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Abstract

A unique constitutive model for fibre reinforced concrete (FRC)is presented, which
combinesa number of mechanicdbasedsub modelsfor the simulation of directional cracking,
rough crackcontact and the crackbridgingaction of fibres. The model also containsa plasticity
componentto simulate compressivebehaviour. The plasticity component employsa frictional
hardening/softeningunction which considersthe variation of compressivestrengthand strain at
peak stresswith fibre content. Numericalresultsfrom a rangeof singlepoint and finite element
simulationsof experimentaltests show that the model capturesthe characteristicboehaviourof
conventionalfibre reinforcedconcretewith goodaccuracy.

1. Introduction

The addition of randomly distributed short fibres in a cementitiousmatrix can significantly
improvethe fracture propertiesof thesefibre reinforcedcementitiouscomposite§ FRCCJ-orthe
moderate fibre percentagesusedin many commercialmixes (0.52% by volume), the uniaxial
tensile and compressivestrengthsare only increasedby a relatively smallamount, but it is the
overall toughness, energy absorption and crack width control characteristicsthat can be
dramatically improved by the introduction of these fibres. The degree of this enhancement
dependsmainly on the content and geometry of the fibres as well as upon the fibre concrete
matrix bond properties. This substantialincreasein toughnessand fracture resistancederives
from the debondingand pull out of fibres from the cementitiousmatrix. Theunderlyingfailure
mechanismof cementitiouscomposites reinforcedwith randomly oriented discontinuousfibres,
is alsolargelygovernedby fibre pull put. Thismay or may not be accompaniedy fibre rupture,
dependingon the fibre geometryandfibre cementmatrix interfaceproperties[1 8]. Whena crack
opens,the fibres crossingthe crackplane beginto debondand are subsequentlypulled out (i.e.
the fibres slide relative to the concretematrix). In this processthey canbe consideredto apply
closuretractions to the crack facesthus stabilisingthe crack growth. Via these crackbridging
mechanismsthe fibres continue to transfer stressesbetween the two crack facesuntil their
completepull put.

Severalmodels that describe the pull but of randomly distributed short fibres from a
cementitiousmatrix havebeen proposed[1,2,4i7]. Naamanet al. [4,5] investigatedthe influence
of fibre matrix bond propertieson the behaviourof FRCCasingan analyticalmodel, sinceit had
becomeapparentfrom experimentalinvestigationsthat the behaviourof FRCparticularlyin the
postcrackingstage, was strongly influenced by the interfacial bond slip response.Assuminga
linear elastic— constantfrictional bond slip relationshipthey formulated a model that describes
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the whole pull but processof a singlefibre alignedwith the pull out force. Liet al. [1], Li[2] and

LinandLi[7] deriveda seriesof closedform analyticalsolutionsthat describethe pull put of fibres
that have3 D uniform randomdistributionsin locationand orientation relative to the matrix crack
plane.Inthesecontributions,Liand co workersconsidereda numberof assumptiondor the fibre r
matrix bond model, includingconstantinterface shearstress(pure frictional behaviour)[2] or slipr
weakening[1] and slip hardeningbehaviour[1,7]. The pull out behaviourof steel hookedend

fibres hasbeenaddressedy Zhanand Meschke[8] who proposedan analyticalmodelin which

the anchorageeffectsinducedby the hooksare evaluatedat key pull out stages. At eachof these
key stageswhich dependon the geometricalconfigurationof the hooks,the resultinganchorage
force was determined from equilibrium of forces and moments and taking into account the

damageof concreteandthe yieldingsteel.

Sincethe addition of fibreshasa directimpacton crackingprocessestheir influenceis more
significantin tension than compression.Li and Li [9] proposeda model basedon continuum
damagemechanicsfor the tensile behaviour of fibre reinforced concrete. LangeKornbackand
Karihaloo[10] proposeda model which combinedfracture mechanicsand a statisticalbasedfibre
bridgingapproachto representthe softeningtensilebehaviourof FRC.

A number of macroscopicmodels have been proposed for simulating the compressive
behaviourof FRCsBencardincet al. [11] providesa review of four empiricalmodelsfor the stressr
strain behaviour of steel fibre reinforced concrete in compression[12 A5] and comparestheir
performance againstseveralsets of experimentaldata. The study concludesthat each of the
models studied agreeswell with the experimentaldata from which the model relations were
derivedbut that the modelsdo not showthe samelevelof agreementwhencomparedwith other
experimentaldata.

Macroscopianodelsoften originatefrom modelsfor plain concretethat havebeenmodified
or extendedto describeFRCbehaviour.Theytend to make use of continuum damageand or
plasticity theories and have an additional componentthat addresseghe crackbridgingeffect of
fibres. Fanellaand Krajcinovic[16] formulated a continuum damage model to simulate the
compressiveand tensile behaviourof FRCin which the damagefunctions for the cementitious
matrix were coupled with those of the fibres in an equilibrium equation basedon a parallel
arrangementof the composite.Pengand Meyer[17] presenteda continuumdamagebasedmodel
for FRAn which the influenceof fibres wastakeninto accountphenomenologicallypy modifying
the damageevolutionfunctionsto accountfor the presenceof fibres.Luccioniet al. [18] proposed
a homogenizationapproach using a modified mixture theory to model steel fibre reinforced
concrete (SFRCas a compositematerial comprisinga concrete matrix and fibres. The concrete
matrix is characterisedoy a plasticity model whereasthe steelfibres are modelledas orthotropic
elastoplastic inclusionsthat can debond and pull out from the matrix. Fibre debonding and
slippingrelative to the matrix is addressedhrough a fibre pull but model componentbasedon
the work on Naamanet al [4,5] and Chanvillard19]. Hameedet al. [20] combinedan anisotropic
damageplasticity model for plain concretewith a constitutive law that modelledthe damageof
the fibre matrix bond. In this formulation the damageof the fibre matrix bond wasdescribedby a
Weibull type function.

The seriesof microplanemodelsfor plain concrete,developedsincethe mid 80sby BaZant
and co workers,hasmore recently been extendedby Beghiniet al. [21] and Caneret al. [22] for
the caseof fibre reinforced concrete.To include the effect of fibres bridgingan open crack,the
softening function of the concrete matrix was coupled in parallel with another cohesive
relationshipbasedon the load resistancemodelfor steelfibre reinforcedconcreteof Kholmyansky
[23] to givethe evolutionof the normalcomponentof the microplanestress.



Formulationghat modelthe fibresin a discretemannerhavealsobeenproposed.Radtkeet
al. [24] presenteda frameworkthat combineda damagemodelwith a componentthat simulated
fibre bridging forces. In this approachthe matrix material was characterizedby a regularised
damagemodel and representedby a backgroundmesh. Fibresare then consideredas discrete
entities, howeverthey are not explicitlydiscretized;instead,reactionforcesfrom the fibresto the
matrix, namedfibre forces, are appliedto the backgroundmesh,at the points representingthe
endsof the fibres. Thefibre matrix interface behaviourobtainedfrom experimentaltestsis used
directly by assumingthe fibre pull out forcesto be equal to the fibre forces applied on the
backgroundmesh.

A numberof lattice modelsfor fibre reinforcedconcretehavebeenproposedin recentyears
[25 28]. Thesemodels are successfulat capturing both the complex mesostructureand the
physicalmechanismghat occurin sucha compositeaswell asthe overallmacroscopidehaviour.
However,the high computationalcost of suchmodelsis still one of the major obstaclesto them
beingappliedextensivelyin the analysisof large scalestructuralelements.However,suchmodels
are very usefulfor enhancingour understandingof the mechanismshat governFRMehaviour.

Arather different approachwasmore recentlyadoptedby Oliveret al. [29] who proposeda
micromorphic model that describesFRCas a combination of three constitutive domains: the
concretematrix, the fibres and the fibre matrix interface. Themodel is formulatedin the general
framework of multifield theory and uses a morphological kinematic descriptor that directly
characterizesthe fibre matrix bond slip mechanism.Micromorphic models can be generally
classedas macroscopianodelsbut enhancedwith information comingfrom particle interactions
occurringat lower scales.

In the presentwork a novel modelfor fibre reinforcedconcreteis presentedthat buildson
an existingdamageplasticitycontactmodelfor plain concreteproposedby Jefferson30 B1]. This
model employs a number of mechanicdbased sub models for the simulation of directional
cracking rough crackcontactand the crackbridgingaction of fibres. Therewasconsiderablenew
work involvedin (i) adaptinga scalarcrackbridgingmodelto makeit compatiblewith the damager
contactcrackplane model; (ii) developingnew expressiongor the compressivebehaviourof FRC
for usein the plasticitymodel component;(iii) developinga robust consistentalgorithmictangent
and stressrecoveryapproachfor the combinedplasticdamagecontactrfibre bridgingmodel; (iv)
implementingthe model in a finite element code in a computationallyrobust manner and; (v)
validatingthe model usinga range of experimentaldata. The result of this work is a new finite
element material model that is applicableto a wide range of FRCproblems and allows the
effectivesimulationof awide rangeof FRQharacteristidoehaviour.

Theremainderof the paperis arrangedasfollows:

Section2 presentsa crack plane submodel for the crackbridging action of short fibres
embeddedin a concretematrix and describeshow this is includedin a damager
contactcrackplaneformulation;

Section3 providesdetails of how the combinedcrackplane submodelis implementedin
the model of Jefferson[30] that considerscracksthat can form and grow in
multiple directions;

Sectiord describesthe plasticity componentof the model that simulatesthe variation of
compressivéoehaviourwith fibre content;

Section5 presentsthe consistenttangentmatrix/ stressrecoveryalgorithmanddescribes
how the modelwasimplementedin afinite elementcode;

In Section 6 a set of singlepoint simulations of uniaxial tension and compression
experimentsis presentedfollowed by resultsfrom finite element simulationsof
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experimentaltests on steel fibre reinforced concrete beamswith and without
additionallongitudinalreinforcement.

2. Descriptionof the model
2.1. Preliminariesand problemstatement

ConventionaFRormally hasa volumefraction of fibresin the range0.5 £2%,althoughmixes
with up to 6% have been used. FRCspecimenssubjectedto tensile loading typically show an
increasein the tensile strength and toughness(generallymeasuredas fracture energy) of the
compositewith increasingfibre content [32,33]. Themechanicapropertiesof the compositealso
dependon the propertiesof the matrix, on the propertiesand geometry of the fibres and upon
the characteristicof the fibre matrix interfaceandthe methodsof processing.

Theaim of the presentwork wasto developa robustand accurateconstitutivemodelwhichis
able to represent the characteristic behaviour of cementitious composites reinforced with
randomly distributed short fibres — in particular steel fibores — and which is suitable for
implementationin a commercialfinite elementcode. Therobustnessaccuracyand easeof use of
the modelare consideredo be equallyimportant.

The constitutive model is developed in the plasticdamagecontact (pdc) framework
previouslyproposedby Jefferson[30,31]in the Craftmodelfor plain concretewhich is extended
here to addressFRChbehaviour. A particular aspectof the original Craft model is its ability to
simulate multiple embeddedcrackswith variousorientations, also referred to as crack planes.
Sucha feature provesto be advantageousvhen modelling fibre reinforced concrete sincethe
bridgingaction of fibres acrossa crackplane hasa major influenceon the crackingbehaviourand
enhancesoverall ductility. Therefore it is the crack plane behaviour that drives the overall
behaviourof the composite.

2.2. Craclplaneformulation

In this work, a crackplane is defined as the mid surfaceof a narrow band of material of
width h containinga crack(or micro cracks).Theorientation of the planeis definedby axesr; (i=1
to 3), with unit vectorr; beingthe normalto the crackplaneandr, andr; beingorthogonalin r
plane unit vectors (Figure1l). The componentsof the crack plane tractions ( 1) and relativer
displacementwector(u ) areasfollows:

1 4V, Sandu v, u, v @ @ (1)

Crackplane quantitiesare alsoreferred to aslocalquantities,suchthat the subscriptsl to 3
in equationl relate to the directionsr to r3. Thewidth of the crackband may be associatedvith
the width of a fracture processzone [34]. The inelasticcomponentsof the crackplanerelativer

displacementsand crackplanestrainsare related by the equation 0 %u and the elasticcrack
planeconstitutiverelationshipis givenby:
1 DQ D 0 0 (2)

in which Q = elastic crackband strain vector, u = inelastic component of the relativer

displacementvector, 0= inelasticor ‘fracture’ strain vector, that is related to the deformations
dueto cracking. Theinelasticstraintensorin Cartesiarcoordinatesis often expressedn the form
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a o : o : . .
Q. }/qu Uy, Uy, I3, which is equivalent to gur transformed inelastic strain vector

vz O T . N isa stresstfansformationmatrix relating localto CartesiarstressesN' givesthe
requiredstrain transformationand u,, is a Cartesianvector of inelasticrelative displacementsit

will be seenlater onin this paper(in equation19) that the sumof the inelasticstrainsof all cracks
at a point form the summedfracture strain vector. Thescalarmagnitudeof the inelasticrelativer
displacemenisdenoted u andthe associatedtrainmeasure £.

a (0]
« »
1 0 0 « »
.1 « o »
D EO 0 « isthe elasticitytensor of the crackplane where E and are
2(1 O « »
1 « »
20 @ 2
Young’'smodulusand Poisson’gatio of the FRQespectivelylt is assumedhat Poisson’satio of
the compositeisthe sameasthat of the plainconcretematrix,i.e. = .

Whenthe modelis appliedto continuumelements,h is not useddirectly to relate relative
displacementso strains.Instead,the crackbandmodel of Bazantand Oh[34] is usedin whichthe
inelastic local strains depend upon the element characteristiclength ( A.,,) and the fracture

energyparameter(Gy).

Theeffect of fibreson the (effective)elasticmodulusof the compositeis takeninto account
accordingto the law of mixtures, with the fibre component being derived from a threer
dimensionarandomfibre network aspresentedin Garget al. [35]:

e " g ) ®3)

6 6
in which E; and E, are the Young'smoduli of the fibre and the cementitiousmatrix respectively
andV; isthe volumefraction of the fibres. It is noted that the addition of fibresin relativelylimited
amounts,asis the casefor conventionalFRChasa secondorder effect on the effective elastic
properties. This has been demonstratedin a study on the effective elastic properties of fibre
reinforced cementitious compositesthat used continuum micromechanicsand finite element
predictions[36].

Thedegreeof damageon the crackplaneis characterisedby a damagevariable, & « [0,1].
Makinguseof this damagevariable,Eq.2 canbe written as:

1 (1 2DboO (4)



Narrow band of partially or fully cracked
h l/ , material with normal and tangential local
unit vectorstry, r,, rz respectively

X2

I3 X1

Figurel. Schematiaepresentationof the crackplane

Cracksare initiated whenthe macroscopianajor principalstressexceedghe tensilestrength
of the matrix. Onceformed, the fibresthat crossthe crackstart to exerta crackbridgingactionas
they pull out from the matrix. Tensileand/or shearstressesare transferredacrossthe crackplane
throughthe intact materialand through the bridgingaction of the fibres. Themodel makesuse of
the followingassumptionsn characterisinghe crackplanebehaviour.

1.
2.

3.

ok

Fibrebridgingbecomesactiveoncedamageisinitiated (i.e.when &0).
Thebridgingaction of fibresis active only on the damagedproportion of a crackplane
(i.,e.on & asillustratedin Figure2.

Fibre rupture is not taken into account, since it is rarely relevant for steelfibre
cementitiouscomposites.

Thebendingstiffnessor dowelactionof fibresis negligible.

Bridging fibres are assumedto deform in accordance with the relative crack
displacementsasillustratedin Figure3.

Crackbridgingviafibres Undamagednaterial

(1-9

Figure2. Stresstransfer acrosscrackplane assumption



N
N

Figure3. Schematidllustration of Assumption4

Thebridgingaction of fibres crossinga crackplaneis interpreted in a classicalamageform
andthe crackbridgingstresstakesthe form givenin Eq.(5):

lz @1 Z;)DgkO (5)
where & isafibre effectivedamageparameter.

Basedon assumptions4 and 5 D  canbe written as D ; E ; "1 , where | is the

secondorder identity matrix and Egsrepresentsthe effective elasticstiffnessof the fibres crossing
acrackplanebefore significantdebondingoccurs.

Accordingto the first two assumptions,the stressestransferred acrossthe crack plane
throughthe intact materialandthroughthe bridgingactionof the fibrescanthen be expresseds:

1 @ )0z (@ )D,@ z (6)

The evolution of & is basedon the crackbridging model of Lin and Li [7] in which the
debondingphaseis assumedto be linear elastic. The expressionof the fibre effective damage
parameter & is evaluatedusingthe 1Dform of Eq.(5):

‘%
4 1 ) (7)

in which ; is an effective crackopeningparameterthat takesinto accountnormaland shearcrack
openingcomponentsasfollows:

1 .
f 5]11 \/112 4 /'122 132% H H H (8) .1

The fibre crackbridging stress( 1) is basedon the model of Li et al. [1] in which 14 is
obtainedby integratingthe individualpull out contributionsof fibrescrossinghe crackplane:

Ig (u) \/:—f SR p() p(zavdz ~ M ©)
f
where A; is the area of the fibre crosssection, P; is the pull out force carried by a single
fibre, udenotesthe crackopening, 3is the orientation angle of the fibre relative to the crack
plane and z is the distancebetween the centroid of a fibre and the crackplane.p(3 and p(z)
denote probability density functions of the fibre orientation angleand centroidaldistanceto the
crackplanerespectivelylt canbe noted from Egs.(4) (8) that the bridgingactionof fibresgivenby
the integration of the contributionsof fibres from all possibleorientations (Eq.9) contributesto
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both normal and shearcomponentsof the crackplane stress.A further point regardingEq.(9) is

that it placesno restriction on the form of the probability functionsand therefore the expression
canaccommodatenon uniform fibre distributions.In suchcasesthe resultingdoubleintegralcan
be solvednumericallyif a tractableanalyticalsolutionto (9) is not available A similarprocedureis

employedby Soroushiarand Lee[37] to derive a theoretical expressiorfor the number of fibres
per unit crosssectionalarea. Assuminga linear hardeningrelationshipbetween the fibre matrix

interfacial shearstress( 2 and interfacial slip (S) respectively,Linand Li [7] derivedthe pull out

force carriedby a singlefibre.

g .
g1 Wi:: E . (10)
df © 51
where d is the diameterof the fibre and 3 and : are material parametersthat characterize
the fibre matrix interface; the former being the frictional sliding shear stress at the end of
debondingstageandthe latter a non dimensionalfrictional slidinghardeningparameter.

Consideringhe particular caseof uniform random fibre distributions(i.e. p(3 = sin 3and
p(z)= 2/L¢), and by taking into accountthe snubbingeffect of fibres, Lin and Li obtained the
followinganalyticalexpressiorfor 1 ;

6 o ey K K (11)
in which |, d/v; 1 W c 5% and K, Ji Lt is the fibre length,
2dy 2d; iy o
2

T 1 €°% isafactor that accountsfor the snubbingeffect with f beingthe snubbing

g

A =r Uog d K u()_p " ] " )
m' /e h an PR where Ugand y,, are the crac
f

openingsat the end of debondingand pull out stagerespectivelyasgivenby Egs.(12a,b):

2d, L
Upg :? cand Upp= Q? (12a,b)

coefficient and K

L8 -
where O cosh Tf: -land : \/4(1 K¢ E/EW ., in Eq.(12b)is a reduction coefficient
51

f©

that accountsfor the fact that, for inclined fibres, the final pull put distanceis lessthan the
embedment length, as reported by Naamanand Shah[38]. Accordingto their experimental
results,the final pull put distance— definedasthe total amountof observedslip at whichthe pull r
out load dropsto zero— decreasesdy approximately20%relative to the embedmentlength, as
the inclination angleincreases. ., is therefore taken as 0.8. The effective elastic stiffnessof the
fibres crossingthe crackplaneis then evaluatedasEs; = 3/ @q. Thefibre endslip (S in Eq.(10)is
directlyrelatedto #andtherefore doesnot appearin the final Eq.(11).

The damagefunction that governsthe crackplane cementmatrix damageparameter &in
Eq. (6), taken directly from [30], is written in terms of a crack plane effective damagestrain
parameter /and takesinto accountthe normal and shearcomponentsof 0. Full details of the
damagefunction are givenin AppendixA for completenessWe note that the length (h) usedto
relate the crack openingsto their counterpart strain parametersis replaced by the element
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characteristiclength ( A, ) when the model is implementedin a finite element programvia the
crackbandapproach[34], asin the presentwork. Toclarify the definition of /] we note that /isa
functionof 0, 0, @nd Oo%u(or 0 }/%hum the FEcode).Thus, / dependson a local

strain vector that includesboth elasticand inelasticcomponents,whereasit is only the inelastic
strain that is scaledby the elementcharacteristidength. The advantageof this approachis that
our damagefunction is not of zero size (with undefined gradients)at damageinitiation, which
would be the caseif it were definedin terms of the inelasticstraincomponentsalone.

2.3. Modellingdifferent typesof fibres

Varioustypes of fibres, includingsteel, glass,syntheticand natural fibres are usedin fibre
reinforcedcementitiouscompositesRegardinghe geometry,the mostcommonlyusedfibresare
straight,hookedand crimped.By calibratingthe bond parametersof the modelusingthe pull put
properties of single fibres, it was found that the behaviour of both types of fibre could be
reasonablyrepresented.

3. Embeddedibre bridged crackplanesin a 3D constitutive model

Thefibre bridgingcrackplane model presentedin Section2 could be readilyadaptedfor an
interface element or an element with embedded strong discontinuitiesby replacingthe local
strainsin Eq.(6) with relative displacementsand the elasticconstitutivetensorto that applicable
to the interface under consideration.In the presentwork, this model is implementedin a 3D
constitutive model with embedded directional crack planes and applied to continuum finite
elements. Details of how the crack plane fibre bridging model is incorporated in the 3D
constitutive model for plain concrete[30,31], are presentedbelow. It is noted that the authors
alsoappliedthe crackplaneformulation to a 3D micromechanicbasedconstitutive model which
will be describedn a forthcomingpublication.Thecrackplanemodeldescribedhere hasa normal
andtwo orthogonalin plane shearcomponents,asrequiredfor the representationof a crackin a
three dimensionalsetting. The basicfinite elementimplementationof the model is therefore 3D
but we have alsoimplementedthe model for a range of 2D finite element elements,and in this
case,the crack plane has only one shear component. Our approachmay be describedas an
embedded smeared crackband model, which employs fracture energy regularisationwith a
directionallydependentelementcharacteristidength,for both 2Dand 3Dfinite elements.

3.1. Contactmodel

Experimentdan which cracksare openedunder normal loadingand which are subsequently
subjectedto sheardeformation[39] showa definite point at which contactis regained.Thework
describedin reference[40] demonstratedthat the locusof these contactpoints could reasonably
be representedby a conicalshaped‘contact function’” Mn u space.Furthermore,by assigninga
normal and shearstiffnessto the interface,the stressdevelopedafter contactcould be basedon
the embedmentdisplacementdefined asthe nearestdistanceto the contactsurfacein u space.
In this paper,the approachis developedin terms of the crackplane strains 0(Eq.4) rather than
relative displacementsincethe modelisto be appliedto a smearedcrackband. A recentfurther
developmentof this type of contactmodel[41] involvedrepresentinga cracksurfacewith a range



of conesof different slopesand heights accordingto an experimentallyestablishedstatistical
distributionfunction.

2 2
/I'Iz /1/3 O
' A
=0 g Nt
M0 \ Interlock ¢ my
\ 1 No contact
Contact AN

v
=N

Figure4. Contactfunction

A contact model similar to the one describedin [30] was employedin this work. Two
different contact surfaces,representedin Figure 4, are defined in the local strain space;an
interlock contactsurface( 3,)) and a closedcontactsurface( 3). Thecontactsurfacesboundthree
regionscorrespondingo three contactstatesasfollows:

3(Q WBor g Huy, Opencontactstate (13a)
3 Q<0and 3(Q >0 Interlockcontactstate (13b)
(0 G Closeccontactstate (13c)

where g  in (13a)denotesthe crackopeningbeyondwhich no further contactcanbe gainedin
shear.Thevalueof the limiting openingstrain g  istakenfrom [30]; 4, m,, # Where @ =uyh

and up is the relative displacementat the effectiveend of the uniaxialtensile softeningcurve (up ~
0.2 for normal concrete).my  §10,20]for concretewith relatively coarseaggregateparticles,i.e.
2080 mmandny, c[3,5]for concretewith relativelysmallcoarseaggregateparticles,i.e.5 8 mm.
Parametenmy, wassetto 5 for all numericalsimulationspresentedhere.

Theinterlockand closedsurfacesdelimitatingthe three contactregionsare:

Mi( O \/17 My 11 4 0.7 1 i):m - 0 (14a)

My

M 0 \/7 & mg | 17 013 (14b)

where my definesthe slopeof the interlocksurface asillustratedin Figure4.

Thetwo contactfunctions( M. ( 0) ) havethe following properties:

Vﬁ 1 (15a)
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M
M()Wm 0 com O O (15b)

where q,,,isthe localstrainon the contactsurfacenearestto Qin localstrainspace(Figure4).

The latter two properties are those of a signed distance function although here the
propertiesare expressedn localstrainrather than Cartesiarspace.

Consideringhe contactassumptiondrom [40], the stresstransferredacrossthe crackplane
dueto the crackfacesregainingcontact( 1. ) dependsuponthe contactstate asfollows:

1. De, (16a)
e, O (0 0 or M, H t (K6b)
e HcM(9 W\/,l\(gt m() 0 and M.0) O (16€)mo
e O M(O o d (16d)

where e isthe localembedmentstrainand Hc in (16c)is a function that accountsfor the fact that

the contact potential reduceswith crackopening. The reduction function derived by Mihai and
Jefferson42] from geometricalconsiderationsvasemployedhere:

3@1 /f/
H, e (17)
Includingcontact,the crackplaneor localconstitutiveequation,Eq.(6) canbe expresseds:
1 (1 )OZ (@ ,)D;0Z De, z z (18)

Theoverallstress—straimelationshipmaybe written asfollows:

1 D, 0 INTO ' (19)

i1 '© 1
where o, denotesthe fracture strainsfor crackj and n, = number of crackplanesat the current

point (i.e. at afinite elementintegrationpoint).

The crack plane model relationshipin Eq.(18) is now written in the form of Eq.(20a),in
whichthe crackplaneindex(j) andall dependenciesre omitted for clarity:

1 DMg 0, DiM;O0 (20a)

or

1 Dgi0 DG (20b)
wherem, 1 | My 2 1 ¢ 1,DgsZDMZ DiM;, Q@ 2, andl=identity matrix.

FromEQs.(2) and(20b)it maybe deducedthat the fracture strainsare givenby:
0 C10Cyqs 1 DQ C1 Cygs C 1 CyDO, (21)

1
inwhichC D! andCys DMq DM; =~ Dyt
UsingEqg.(21)in Eq.(19)andnotingthat 1  , givesl
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11 De N Cy chj© Do 0, {ON{CysDQ i

An expressiorfor the fracture strainsmay be derivedby introducingEq.(20b)into Eq.(21)
whichleadsto:

(22) |

0 Cgts C Dgrs0 DO C g O (23)
Rearrangindeq.(23)gives:
0 | CDgs O, O (23a)

Theexpressiornn (23a)canthen be usedin Eq.(19)to calculatethe globalstress.

4. Compressivébehaviour.Plasticitycomponent

A plasticity componentbasedon that presentedin [30] is includedin the presentwork to
describethe characteristicoof FRChehaviourin compression. The original plasticity component
employeda simplified versionof the Willam and Warnke [43] smooth triaxial yield surfaceand
frictional work hardening/softeningfunctions. Thismodel provided an effective characterisation
of the compressivebehaviourof plain concretewhich included;significantpre peaknon finearity
and postpeak softening, increased strength and ductility with triaxial confinement. A full
descriptionof the plasticity componentis givenin [30,31]; however, key equationsare givenin
AppendixB for completenessin the presentwork, the original plasticity model wasadoptedand
modified to accountfor the changesn the characteristiccompressivebehaviourthat occurwith
the addition of fibres, in particular steel fibres. Experimentson steel fibre reinforced concrete
specimenssubjectedto uniaxialcompressior{15,44]indicate severalcharacteristicfeaturessuch
as:

Increasedoughnessor ductility with increasedibre content
Increasedcompressivestrengthwith increasedibre content

Increasedstrainat peakstresswith fibre content

Decreasedlopeof the post peakpart of the stressstrain curvewith increasedibre
contentat a constantaspectratio of fibres

x Decreasedlopeof the post peakpart of the stressstrain curvewith increasedibre
aspectratio for constantfibre content

X X X X

The key equationsfor the plasticity componentare givenin Table1 with the terms being
fully explainedin AppendixB:

Tablel. Plasticitycomponent

F(L ()F {3, ALY) éf; l, Oz 5'1(]]':~7 ” Yieldftinction D (24)
G(1 ()F & AW) éll D fcﬁ'lr (L D) = Plasticpotential (25)
Q % o] Flowrule (26)
N &L'1, 0 Hardeningule (27)

12



Theoriginalfriction hardening/softeningunctionfor =employedin [30] is calibratedagainst
a uniaxialcompressiorstressstrain curve,whichis controlledby the uniaxialcompressivestrength
(f.) and the strain at peakuniaxialcompression Q). Thisfunction for =givesa smooth transition
from pre to postpeakbehaviourwasmodifiedin this work asfollows:

[o]

1 a
=0 — O e'ccl c o ]__e‘ccff_—c K » (28)

3 . ,

where A= NN y=valueof Aatthe peakyieldsurfacepositiongivenby:

o fo 0.7/, T8 H ' (29)
2E© :1
To ensure that the peak occursat == 1, the constants must satisfy the following
relationships:
Cc2 = 1 = ~
Ca Ce2 © 1 and a. e 1 e%2 _— 0 (30a,b)
1 e% 1 ,e% = 1 e«

Parameterc;, controls the slope of the descendingbranch of the stressstrain curve. As
mentioned above, in the case of steel fibre reinforced concrete, the postpeak slope of the
compressivestressstrain curve decreaseswith increasingfibre content. To reflect this, ¢ is
assumedo havethe following nonlinearvariation with respectto the volume fractionsof fibres
\V/

Co 1D, (BB K (31)
with K Vi , Where Vi im representsthe upper limit of the volume fraction of fibres taken
f lim

here as8%.It wasfound that valuesof .; = .3 =0.1and ., =0.08 provideda good matchto the
experimentaldataof Marar et al. [44].

It is further assumedthat the compressivestrength (fc) and the strain at peakstress( Q) in
Eq.(29)are functionsof fibre contentandaspectratio [15,44]. Thevariationsof both f. and Qwith
the volume fraction (Vf), and aspectratio (a; = Li/df) of the fibres are governedby Egs.(32) and
(33)respectivelyandillustratedin Figures5aand5b:

foVivar) fo 1 (V) Oa(& R o v, (32)
Viar) Ho 1 V) o O7 4 %, (33)
in which fg is the uniaxialcompressivestrength of the unreinforcedmatrix (i.e. when V; = 0%),
eC\a/?(Vf) a a
QV;) . a(@r) Oq(a)™ and fa;) —— 2 . Apand a m are
Cyo gkl g, 17 ° : Y agim g

the lower and upper limits of the fibre aspectratio. For steelfibres, aqp and a; i, are takenas20
and 100 respectively.Moreover, @ is the uniaxial compressivestrain at peak stress of the

erﬂK(Vf) a .
unreinforcedmatrix, Q (V;) G e cand ,4a¢) O,(ap)=”. K
VA K(Vs) Gr Lk
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Theset of parametersgivenin Table2 were found to providea goodmatchto experimental
results.

Table2. Plasticityparameters

Cn1 Cv2 Ca1 Cva Cve Ca Caa
10 15 0.5 18 100 10 3

(a) Variation of f _ with V¢
1.4 :
® Expaf=60
1.35 |- ks REEEEE LR L ELEE EELEEEEEEEL R
Num: af=60
13 |- Expaf=75
1.25 f---ooooo Numat=75 .
3 A Exp::af=83
T 12 oo v
o === Num:af=83

(b) Variation of Q with V;
3 : : : 7
| 1 1 ’I
¢ Expaf=60 ! ! /’ !
— Nur: af= i | VN
T e L
Expaf=75 i /,A

Q/Qo

Figure5. Variation of (a) the uniaxial compressivestrength, f. and of (b) the uniaxial compressivestrain at
peakstress, Qwith fibre content, V;.
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5. Consistenttangentmatrix

The derivation of the consistenttangentis givenfirst for the casein which the plasticity
componentis not active.

Theincrementalcrackplanerelationshipsmaybe derivedfrom Eq.(20a)to be:

Ms WGQS
w0 ©

o o, M; "MinS%» bpwm. DM, 0 (34) G
f f S fivi f
wo © 21 W0

1

GL D Mg

in which @enotesathird order matrix vectorcontraction.Thiscanbe re written as:
Gl Dg @ (35)
wherepy;' DM DM

Theincrementalfracture strainsare then givenby Eq.(36):

G 0 GG10Dyg 'GC 1 Cg C 1&C 1 G G (36)

Theincrementalform of the constitutiverelationship(19) (with H= 0) isgivenby:

n

1 D.GO | N7 Q 8TQ% G 37 |
j © ’

i 1

Using(36) in (37) and rearranginggivesthe following consistentincremental stress—strain
relationship:

1

"nien S b ' A (38)

e

in @ 1 *1

When the plasticity componentis added, the consistenttangent matrix follows the same
derivationasgivenin [30] andis includedin AppendixCfor completeness.

GL | D

e

6. Numericalresults

Numericalpredictionsfrom a rangeof singlepoint and FEsimulationsare presentedhere to
assesshe performanceof the proposedmodel.

A relatively small number of parameters are required by the model; apart from the
parametersthat are related to the behaviourof plain concrete,all of which are detailedin [30],
the addition of fibresintroducesa further sevenparametersasfollows:

x Themodulusof elasticityfor the fibre material E;

x Fibrecontent, V; and parametersrelatingto the geometryof fibres, L and ¢
x Parameterglescribinghe fibre matrixinterface: fand 3

X Snubbingparameterfs,,

E:, Lt and di can be obtained directly from material data sheetssuppliedby fibre manufacturers
and V; is specifiedin the mix design.Thefibre matrix interface parameterscan be obtainedfrom
singlefibre pull out tests[7] whereasthe snubbingparametercanbe determinedas proposedby
Liet al. [45]. Theparametersrelatedto the plasticitycomponentwere fixed at the valuesgivenin
Table2 for all examples.
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The sensitivity of the predicted response to variations in the fibre matrix interface
parametersis exploredin the first example.No such study is performed for the other fibre
parametersbecausetheseare basedsolelyon the basicgeometricand physicalpropertiesof the
fibresthemselves.

6.1. Singlepoint simulations.Uniaxialtensiontest of Liet al. [33]

Numericalresultsfor a uniaxialtensionstrain path obtainedwith the proposedconstitutive
model are comparedwith the experimentaldata of Li et al. [33] and presentedin Figures7a, b.
Simulationgor mixeswith fibre volumefractionsof 2%,3%and 6%respectivelywere carriedout
for two different types of steelfibres, namely Dramixfibres—which have a circularcrosssection
and hookedends—andHarexfibres—whichhavean arccrosssectionandstraightends.

In the experimentaltests, different concretemixeswere usedfor eachfibre volumefraction
in order to achievesufficientworkability: mix A was usedfor 2%, mix B for 3% and mix Cfor 6%
fibre volume fraction respectively Separateexperimentaltension tests were conductedon plain
concretespecimendor all three plainmixesaswell ason the associated-RGpecimensTherefore
the numericalsimulationswere conductedin two stagesasfollows:

x Stagel comprisedsimulationsof the uniaxialtension tests for the three plain concrete
specimens,employing the material properties in Table 3. Comparisonsbetween the
numericaland experimentalresultsare presentedin Figure6.

x Stage2 simulationsconsideredhe fibre reinforcedconcretespecimensusingthe material
propertiesgivenin Tables3 and 4. The predictive resultsfor FRQusing Dramixfibres are
shownin Figure7aandthe resultsfor FRQisingHarexfibresare presentedin Figure7b.

X

Table3. Material propertiesfor plain concrete

Mix type | En [MPa] Q| few[MPa] | fio [MPa] | & |G [N/mm]

A 35000 | 0.18 46.3 3.6 0.003 0.08
B 32000 | 018 52.4 3.7 0.003 0.075
C 28000 | 0.18 52.2 3.9 0.003 0.065

fio —tensilestrengthof plainconcrete(seeAppendixA)

Table4. Fibreproperties

Fibre type | Vi (%) | Matrix type| Li (mm) | di (mm) | Ef (MPa) f 3 (MPa) | fsub
2 A 0.85
Dramix 3 B 30 0.5 200000| 0.17 155 | 0.8
6 C 0.7
2 A 0.85
Harex 3 B 32 0.8 200000( 0.105 2 0.8
6 C 0.7
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Figure6. Numericalpredictionsfor plain matrix. Uniaxialtension.
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Figure7a. Uniaxialtension predictions. Concretereinforced with Dramixfibres
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Hgure 7b. Uniaxialtension predictions. Concretereinforced with Harexfibres

It canbe seenfrom Figuresraand 7b that the modelpredictswell the characteristiancrease
of tensile strength and toughnesswith increasingfibre content. It is noted that only one
experimental curve for each FRCmix was presentedin Li et al. [33]. However, following an
extensiveexperimentalstudy on the behaviourof fibre reinforced concrete beamstested in 3r
point bending, Parmentier et al. [46] reported a considerablevariation of the mechanical
performance,with experimental results from sets of tests with the same parametershaving
coefficientsof variationgreaterthan 20%.Thislevel of experimentalscatterwasattributed to the
heterogeneousnature of the material and was thought to depend mainly on variationsin the
distribution and orientation of fibres. Therefore,the apparentdifference betweenthe numerical
predictionsobtainedwith the proposedmodel and the experimentalresultsis likely to be dueto
thisinherentvariabilityof FRMehaviour.

The sensitivityof the model to the fibre matrix interface parameters 3 and ¢ is shownin
Figures8a and 8b respectivelyfor numerical simulationsof uniaxialtensile tests using Dramix
fibreswith a volumefraction of 2%.In thesesimulationsthe valuesusedfor 3and twere varied
by £ 20%relative to the nominal valuesfrom Table4. Thevaluesof 3 and ; employedfor the
sensitivity studies and the predicted strength values (fy), as well as those of the stress
correspondingto a uniaxial tensile strain of 0.003 ( 3.009, are givenin Table5. Valuesof the
remainingparametersare thosegivenin Table4.

3 hasa moderateinfluenceover the predictedvaluesof strength,with a variationof under
5%betweenthe strengthvaluesfrom simulationS1and simulationS3respectively.Theinfluence
of 3 is significantlystrongerin the post peak region;the predicted valuesof 1 oo3 increaseby
approximately35%as gincreasesrom 1.25in S3to 1.85in S1

Themodelsensitivityto the variationof ; is altogethermore limited; the predictedstrength
valuesremainunchangedvhereasthe predictedvaluesof 1 gozincreaseby approximatelyl1%as
tincreasegrom 0.14in S6to 0.2in S4
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It is noted that valuesfor the fibre matrix interfaceparameters 3 and ; canbe obtainedfor
singlefibre pull put tests[7].

Tableb. Sensitivitystudy. Fibre matrix interface parameters

3sensitivity | Vs (%) | 2[MPa]| ¢ | fs[MPa]| b.oo3[MPa]

S1 1.85 4.18 3.18
S2 2 155 |0.17| 4.16 2.70
S3 1.25 4.10 2.20

¢ sensitivity| Vi (%) | 2[MPa] | ¢ fir (MPa] | D.oos[MPa]

S4 0.2 4.16 2.84
S5 2 155 |0.17| 4.16 2.70
S6 0.14| 4.16 2.55

Model sensitivityto 3, Vi =2%
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Figure8a. Sensitivityof 3. Uniaxialtensile predictions
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Figure8b. Sensitivityof ;. Uniaxialtensile predictions

6.2. Singlepoint simulation.Uniaxialcompressiortestsof Marar et al. [44]

In this example resultsfrom singlepoint numericalpredictionsof uniaxialcompressiortests
are comparedwith the experimentalresults of Marar et al. [44]. The experimentaltests were
performed on standardcylindricalspecimens(150x300mm) made of normal strength concrete
reinforced with various volume fractions of hookedend steel fibres of different aspectratios.
Simulationswvere carriedout for two typesof Dramixsteelfibres; (i) Ly =30 mm & di =0.5mm (i.e.
aspectratio of 60) and (ii) L =50 mm & di = 0.6 mm (i.e. aspectratio of 83). Foreachcase,four
different fibre volumefractionswere considered.5,1.0,1.5and 2%respectively.

Thevaluesof the model parametersusedin the numericalsimulationsare givenin Table6,
andthe predictedandexperimentalresultsare comparedin FigureQaand 9b.

Table6. Material properties. Uniaxialcompressionsimulations

Em [MPa] Q | feo [MPa] | fio [MPa] & | Gi [N'mm] | E;[MPa] t | 3(MPa) | fsnup
28000 | 0.18 52.2 3.9 0.002 0.065 200000 Q.17 1.55 0.7
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Numericalpredictionsobtained for a substantialset of FROmixesare in good agreement
with experimental data; the model captures the increase of ductility in compressionwith
increasingibre content.

6.3. FEsimulation.3 point bendtest of Bencardincet al. [47]

Both FEsimulationswere undertakenwith the finite elementprogramLUSASh which the
current model has been implemented.4 noded linear quadrilateralelementswith a 2x2 Gauss
Legendrantegrationrule were usedthroughout. Thenonlinearsolutionswere undertakenwith an
incrementaliterative Newton solution scheme.The number of load/displacementincrementsfor
eachsolution variesfrom 30 to 70 and the convergencedoleranceusedwas 0.01%for both the
iterative displacementand out of balanceforce L2norms.

In the first FEexample simulationsof a seriesof 3 point bendtestsby Bencardincet al. [47]
are presented. The experimentaltests were carried out on notched prismatic specimensmade
from plain concrete (PC)and steel fibre reinforced concrete (SFRC)Hookedend Dramix steel
fibres with volume fractions of 1% (DS1%pand 2% (DS2%Yespectivelywere used. A schematic
representationof the experimentalset up aswell asthe specimengeometryand dimensions(in
mm) are presentedin Figure 10. Three specimenswere tested in each set of experiments;
howevera singlerepresentativeload deflectioncurveper setwaspresented.

‘ F

| 1254
O, 250 250 50 . 150
600

150

Figurel0.Bencardinoet al. [47] experimentalsetup

The finite element meshwith the boundary conditionsused for the numericalanalysisis
shownin Figurell. Thematerialparametersemployedare givenin Tables7raand 7b. Foreachset
of tests, finite elementpredictionsof the load central deflection curves(Fr yvare comparedwith
the experimentalcurves(Figurel?2). Plots of the major principal strains showingthe regionsof
localisedstrainsare presentedon deformed meshesin Figuresl3a,b.For conveniencethe same
strain rangewas usedfor all strain profilesin Figuresl3aand b. The proposedmodel is able to
capturethe increasen strengthand ductility of the compositeasthe fibre contentincreases.lIt is
noted that significant scatter of the experimental post peak responsehas been reported by
Bencardinoet al. [47]. Forinstance,a coefficientof variation of the peakload of approximately
18%wasobtainedfrom the response®f the three specimendestedin the DS1%ase.Thescatter
in the experimentalresultswasattributed to an unevenfibre distribution. It canbe observedfrom
the FEstrain profiles that damageis more localisedfor lower fibre volume content, as may be
expected.
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'

Figurell. Finite elementmeshand boundaryconditions. Simulationof Bencardinoet al. [47] experiment

Table7a. Material propertiesfor plain concrete

Case| En[MPa] | Q| feo [MPa] | fio [MPa] | & | Gi [N/mm]

PC 40000 | 0.2 68 2.5 0.002 0.07
Table7b. Material propertiesfor fibres

Case| Vi (%) | Li (mm) | di (mm) | Er(MPg) | ¢ | 3(MPa) | fsup
DS1% 1 0.85
DS20d 2 50 0.625 | 210000 0.06 1.9 0.75
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Figurel2. Loaddisplacementpredictionsfrom FEsimulationsof Bencardinoet al. [47]
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Figurel3a.Major principal strain profile from FEsimulations.V; =1%
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Figurel3b. Major principal strain from FEsimulations.V; =2%

6.4. FE simulation. 4 point bend test of an FRCbeam with additional conventional
reinforcement.Flakkand Tordall[48]

The final exampleis the analysisof a fibre reinforced concrete beam with and without
additional flexural reinforcement tested by Flakk and Tordall [48]. Rectangularbeams with
different amounts of flexural reinforcement,in addition to the 1% volume fraction of Dramix
65/60fibresin the concretemix, were testedin 4 point bending.Threeseriesof tests,in whichthe
quantity of flexuralreinforcementvaried,were carriedout and in eachof these seriestwo beams
were castand tested. The concreteusedwas a self compactingconcretedesignedasa C30.The
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test setupis presentedin Figurel4 and detailsof both typesof reinforcementare givenin Table8,
notingthat 112 denotesa standard(highyield, highbond)12 mm diameterreinforcingbar.

. 200 .

300

P/2 P/2 i ML
L /\(\ l c%. & ( ............ 3 ” 12

o
M2
300 1300 800 1300 300 “
° P R 1 12
4000
M3

Figurel4. Flakkand Tordall[48] experimentalsetup

Figurel5. FEmeshand boundaryconditions. Flakkand Tordall[48] simulation

Table8. Material detailsfor seriesof 4 point bendingtests.

Test case | Vi (%) Li (mm) dir (mm) Flexuralreinforcement
M1 1 60 0.9 3112
M2 1 60 0.9 1112
M3 1 60 0.9 -

Thefinite elementmeshusedis presentedin Figurel5 andthe material propertiesusedare
givenin Tables9ac. Thereinforcementis modelledwith 2Dlinear bar elements,usinga hardening
plasticitymodelfor steelwith the material propertiesgivenin Table9c.

Finite elementpredictionsof the load — mid spandeflection curvesare comparedwith the
experimentalcurvesfor the three setsof testsin Figurel6. Plots of the major principal strains
showingthe regionsof localisedstrainsare presentedin Figuresl7ac.

27



Table9a. Material propertiesfor plain concretematrix

Case Em[MPa] | Q| fco [MPa] | fio [MPa] & | G [N/mm]
Concrete matrix 25000| 0J2 43 3.2 0.0022 0.1
Table9b. Material propertiesfor fibres

Case Vi (%) | Ly (mm) | di (mm) | E; (MPa) f 3(MPa) | fsup

Fibres 1 60 0.9 | 210000| 0.03| 2.75 | 0.8
Table9c. Material propertiesfor steelreinforcement

Case EsMPa] | @] fy [MPa] | H' [MPa] H
Steel rebars 205000 013 580 1000 0.011

fy=yieldstress,H’ =hardeningnodulus, & the strainlimit for hardening
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Figurel6. Loaddisplacementpredictions.FEsimulationsof Flakkand Tordall[48] test
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Figurel7a.Principalstrain profiles from FEsimulations.SetM1
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Figurel7b. Strainprofiles from FEsimulations.SetM2

30



StageA3 l l
............................ L S
StageB3 l l
i T
Stagec3 ................................................. l ...................................... l ........................................................................................
T T
StageD3 .....................................................................................................................................................................................
} }
1 T
Strainrange

Figurel7c.Strainprofiles from FEsimulations.SetM3

FEsimulationsusingthe proposedmodel capture well the increaseof the peakload and
ductility with increasingamount of longitudinalreinforcement. The strain profiles obtained from
the simulationsof the three tests showthat the damagetendsto be more distributed the more
flexuralreinforcementis usedwhichis consistentwith experimentalobservations.

Additionally,load — deflection FEpredictionsare presentedin Figure18 for the caseof a
plain concretebeamwith conventionalflexuralreinforcement(RC)and that of an FRteamwith
conventionalflexural reinforcement (R/FRCjespectively,noting that no suchcomparisonswere
provided in the experimental study of Flakkand Tordall [48]. Beam dimensions,FE meshes,
boundaryconditionsand materialpropertiesusedare thosein exampleM1 (Table8, 9 and Figures
14,15),with the exceptionthat V; = 0%for the RCcase.Comparativeplots of the major principal
strainsfor a mid spandeflectionof 35 mm are presentedin Figurel9for the two cases.

It can be observedthat the addition of fibres to concrete reinforced with conventional
reinforcing bars increasesthe amount of tensionstiffening and the flexural capacity of the
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material comparedto plain RC.Moreover,the comparativestrain profilesin Figurel9 showthat
crackingis more extendedand cracklocalizationis more pronouncedin the absenceof fibres,
suggestingthat the crackingcharacteristicsare improved in the caseof R/FRCThe qualitative
observations drawn from the comparative numerical study are in agreement with the
experimentalobservationsof Deluceand Vecchig49].

Whenfibres and conventionalreinforcingbarsare both present,the effect of the fibrescan
be minimal after the reinforcementhasyielded and the crackwidths have become sufficiently
large for the fibres to fully (or almost fully) pull out. It is noted that, the model automatically
accountsfor this behaviourasa result of the mechanicsasedpull out model. Thisis apparentin
Figurel8 where softeningappearssoonatfter the conventionalreinforcementyields.

4point bendtest FEpredictions
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’,l \~\~-
~ 80 z -
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- 40 ,g m=ewe [F R/IFRC
/ o
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0 10 20 30 40
Mid spandeflection (mm)

Figurel8. FEpredictionsfor RCand R/[FRMeamsunder 4 point bending
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Figurel9. Comparativestudy. Strainprofiles from FEsimulations

6.5. Discussion

In general, experimental studies on fibre reinforced cementitious composites show a
considerablevariabilityin the behaviourandthis is largelyattributed to a poor control of the fibre
distribution which results in uneven orientations of fibres in different specimens[11, 46].
Significanteffort has been directed towards engineeringthe mix and castingprocessedor such
compositesin order to obtain uniform distributions and orientations of fibres [50 62]. However,
this statistical variation remains an important factor that should be taken into accountwhen
assessingmodelling capabilities. Consideringthe above, a strong correlation between the
numericalpredictionsand experimentalresultscanbe observed.Thisindicatesthat the proposed
model capturescorrectly key characteristicof the overall macroscopianechanicabehaviourof
fibre reinforcedcementbasedcomposites suchasthe increaseof ductility and overalltoughness
of the fibre reinforcedcompositerelativeto plainconcrete.

No significantnumericalinstabilitieswere encounteredduringthe finite elementsimulations
and convergenceavasachievedfor all numericalsimulations.Theexamplepresentedin section6.3
is usedfor a convergencestudy in which the effect of varyingthe fibre content on the solution
convergencehistory is evaluated. The convergencehistory for the range of incrementsthat
require the largestnumber of iterationsto achieveconvergencas presentedin Table10 for V; =
0% (i.e. plain concrete) and for Vi = 2% respectively.In both casesand the same fixed
displacementincrementis prescribed.lt wasfound that fewer iterations are requiredto achieve
convergencein the caseof fibre reinforced concrete than in the caseof plain concrete and
therefore the fibre bridgingcomponenthasa stabilisingnfluenceon the model.
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Table10. Convergencdistory for selectedincrements

Plainconcrete(V; =0%) FRQV; =2%)
Increment Iteration < (%) Increment Iteration < (%)
3 1 5.09E+00 3 1 3.68E+00
3 2 4.54E+00 3 2 2.57E+00
3 3 4.92E+00 3 3 1.72E+00
3 4 4.17E+00 3 4 7.62E01
3 5 3.67E+00 3 5 4.53E01
3 6 3.65E+00 3 6 2.91E01
3 7 3.31E+00 3 7 1.93E01
3 8 2.47E+00 3 8 3.18E03
3 9 8.60E02
3 10 7.55E04
4 1 5.54E+00 4 1 2.62E+00
4 2 6.19E+00 4 2 2.57E+00
4 3 5.30E+00 4 3 1.67E+00
4 4 4.89E+00 4 4 9.73E01
4 5 4.55E+00 4 5 4.93E01
4 6 4.06E+00 4 6 2.87E01
4 7 3.82E+00 4 7 1.82E01
4 8 3.11E+00 4 8 3.31E03
4 9 8.16E02
4 10 7.64E04
5 1 5.54E+00 5 1 1.92E+00
5 2 5.82E+00 5 2 2.94E+00
5 3 5.22E+00 5 3 3.00E+00
5 4 4.76E+00 5 4 1.68E+00
5 5 3.96E+00 5 5 1.23E+00
5 6 3.50E+00 5 6 9.57E01
5 7 2.98E+00 5 7 3.13E01
5 8 2.10E+00 5 8 8.66E03
5 9 5.03E02
5 10 3.13E04

A meshconvergencestudy was carried out for the three point bendingexamplein Section
6.3. A coarseanda fine mesh,with elementsizesof 10mmand 5mmrespectivelywere employed
for this purpose (Figure20). The predicted FEload deflection responsesobtained with the two
meshesfor V; = 2%are shownin Figure21, noting that the parametersin Tables7aand 7b, case
DS2%yere employedin both simulations.
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Figure21. Force—displacementnumericalpredictions
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7. Conclusions

The plasticdamagecontact constitutive model presentedis able to simulate directional
cracking,rough crack contact and the crackbridging action of fibres, as well as the increasein
fracture toughnessand tensile strengththat occurswith increasingdibre content. Thevariation of
compressivestrengthand strain at peakstresswith fibre dosagecanbe modelledusinga frictional
hardeningplasticitycomponentwith fibre contentdependentevolutionfunctions.

Numerical predictions, obtained in a range of singlepoint simulations, show that the
proposedmodel is able to representwell the complexcharacteristichehaviourof FRCin both
tensionand compression.

Resultdrom a seriesof analysef experimentalFRGeams,with and without conventional
reinforcement,demonstratethat the constitutivemodel, whenimplementedin an FEcode,is able
to reproducethe experimentallyobservedoehaviourwith goodaccuracy.
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AppendixA. Damage&unction

The evolution of the damage parameter & is governedby an effective damage strain
parameter andisbasedon a standardexponentialtensilesofteningfunction givenby:
o ] k8
z J1 %e C) E (A1)

where ; = fi/Em and fy is the uniaxialtensile strength of plain concrete. @ is the strain at the

effectiveend of the uniaxialtensilesofteningcurveandc; =5.

The evolution of the effective strain parameter is governedby the following damagefunction,
whichistakenfrom Referencd30];

2a
M, A L \/ 2 2% 2 452 2 A2
eq( 9 ) > 17 Jo<« 217 i}l 4J° - # H J H( ) H
d( { ) eq(pw ) 0 (A3)
with the standardloading/unloadingconditions  o; 7 4t o; /0,6 g 0/7] 4 O

Also,  § dt; in whichthe superiordot denotesthe time derivativeandt representstime.

The constants Jand Pare the strain equivalentsof the shear stressintercept and the
asymptotic shearfriction factor respectivelyof the damagesurfacein strain space. Theseare
computedfrom the relative shearstressintercept (r =c/fip) andthe asymptoticfriction factor ( A);
l.e. #(E/G) Ty and P=(E/G) "# notingthat c is the shearstressintercept. R yand Rare setto
1.25and8respectively.

If appliedto aninterface,damageisinitiated when ¢qfirst exceeds:. In a continuummodel
(Section5), cracksare initiated usinga principal stresscriterion and the crackplanefirst formsin
the major principalstressplane.
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AppendixB. Detailsof the plasticitymodel

Theyield function F and the plastic potential function G were kept unchangedfrom the
originalplasticitymodel[30]

(LR VT AV) 21 0= @y - ey
(1 (FVLAY) P10 D) = (82)
where, () 7 (pcos(7f b’ 8. 1, = 1% stress invariant, J, = 2" deviatoric stress

© cos( ) b\/2cos7(3 co T .1

invariant, 7isthe Lodeangle(with range0 to 60°) and =is a friction hardeningfactor, whichisin
turn a function of the work hardeningparameter A =variesfrom a possiblevalue of 0, at which
the yield surfacedegeneratego aline on the hydrostaticaxis,up to 1 at the peaksurfaceposition.
Theinitial position of the yield surfaceis governedby the initial valueof = 5 whichwassetto
0.85 for all examplespresentedhere. f; in Egs.(B1) and (B2)is the compressivestrength that
varieswith the volumefraction of fibres,aspresentedin Sectior4.

Thematerialparametersrequiredto definethe constantsare discussedn [30]:
b 1 5 31- ) U
2L bV21, odako Yo )L
2 1 2 J2 2L ' °© J3

in which by is the ratio betweenthe uniaxialand biaxialstrengthsfor plain concrete,generallyin
therangel.054.3[53,54].Forall examplegresentedhere b, wassetto 1.15.

Theplasticpotential function G hasthe sameform asthe yield function with the exception
of the addition of the dilatancyterm, I. | isamaterialparameterwhichnormallysetto 0.1(See
Referencd30] for thermodynamiaestrictions).

Theflow rule is derivedfrom the plasticpotential in the standardway asfollows
VG
> B3
9 —q (B3)
@ isthe plasticmultiplier, whichobeysthe condition g (o and gisthe plasticstrainrate.

Thework hardeningparameter,expressedn rate form, is givenby:

N(1& O (B4)
in which & V isductility parameterwhichdependsuponthe first stressinvariantasfollows:
e &€'¢ ° &
B (B5)
where 0.9 0.55 and& , 00022 &

C
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AppendixC. Consistentangentmatrix with plasticitycomponentactive

Theconsistenttangentmatrix with the plasticitycomponentactivetakesthe following form:

a A - AIfrA°

«
¢ fTA(gm '1/ - N
in which:
1
N o S8
As | Do Guyy'|NJCN™ D,
=1 @
F wF w
f _— — ® '
1 WN@v w v N
G °G w
— Cgv—a
gm w N ?VWN W
W
h V_W@vc N N

where ' Cisthe incrementof the plasticmultiplier and:

a, 1 o1 |
wd Ay
V6
T_
cy, & i
2
K, &S WCpP W
wl w © *1

»
Ya

(C1)

(€2)
(C3)

(C4)

(C5)

(C6)

(C7)

(C8)

(C9)
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Listof symbols

Symbol Meaning Symbol Meaning
Constantin hardeningplasticity w, U Yieldfunction constants(AppB)
A Ce1,Ce2 £ .
unction
_ Aspectratio of fibresandupper& P Pullpbut reductioncoefficient(Eq.
& &0 &im | |owerlimits of this ratio 10b)
Functionin olasticvield function f Fibrematrix interfaceparameter.
A(T P y Frictionalslidinghardening
(AppB)
parameter
b,c Yieldfunction constants(AppB) b Straln_ at the effective end of
softeningcurve
b Biaxialto uniaxialcompressive & H Strainat uniaxialpeakcompression
' strengthratio for plainconcreteand FRC
c Shearstressintercept (AppA) oy Hp Strains at the end _of debonding
andpull out respectively
. HE H Cartesiarntotal strain, elasticstrain
@ Softeningcurveconstant(AppA) andplasticstrainvectors(6x1)
Constantsn the crackbridging Qo O Crac_l@langtotal straln,cra_ckplan_e
¢, g . elastic strain, crack plane inelastic
stressfunction .
(or fracture)strainvectors(3x1)
C1.G2Calva, | pjasticityparameterg(Table2) @ 2
Cva,Cva Caa
Elasticcrackbandcompliance ] Effectivedamagestrainparameter
C )
matrix
Con Localerackcompliance # Effectivecrackopeningstrain
parameter
o Diameterof fibres i fi/Em (tensilestrainmeasure)
C Localelasticconstitutivematrix Zo Initial value of fraction hardening
parameter(AppB)
- , Z(l Friction hardening/softening
De Elasticitytensormatrix function (AppB)
e, Localembedmentstrain KKk Y Constant in the crackbridging
stressfunction
Young'smodulusof FRCof fibres K Normalisedplasticwork hardening
E, E En and of plain concretematrix function
respectively
E Effectiveelasticstiffnessof the K K Normalisedfibre aspectratio and
sf fibrescrossinga crackplane fibre volumefraction
feo, T Uniaxialcompressivestrengthof T Lodeangle(AppB)
plainconcreteand of FRC
fio Uniaxialtensilestrengthof plain N Work hardeningparameter(AppB)
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concrete

fsnub Snubbingcoefficient Y Nat peakof control function
F( WZ) Yieldfunction (AppB) Q Constant in the crackbridging
stressfunction
G Sheamodulus(AppA) Q Plasticparameter(AppB)
G( z) Plasticpotential (AppB) QAVy), GXVy) | Functionsdescribinghe variation
of f. and Qwith V;and
qaf), Q&af) c Q f o
G Fractureenergy P Asymptotic shear strain friction
R factor (AppA)
Asymptoticshearstressfriction
factor (AppA)
h Physicatrackbandthickness, Q Poisson’satio
whichequalsthe width of the
fracture processzone
Hc Contactreductionfunction Uy Yieldfunction constants(AppB)
I Identity matrix "4 Constantin the crackbridging
stressfunction
I 1% stressinvariant(AppB) A Stressvector (6x1)
J; 2" deviatoricstressinvariant(App Crackplanestressvector (3x1)
B)
An Elementcharacteristidength 1 Contactcrackplanestressvector
L¢ Lengthof fibres 3 Fibrematrixinterfaceparameter.
Shearstressat the end of
debonding
my Slope of conical part of contact M( 0, Interlockandclosedcontact
function functions
M o)
Ml Multiplier on K which controlsthe 1( 0) Damagefunction (surfacein local
effective end of a shear contact strainspace)
region
N Stresgransformationmatrix A,) Meanstressfunction usedin
computing &(AppB)
ry, o, I3 Crack plane coordinate unit &K Confinementuctility function
vectors (AppB)
ry Relativeshearstress(AppA) | Dilatancyconstant
Uog » Uop Crackopeningsat the end of Z Damageparameter(0 d Zd1)
debondingand pull out stage
respectively
u Crackplanedisplacementector Z Fibre effective damage parameter

(0 d Z d1)
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u Inelastic component of the crack
planedisplacementwector
Vi Volumefraction of fibres
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