blue.

In grid-connected mode, any surplus or deficit in electrical power

is supplied from the main grid and there is no heat generated at the

electricity slack busbar. Thus, the derivative of the heat power mis-

matches with respect to the electrical variables is zero, which

means the lower off-diagonal submatrix of the integrated

Jacobian matrix is zero.

While in islanded mode, the heat generated at the electricity

slack busbar ðU2;sourceÞ is a function of the electricity network,

which means the lower off-diagonal submatrix of the integrated

Jacobian matrix is nonzero.

The iterative form of the Newton–Raphson method is

xðiþ1Þ ¼ xðiÞ � J�1DF ð23Þ

where i is the iteration number; x is the vector of state variables as

shown in Eq. (24); DF is the vector of total mismatches as shown in

Eq. (25); and J is the Jacobian matrix as shown in Eq. (26).

x ¼

h

jV j

_m

T 0s;load

T 0r;load

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

ð24Þ

1 For interpretation of colour in Fig. 7, the reader is referred to the web version of

this article.
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Following the structure of the integrated electrical-hydraulic-ther-

mal method as shown in Fig. 4, DF is expressed as

DF ¼

DP

DQ

DU

Dp

DT 0s
DT 0r

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

¼

Psp�RealfVðYVÞ�g

Q sp� ImagfVðYVÞ�g

CpA _mðT s�ToÞ�U
sp

B k _mj _mj�0

CsT
0
s;load�bs

CrT
0
r;load�br

2

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

5

 Active power mismatches

 Reactive power mismatches

 Heat power mismatches

 Loop pressure mismatches

 Supply temperature mismatches

 Return temperature mismatches

ð25Þ

where Cs is a matrix of coefficients for supply temperature calcula-

tion and Cr is a matrix of coefficients for return temperature calcu-

lation. Their calculations in detail were described in [34]. The

superscript sp represents specified.

Conventionally, for electrical power flow analysis, the vector Psp

in the active power mismatches is specified. While for the integrat-

ed electrical-hydraulic-thermal method, in the mismatches DF in

Eq. (25), the element P1;source of the vector Psp is determined from

the heat power generated at the heat slack node and it is expressed

as a function of the heat network. Thus, the derivative of the elec-

trical power mismatches ðDPÞ with respect to the heat variables

ð _mÞ is nonzero
@P1;source

@ _m

� �

.

Conventionally, for hydraulic and thermal analysis, the vector

U
sp in the heat power mismatches is specified. While for the inte-

grated method in islanded mode, the element ;2;source of the vector

U
sp is expressed as a function of the electricity network. Thus,

the derivative of the heat power mismatches ðDUÞ with respect

to the electrical variables ðh; jV jÞ is nonzero.

The integrated Jacobian matrix J is derived from the mismatch-

es DF. It consists of four submatrices: electricity submatrix Je, elec-

tricity to heat submatrix Jeh, heat to electricity submatrix Jhe and

heat submatrix Jh.

ð26Þ

where the shaded block matrices are nonzero and the others are

zero. The off-diagonal submatrix highlighted in blue is zero in

grid-connected mode and nonzero in islanded mode.

Fig. 4. Structure of the integrated electrical-hydraulic-thermal method.

Fig. 5. Flowchart of the decomposed electrical-hydraulic-thermal method.
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For Jeh, the vector of the nonzero elements
@P1;source

@ _m
is calculated

using Eqs. (18) and (19)

@P1;source

@ _m
¼

@P1;CHP

@ _m

CpA1;sourceðTs1;source � Tr1;sourceÞ=cm1; gas turbine

�CpA1;sourceðTs1;source � Tr1;sourceÞ=Z;steam turbine

�

ð27Þ

where A1;source is a row of the network incidence matrix A that

relates to Source 1 at the heat slack node. In the return network,

the term Tr1;source is expressed as a function of the pipe mass flow

rates _m and the load return temperatures T 0r;load. For simplicity,

the derivatives of the term Tr1;source with respect to _m and T 0r;load
are very small and are neglected.

In the case of circulation pumps, the derivative of the term Pp

(the electrical power consumed by the pumps) with respect to _m

in Eqs. (19) and (20) is very small and is neglected.

For Jhe, in grid-connected mode, the heat power is not a function

of the electricity network thus Jhe ¼ 0. In islanded mode, Jhe is

nonzero and the vector of the nonzero elements is calculated using

Eqs. (21) and (22)

@;2;source
@hk

@;2;source
@jVk j

h i

¼ cm2 Re jV iY
�
ikV
�
k

� �

Re �V iY
�
ike
�jhk

� �	 


ð28Þ

where the subscript i represents Source 2 at the electricity slack

busbar.

The procedure used to illustrate the example networks linked

by a CHP unit only is shown in Fig. 8. During each iteration, the

electrical and heat power generated from two sources are obtained

simultaneously, which are represented as the points on the perfor-

mance curves (the left line that slopes downward and the right line

that slopes upward) of two CHP units. Due to the scale of the graph,

starting from the 6th points on two lines, the two points on two

lines are then simultaneously moved to the next two points with

the same index at each iteration. The iteration procedure is repeat-

ed until the maximum absolute value of elements in the mis-

matches jDFj becomes less than the tolerance e ¼ 10�3.

5.3. Optimal dispatch

As an addition to the power flow, the use of optimal dispatch

was added to the combined analysis and was solved by the

Newton–Raphson method. The heat and electrical power generat-

ed from all sources were unknown. For simplicity, the optimal dis-

patch of electricity generation only was considered in this study.

The heat and electrical power generated from Source 1 and

Source 2 and non-slack Source 3 were unknown and their heat-

to-power ratios were known (Table 3). Comparing to the power

flow, it can be seen that one more variable was added. Thus, one

more equation was added to solve the problem. This additional

equation was formed using the equal-incremental-fuel-cost crite-

rion [27,28,46].

The equal-incremental-fuel-cost criterion states that for opti-

mum economy the incremental fuel cost should be identical for

all contributing turbine-generator sets [27,28]. In this paper, the

equal-incremental-fuel-cost criterion is applied to the electrical

power of Source 2 and Source 3 ðP2;source and P3;sourceÞ. The electrical

power of Source 1 ðP1;sourceÞ is calculated from the heat power of

Source 1 ð;1;sourceÞ. These are illustrated as shown in Fig. 9.

6. Case study

To demonstrate the capabilities of the combined analysis, a case

study was conducted. The decomposed and integrated calculation
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Fig. 6. Procedure to calculate the electrical and heat power from both Source 1 and Source 2 that link electricity and heat networks.

Max(|∆F|)<ε ?

Calculate the mismatches ∆F

No

Output results

Calculate |V|, θ, m, A, B, Ts,load, Tr,load,

Tr,source, Φ1,source, P1,source, P2,source, Φ2,source

Calculate the integrated 

Jacobian matrix

.

Yes

Input data

Initialise variables

Fig. 7. Flowchart of the integrated electrical-hydraulic-thermal method.
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techniques were used to investigate the electricity and district

heating networks, as shown in Fig. 10. The heat network is a low

temperature district heating network fed by three CHP units.

6.1. Network description

6.1.1. Electricity network

The schematic diagram of the electric power distribution net-

work is shown in Fig. 11. The electrical power is supplied to 5

lumped electrical loads through an 11/0.433 kV transformer at

each feeder. Source 1 is connected to the 11 kV distribution net-

work through a 33/11.5 kV transformer. Busbar ix is the slack

busbar.

For the electricity network, the following assumptions were

made:

(1) The base apparent power is 1 MVA and base voltage is 11 kV.

(2) The impedance of 185 mm2 cable is 0.164+j0.080X/km [47].

(3) 33/11.5 kV 15 MVA transformer has an impedance of 18%

and X/R ratio of 15 [47].

(4) Active power of 5 lumped electrical loads at each load

busbar:

Pi ¼ 0:2 MWe,

Piii ¼ 0:5 MWe,

Piv ¼ 0:5 MWe,

Pv ¼ 0:2 MWe,

Pvi ¼ 0:2 MWe.

5) Power factor of each electrical load: p.f. = 1.

6) Voltage magnitude of each Source:

jV1;sourcej ¼ 1:02 p:u:,

jV2;sourcej ¼ 1:05 p:u:,

jV3;sourcej ¼ 1:05 p:u:

7) Voltage angle of Source 1: h1;source ¼ 0�.

6.1.2. Heat network

The schematic diagram of the heat network is shown in Fig. 10.

The network parameters are presented in Appendix A. It was

assumed that the heat power of the loads is known. The heat pow-

er of the loads ðMWthÞ are shown in Fig. 10. The total heat power of

all loads is 2:164 MWth. Node 1, node 11 and node 31 correspond to

three sources. Node 1 is the heat slack node.

It was assumed that:

(1) Supply temperature at each source: Ts;source ¼ 70 �C.

(2) Outlet temperature (return temperature before mixing) at

each heat load: To;load ¼ 30 �C.

6.1.3. CHP units

For the gas turbine CHP unit at Source 1, the relation between

the heat and electrical power generation was calculated using

the equation:

cm1 ¼
;CHP1
PCHP1

�

�

�

�

ð29Þ

where cm1 is the heat-to-power ratio, cm1 ¼ 1:3 [48,49].

UCHP1 ðMWthÞ is the useful heat output. PCHP1 ðMWeÞ is the electrical

power output. Both variables are unknown in this case study.

For the extraction steam turbine CHP unit at Source 2, the Z

ratio was used to calculate the heat output [45]:

Z2 ¼
D;2
DP2

¼
;CHP2 � ;con2
Pcon2 � PCHP2

�

�

�

�

ð30Þ

where Z2 is the Z ratio, Z2 ¼ 8:1 [45]. D;2 is the increased heat

recovery and DP is reduced electrical power output. UCHP2 ðMWthÞ

is the useful heat output. PCHP2ðMWeÞ is the electrical power output.

Both variables are unknown in this case study. Pcon2 is the electrical

power generation of the extraction unit in full condensing mode. In

this mode, the heat generation is zero, thus ;con2 ¼ 0. In this case

study, Pcon2 ¼ 0:6 MWth.
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Fig. 8. Procedure to calculate the electrical and heat power from both Source 1 and Source 2 that link electricity and heat networks.

Table 3

Heat and electrical power from three sources.

Source 1 (electricity

slack busbar)

Source 2 (heat

slack node)

Source 3

(non-slack)

Heat power Unknown Unknown Unknown

Electrical power Unknown Unknown Unknown

Heat-to-power

ratio or Z ratio

Known Known Known

Φ2,source

P2,source

Z2

P1,source

Φ1,source

P3,source

Φ3,source

cm3cm1

+ +

+ +

=

=

Pload + Ploss

Φload + Φloss

Electrical power 

balance equation:

Heat power 

balance equation:

Fig. 9. Illustration of optimal dispatch for combined electrical and heat power.
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Fig. 10. Schematic diagram of the electricity and district heating networks of the Barry Island case study.
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For the reciprocating engine CHP unit at Source 3, the relation

between the heat and electrical power generation was calculated

using the equation:

cm3 ¼
;CHP3
PCHP3

�

�

�

�

ð31Þ

where cm3 is the heat-to-power ratio, cm3 ¼ 1=0:79 [49].

UCHP3 ðMWthÞ is the useful heat output. PCHP3 ðMWeÞ is the electrical

power output. For the power flow, it is assumed that the electrical

power generated from Source 3 is P3;source ¼ 0:3 MWe. Its calculated

heat power is ;3;source ¼ cm3 P3;source ¼ 0:3797 MWth. For the optimal

dispatch, these are unknown.

It is assumed the fuel cost functions of Sources are:

f i;source ¼ aiP
2
i;source þ biPi;source þ ci ð32Þ

where f i;source is the fuel cost of Source ið£=hÞ. ai; bi and ci are con-

stants. i ¼ 1; 2; 3. It is assumed a1 ¼ 0:2; b1 ¼ 13; c1 ¼

50; a2 ¼ 0:1; b2 ¼ 12:5; c2 ¼ 50; a3 ¼ 0:4; b3 ¼ 12; c3 ¼ 50 [27].

6.2. Results

The Barry Island case study examined how electrical and heat

demands in a self-sufficient system (no interconnection with exter-

nal systems) were met using CHP units. The results of the decom-

posed and integrated methods were very close at 10�3 precision

and the results of the integrated method were presented. The vari-

ables of the electrical and heat networks with reference to peak

heat load conditions were calculated as shown in Fig. 12.

For the power flow, the result of the heat and electrical power

supplied from CHP units at Source 1, Source 2 and Source 3 was

shown in Fig. 12 (a), where the generation of Source 3 was given.

For the simple optimal dispatch, the results were shown in

Fig. 12(b). The incremental fuel cost k was calculated as 12.60 £/

MW h. The total cost of Source 1, Source 2 and Source 3 for supplying

electricity over an hour was: 54:75þ 56:25þ 59:22 ¼ 170:22 £=h.

Substituting the power flow results as shown in Fig. 12(a) into the

fuel cost function of the sources, the total fuel cost was calculated

as 170.60 £/h. Comparing the two results, the solution of optimal

dispatch saved 0.38 £/h.

For the power flow, the results of the calculation of the pipe

mass flow rates were shown in Fig. 12(c). The main flow route

1–2–5–11–13–14–19–22–25–28–31–7–5 was indicated using

bold lines. It is seen that in some pipes (�6; �24 and �27) the flows

were of opposite direction compared with the initial guess, as

shown in Fig. 10, and the mass flow rates were different. The mass

flow rate within pipe �12 was increased due to the flow injection

from Source 3. The mass flow rate at node 31 was the largest since

the heat power generated in Source 1 was the largest.

The results of the calculation of the supply and return tem-

peratures at each node in the same main flow route were shown

in Fig. 12(d). Node 22 is the end of two flow streams from Source

(a) Heat and electrical power supplied from three 

sources for the power flow analysis 

(b) Heat and electrical power supplied from three 

sources for the simple optimal dispatch 
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Fig. 12. Results of the Barry Island case study.
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1 and Source 2 in the supply network and the start of the two flow

streams in the return network. The lowest supply temperature and

the highest return temperature were at node 22, where two

opposite flow streams met.

In the main route of the supply network (Fig. 10), the flows mix

at nodes 5 and 22 only. The supply temperature from node 1 to

node 22 reduces gradually because of the heat losses.

In the same route of the return network, the flow mixing

occurred at each node except node 13. Due to the mixing and

due to the assumption that the return temperature from the con-

sumer was fixed, the return temperature from node 22 to node 1

decreased unevenly.

Voltage magnitudes at each load and voltage angles at each

busbar in the electricity network were calculated.

To validate the results of the heat network analysis, the same

heat network as shown in Fig. 10 was built using commercial

software SINCAL [31]. The heat power of the CHP unit at Source

1 was specified in SINCAL based on the calculated value from the

combined analysis ðUCHP1 ¼ 1:0553 MWthÞ. The results of the heat

network obtained using the combined analysis were the same as

that obtained by SINCAL at 10�3 precision.

To validate the results of the electricity network analysis, the

same electricity network as shown in Fig. 11, was built using com-

mercial software IPSA [50]. The electrical power of the CHP unit at

Source 2 was specified in IPSA based on the calculated value from

the combined analysis ðPCHP2 ¼ 0:5000 MWeÞ. The results of the

electricity network obtained using the combined analysis were

the same as that obtained by IPSA.

Two methods were used in this study: decomposed and inte-

grated. The convergence characteristics of both methods were

compared as shown in Fig. 13. In the power flow, the decomposed

method was solved in 33 iterations. The integrated method was

solved in 14 iterations. In the optimal dispatch, the decomposed

method was solved in 43 iterations and the integrated method

was solved in 15 iterations. The comparison shows that the inte-

gratedmethod requires less iteration. In a simple example network

with 5 nodes, the decomposed method was solved in 16 iterations

and the integratedmethod was solved in 12 iterations. The compar-

ison shows that the number of the iterations of the decomposed

method increases with the size of the networks.

7. Conclusions

The combined analysis was used to investigate the integrated

electrical and heat energy networks. Two methods for combined

analysis were developed to investigate the performance of

electricity and heat networks as an integrated whole. Using the

combined analysis, an engineering solution was provided to the

Barry Island case study. These two methods were the decomposed

and integrated electrical-hydraulic-thermal calculation techniques

in the forms of the power flow and simple optimal dispatch. The

integrated method required fewer iterations and the number of

the iterations of the decomposed method increased with the size

of the networks.

The combined analysis of integrated networks could be expand-

ed by considering local decentralised generation, such as local heat

pumps or electric boilers installed at consumers and interconnect-

ed to heat networks or the use of micro-CHP. The inclusion of

thermal storage in a multi-time simulation is also of interest.

Other future work includes integration of more energy vectors

and extension of the model to further develop optimisation capa-

bilities to minimise energy losses, costs and carbon emissions in

integrated energy networks. In the analysis of a heavily coupled

multi-vector energy networks, the integrated electrical-

hydraulic-thermal method will play an important role due to its

flexibility and capability.
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Appendix A

See Table 4.

Table 4

Pipe parameters for the Barry Island case study.

Pipe

no.

From

node

To

node

Length

(m)

Diameter

(mm)

Heat transfer

coefficient (W/

mK)

Roughness

(mm)

01 01 02 257.6 125 0.321 0.4

02 02 03 97.5 40 0.21 0.4

03 02 04 51 40 0.21 0.4

04 02 05 59.5 100 0.327 0.4

05 05 06 271.3 32 0.189 0.4

06 05 07 235.4 65 0.236 0.4

07 07 08 177.3 40 0.21 0.4

08 07 09 102.8 40 0.21 0.4

09 07 10 247.7 40 0.21 0.4

10 05 11 160.8 100 0.327 0.4

11 11 12 129.1 40 0.21 0.4

12 11 13 186.1 100 0.327 0.4

13 13 14 136.2 80 0.278 0.4

14 14 15 41.8 50 0.219 0.4

15 15 16 116.8 32 0.189 0.4

16 15 17 136.4 32 0.189 0.4

17 14 18 136.4 32 0.189 0.4

18 14 19 44.9 80 0.278 0.4

19 19 20 136.4 32 0.189 0.4

20 19 21 134.1 32 0.189 0.4

21 19 22 41.7 65 0.236 0.4

22 22 23 161.1 32 0.189 0.4

23 22 24 134.2 32 0.189 0.4

24 22 25 52.1 65 0.236 0.4

25 25 26 136 32 0.189 0.4

26 25 27 123.3 32 0.189 0.4

27 25 28 61.8 40 0.21 0.4

28 28 29 95.2 32 0.189 0.4

29 28 30 105.1 32 0.189 0.4

30 31 28 70.6 125 0.321 0.4

31 31 7 261.8 125 0.321 0.4

32 32 11 201.3 125 0.321 0.4
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Fig. 13. Convergence characteristics of the decomposed and integrated methods.
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