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ABSTRACT

Over recent years, there has been an increasing level of interest in the cosmological
significance of observations of the Sunyaev Zel’dovich (SZ) effect in galaxy clusters. Al-
though the SZ effect has been known about for around fifty years, observations of it have
only become mainstream recently. The SZ effect refers to the redistribution of energy
of Cosmic Microwave Background (CMB) photons due to inverse Compton scattering
off populations of free electrons, most commonly in galaxy clusters. The SZ acts as
an artificial ‘emitter’ or ‘absorber’ along the line of sight to a cluster once other back-
grounds have been removed. SZ measurements suffer from a range of systematic effects
that have made observations in the region of the spectrum where the SZ simulates an
‘emitter’ (above ~ 220 GHz) particularly challenging. Nevertheless, the scientific po-
tential of large-scale SZ surveys is large. In particular, the SZ distortion to the CMB is
independent of redshift and limited only by the mass of the clusters being observed. This
makes SZ surveys useful for making detailed observations of the evolution of large-scale
structure of the Universe, which depends sensitively on cosmological parameters. Knowl-
edge of the spectrum of the SZ effect can also be used to constrain the peculiar velocity
of galaxy clusters, which has the potential to provide information about the nature of
dark energy. This thesis describes the observation, mapping and detailed analysis of the
cluster Abell 1835 at 1.1 mm, where the SZ acts as an ‘emitter’. An estimate of the
SZ emission from Abell 1835 is obtained and combined with other measurements of the
cluster to generate a spectrum, from which one of the most precise limits on a cluster’s
peculiar velocity to date is obtained.
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Chapter 1

Introduction

The discovery of the Cosmic Microwave Background (CMB) in 1965 by Penzias and
Wilson [156] revolutionized our view of the Universe. It provided the most decisive
evidence in support of the so-called Big Bang model of the Universe, in which
the Universe initially existed in an extremely small, hot and dense phase before
expanding into the cosmos we see today. Prior to the discovery of the CMB, there
had been many years of controversy over the interpretation of observations by Vesto
Slipher and, later, Edwin Hubble that appeared to imply that the Universe was
expanding [101]. Two alternative explanations for the expansion were proposed:
the Big Bang ! theory, and the Steady-state hypothesis - in which it was proposed
that the Universe had existed for an infinite time and that matter was continually
being created in the regions of the Universe that were being evacuated during the

expansion (e.g. [97]).

1The title of “The Big Bang’ was coined by Fred Hoyle - one of the original proponents of the
alternative Steady State hypothesis - on the BBC radio programme ‘Third Programme’, broadcast
in 1949. Although it is frequently claimed to have been used in a derogatory sense, Hoyle insisted
that the term was used only to illustrate the concept more clearly for radio listeners.
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One of the most striking features of the CMB is its extreme uniformity. In the
original discovery paper, Penzias and Wilson report an excess noise of 3.5 + 1.0K,
which appeared to be isotropic and unpolarized to within the sensitivity of the
instrument being used. This excess noise had been predicted by [59] as a signature
of the Big Bang. Although Steady State theory also predicted a background of
radiation, formed by the scattering of the light from stars by galactic dust, it was
unable to account for the extreme uniformity of the CMB or the lack of appreciable
polarization (which would be expected to be produced by scattering processes).
This, along with a large body of evidence that supported the Big Bang theory over
Steady-state (including, for example, the variation of radio source counts with
distance and the observed abundance of the lighter elements Hydrogen, Helium
and Lithium, which can be predicted accurately from Big Bang nucleosynthesis
models), led to the Big Bang theory being adopted as the standard cosmological

paradigm.

In 1992, results from Far-InfraRed Absolute Spectrophotometer (FIRAS) in
the satellite COBE (Cosmic Background Explorer) demonstrated that the CMB
spectrum was an almost perfect blackbody with temperature of 2.735 K (83, 136],
while the Differential Microwave Radiometer (DMR) instrument on the same tele-
scope measured variations in the CMB on the level of roughly one part in 100,000
[199]. These observations are viewed as the ‘final’ confirmation of the Big Bang
scenario, since the near-perfect blackbody was very hard to reconcile with the
Steady-state hypothesis, but had a natural explanation in the Big Bang theory, as
radiation emitted when the Universe was extremely small and dense. The COBE
results are also generally accepted to have represented the beginning of precision
observational cosmology, which has subsequently become one of the biggest fields

in current astrophysical research.



The uniformity of the CMB also appeared to confirm one of cosmology’s most
basic assumptions - the so-called ‘cosmological principle’ - which states that the
Universe is homogenous and isotropic on large scales. A Universe that is completely
homogenous, however, could never evolve into a structured Universe such as the one
we see today. The variations found by COBE offer a way out of this conundrum.
These ‘anisotropies’ in the CMB are believed to represent variations in the radiation
density at the time of recombination (when the photons that make up the CMB
were first released), which also map variations in the gravitational potential during

that period.

It is currently believed that shortly after the Universe began it underwent a
period of extremely rapid expansion, referred to as ‘inflation’. Quantum mechanical
variations in the distribution of all the constituents of the Universe were mapped
onto ‘large’ scales as a result of this expansion, and seeded the variations in the
matter distribution required to form large-scale structure (LSS). Although this
inflation was very quick, it is thought to have only lasted for a brief period of time,
after which the Universe is believed to have been reheated by some mechanism

before continuing to expand (albeit at a far slower rate than during inflation).

At this time, the Universe was hot enough that simple atoms could not form,
and the baryonic matter in it existed as a soup of free atomic nuclei; protons; neu-
trons, and electrons. Free electrons couple strongly to photons and, as a result, the
early Universe is believed to have been opaque. This had the effect of ‘trapping’
photons in the regions in which they were produced. Once inflation had ended
baryonic matter would have begun to fall into the gravitational potentials pro-

duced by variations in the dark matter density 2 , but the pressure from photons

?Dark matter is a form of matter thought to make up roughly 21% of the Universe’s mass. As
its name suggests, it is not thought to interact with light and so must be observed by the effects
of its gravitational influence. The exact nature of this dark matter is not currently understood.
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coupled to the baryonic matter would have resisted this collapse. The competing
effects of gravitational collapse and photon pressure is expected to have set up
acoustic oscillations in the baryonic matter that continued up to recombination,
producing over-dense and under-dense regions on a varity of scales. At recom-
bination the temperature of the Universe dropped below that required to ionize
Hydrogen and the free electrons are expected to have combined with atomic nuclei
to produce neutral atoms. As a result, the Universe became transparent over a
short period of time and the support of photon pressure against gravitational col-
lapse was removed. The large-scale structure we see in the Universe today could

then begin to form.

Not only do the anisotropies in the CMB provide evidence for how structure
may have formed in the Universe, it is also thought that the distribution of power
from anisotropies on different scales (the so-called power spectrum of anisotropies)
can tell us about fundamental parameters that characterize the Universe. The
overall scale of the CMB power spectrum, for example, is thought to provide infor-
mation about the curvature of the Universe. This is because the physical scale of
the oscillations that correspond to peaks in the power spectrum can be predicted
from the simple physical model discussed above and compared to its observed an-
gular size (for a full discussion of the physics behind CMB anisotropies see [100]
or [63]).

It is unsurprising, therefore, that research into the anisotropies of the CMB
have been the main aim of observational cosmology in recent times. Studies of the
CMB power spectrum by satellites such as the Wilkinson Microwave Anisotropy
Probe (WMAP) [17] and the Balloon Observations of Millimetric Extragalactic
Radiation and Geophysics (BOOMERanG) project [55] have precisely measured



3 Current

the form of the CMB power spectrum up to multipoles | ~ 500.
missions, such as the Planck satellite, are set to map the CMB power spectrum at
even higher resolution [212], and researchers have begun to study the polarization of
CMB photons, which have the ability to tell us about so-called tensor fluctuations

(gravitational waves) in the early Universe - a potentially important test of different

inflationary models [99,231] .

Increasing efforts are, however, now being made to study so-called ‘secondary
anisotropies’ in the CMB which are not caused by acoustic oscillations in the early
Universe. These anisotropies are, in general, a result of CMB photons interacting
with matter during their passage through space following recombination (for a
review, see [2]). Although the total background power spectrum (which refers to
the power spectrum that is actually observed by an instrument, i.e. including
contributions from the CMB as well as from sources of secondary anisotropies) is
dominated at larger angular scales by CMB, secondary anisotropies can dominate

at small scales.

Principal among these are anisotropies caused by the Sunyaev Zel’dovich (SZ)
effect, which dominates the total background power spectrum for multipoles of [ ~
2000 - 3000 and above. The effect was originally suggested by Rashid Sunyaev and
Yakov Zel’dovich in the 1970’s [204,205] and occurs when CMB photons inverse
Compton scatter off free electrons located in the inter-cluster medium (ICM) of
galaxy clusters. The statistical probability of a CMB photon gaining energy during
these interactions is found to be greater than the probability that it will lose
energy. As a result, CMB photons interacting with a population of free electrons

will experience a net redistribution of energy from lower to higher frequencies,

3multipole moments are a measurement of angular scale. Higher moments correspond to
smaller angular scale. | ~ 200 corresponds to an angular scale of ~ 1°.)
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resulting in a distortion of their spectrum.

The exact form of the distortion depends upon the velocity distribution of the
electrons. Indeed, when the SZ effect was first proposed, it was regarded as one
way of investigating the nature of the thermal distribution of electrons in clusters.
It soon became clear, however, that this could be accomplished much better using
X-ray observations. Indeed contemporary observations by, for example, the Chan-
dra X-ray satellite have revealed that the structure of clusters can be extremely
complicated. Gravitational interactions can strip gas from individual galaxies [130]
(alternatively, see [114]), while ’cavities’ created by radio jets have also been ob-

served [193].

As the standard model of cosmology began to take shape, however, it became
evident that the SZ effect could become a useful tool for cosmological research in

at least two important ways.

Firstly, SZ and X-ray emission from a cluster can be used to produce an
estimate of its angular diameter distance, D 4. This, combined with the redshift
of the cluster, can then be used to deduce Hubble’s constant, Hy, for a given
form for the cosmological deceleration parameter, go [23]. For a large sample of
galaxy clusters at various redshifts it should, therefore, be possible to constrain
the evolution of Hy with with time, providing an independent means of testing
the hypothesis that spacetime in recent epochs has been accelerating (an idea first

proposed on the basis of studies of distant supernovae, e.g. [159]).

Secondly, one of the fundamental tests of our cosmological model is the evo-
lution of large-scale structure (LSS) in the Universe, which is critically dependent

upon the values of the cosmological parameters. Theoreticians have been successful



in recent years in conducting detailed computer simulations of structure formation
in different cosmological scenarios (e.g. [200]). Ideally, these simulations should be
compared to large catalogues of galaxies and galaxy clusters in order to constrain
the values of the cosmological parameters based on observations. There are a num-
ber of methods of conducting such large scale surveys. Traditionally, these have
been limited by flux, and so can only be complete to a certain redshift. Because
the SZ is a distortion of the CMB spectrum however, it is expected that the surface
brightness of the SZ will remain constant for a given mass cluster, independent of
its distance from Earth. In theory, therefore, it should be possible for a particular
SZ telescope to observe all clusters with mass above a specific threshold back to
the surface of last scattering itself. There are at least two major benefits of such a

survey:

1. The redshift coverage is much larger than traditional techniques, allowing a
much greater period of the Universe’s history to be explored and allowing a greater

divergence between different cosmological models to become apparent;

2. The evolution of LSS can be characterised in terms of a mass function,
dn(M, z)/dM, which describes the functional form of the comoving number density,
n, of clusters with mass, M, at redshift, z. Since SZ surveys are limited by mass,
therefore, they represent a much more natural means of constraining the mass

function.

Large-scale surveys of clusters using the SZ effect therefore offer the potential

to study the evolution of structure in greater detail than is currently possible.

The SZ effect from galaxy clusters in fact has two components: the thermal and

kinematic SZ. The thermal component is the ‘classical’ SZ due to inverse Comp-
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ton scattering of CMB photons off free electrons in the hot intracluster medium,;
whereas the kinematic component is due to the bulk motion of the clusters. These
effects have to be separated in order to make the kinds of precision measurements
required for the cosmological studies discussed above. In principal, this is possible
since the thermal and kinematic effects have different spectra 4 . If a cluster is
observed at a number of wavelengths, therefore, it should be possible to achieve

this separation.

SZ observations suffer, however, from a number of systematic uncertainties.
Early observations of the SZ were generally in the so-called ‘decrement’ region of
the SZ spectrum, at frequencies below ~ 220GHz. In this region of the electro-
magnetic spectrum, the number of photons being boosted to higher frequencies is
greater than the number of photons being boosted from lower frequencies. Overall,
therefore, the CMB intensity is reduced. In the decrement, systematic uncertain-
ties - in particular confusion with other astrophysical sources - are generally lower.
Observations of the SZ effect above 220 GHz suffer from a greater number of sys-
tematic issues, for example variations in a cluster’s temperature profile due to
internal structure of the type seen by Chandra (described above), and have only
been attempted relatively recently. Observing the complete SZ spectrum is crucial
to providing accurate estimates of the kinematic contribution, so that the potential

for SZ surveys to limit cosmological parameters can be fully realised.

Observations of the kinematic effect are also of intrinsic interest, since they
provide information on the velocity fields of clusters. These velocity fields are
believed to be affected by the amount and nature of the dark energy in our Universe,

and observations of the kinematic SZ are, therefore, expected to be an independent

4 Although the kinematic effect has the same spectral form as the CMB, making their separa-
tion more difficult in single observations.



means of investigating this aspect of our Universe in detail.

This thesis describes the mapping of four clusters: Abell 1835; Abell 2218;
Abell 851, and MS0451.6-0305 in the SZ, at a frequency of 273GHz, using the
Bolometric Camera (Bolocam), mounted on the Caltech Submillimetre Observa-
tory (CSQO), and the subsequent detailed analysis of one of these clusters: Abell
1835. We derive an estimate of the thermal SZ from this cluster and combine this
with observations of Abell 1835 made at other wavelengths to determine a form
for the SZ spectrum for the cluster, from which we estimate its peculiar velocity.
We also present results that characterize the point sources in the field, which are

an important source of confusion in SZ observations.

The structure of this thesis is as follows: in Chapter 2 we outline the theoretical
background to the SZ, discuss the scientific potential of studies of the SZ and review
the methods and current status of SZ observations; in Chapter 3 we outline the
observations used to obtain the data presented in this research; in Chapters 4 and
5 we discuss the development of a pipeline for reducing and mapping this data; in
Chapter 6 we outline the analysis code written to extract characteristic fluxes from
the sources in the science maps; in Chapter 7 we present the results of this analysis
for Abell 1835 and discuss sources of error; in Chapter 8 we describe the combining
of our results with those from other experiments to obtain an overall SZ spectrum
for Abell 1835 and estimate the central Compton parameter and peculiar velocity
of the cluster, and in Chapter 9 we discuss further work that could be carried out

based upon our results and present our final conclusions.
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Chapter 2

The Sunyaev Zel’dovich effect -

theory and observation

The SZ effect was first proposed by Sunyaev and Zel’dovich in the early 1970’s
[204,205]. Since then, the theory has become well-developed, and there are nu-
merous reviews available in the literature [23,36,178]. The paper by Birkinshaw
in particular is generally considered as one of the seminal reviews of the SZ effect
and a significant amount of the theory in this chapter is derived from it. This
chapter begins with an outline of the physics and mathematics that describe the
interaction between a field of radiation and a population of free electrons, and
the distortion of the radiation that results; this is followed by a general discussion
of the thermal and kinematic SZ effects and the cosmological implications of SZ
observations, and ends with a review of the techniques used to make observations

of the SZ and of observations to date.

11
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2.1 Photon-electron interactions

Radiation fields: specific intensity

A radiation field at position z can be generally described in terms of its specific

intensity, I(k, xz,t). This quantity gives the amount of energy, dE, from the radi-

ation field crossing an area element, dA, in the time interval dt from within solid

angle, d2, about the direction of the radiation, k, in the frequency interval, dv, as:

dE(k, z,t) = I(k, z,t)dAdQdvdt (2.1)

For a blackbody, the specific intensity is given by:

2h13 1
I = c2 ehy/kBTrad —_ 1 (2.2)

where h is the Planck constant, kg is the Boltzmann constant, c is the speed
of light, and T, is the ‘temperature’ of the radiation field. The form of the

blackbody function is shown in Fig. 2.1 for sources with different temperatures.

As discussed previously, the CMB radiation field is a near-perfect blackbody,
and if CMB photons interact with matter their specific intensity may be altered.
Following the notation of 23], the change in I is determined by the transport

equation:
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Figure 2.1: Spectra for blackbodies of different temperatures. At a given frequency, an
object with a higher temperature will have a greater intensity. The temperature of the
curves are: long-dashed line - 3500 K; long-dash long-dot - 4000 K; short-dash short-dot
- 5000 K; short-dash - 6000 K, and solid line - 7000 K.



14CHAPTER 2. THE SUNYAEV ZEL’DOVICH EFFECT - THEORY AND OBSERVATION

%%HEI = / F(W)dl — atgps (v, K) I — goa (v, K) I + Qtgea (V) / ¥, (k, K)I(K)dQ (2.3)

where j(v) represents the emissivity of the medium existing along the path the
radiation traverses from emission to the observer (and the integral is performed
over that path); agus(v)I, represents the change in intensity due to absorption in
that medium; a,.,(v)1, represents the change in intensity due to scattering out of
the line of sight, and asea(¥) [ ¥(k), K)I,(K)dQ represents the radiation that is
scattered into the line of sight from the rest of the field. v, (k, K) represents the
‘scattering redistribution function’ - i.e. the probability distribution that radiation

will be scattered from the direction k into the direction K.

It follows from (2.3) that there are a number of ways in which the specific
intensity of a radiation field may change. Most relevant to SZ research are those

due to scattering.

Compton scattering

Compton scattering is the quantum mechanical interaction of an electron with a
photon. The change in wavelength, 4\, which results from Compton scattering
differs from classical Thomson scattering, and is related to the change in direction

of the photon by:

h

mecC

oA =

(1 — cosb) (2.4)
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where h, m. and c represent the Plank constant; the mass of the electron,
and the speed of light, respectively, and @ is the angle through which the photon

scatters during the interaction.

Compton scattering arises in a wide range of different astrophysical situa-
tions. These include emission from Active Galactic Nuclei (AGN) and radio
sources {16,98,102,189,196,197]; high energy photons from galaxy clusters [33,209];
pulsar and neutron star physics [10,129,167,168,228); Gamma-ray bursters (GRBs)
and supernovae [27,53,89,127,203,221,233], and solar physics [122,140]. ' Comp-
ton scattering can also, however, be observed in lower-energy interactions, where
the energy transfer is small. Inverse Compton scattering occurs when low en-
ergy photons interact with hot electrons. During this process, it is possible for
the photon to gain energy rather than lose it, as happens in ‘ordinary’ Comp-
ton scattering. The physics of this process has been extensively examined (see

e.g. [40], [226] and [207]), and is discussed below.

Individual photons-electrons interactions

The physical situation in which the SZ effect occurs involves CMB photons in-
teracting with electrons with kinetic energy much larger than the photon energy.
Although relativistic effects can become significant for detailed observations, it is
generally reasonable to treat interactions between photons and electrons as virtu-

ally elastic, which leads to a number of simplifying assumptions in the mathematics.

Equation (2.4) for the Compton energy shift demonstrates that the change in

the energy - or, equivalently, the frequency - of a photon is related to the change in

1Gtrictly, some of these physical situations involve inverse Compton scattering (see below).
Research into the SZ effect is not included in this list.
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direction of the photon during the scattering. The frequency shift during scattering

can be represented by the dimensionless variable, s, defined as:

= (%) -

where v and V' represent the photon frequency before and after interaction in
the reference frame of the electron. The probability of an electron moving with

velocity, v, causing a shift in a photon’s frequency, s is then defined as:

P(slo)ds = [ p(u)du(u', 1) (‘fi—“) ds (26)

where p and p' are the cosines of the angles,  and €', which define the direc-
tions in which the initial and final photons move relative to some arbitrarily-defined
axis; p(p)dp is the probability of a photon scattering with angle u, and ¥(p', u)dy’
is the probability that the photons scatters to angle y'. Under the assumption of
near-elastic collisions, it is found that these quantities can be expressed in terms

of p1, 4’ and the dimensionless velocity, 8 = % using:

d
p(u)du = (1 = Ap) fﬂﬂ)g

Y(u',p) = (1 + P + %(1 —u?)(1 - #’2)>

ool W

(2.7)

23]), where v = (1 — 3?)7! is the Lorentz factor. u and u’ can be related to
W
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Interactions between populations of photons and electrons:

full formalism

Once we have an expression for the probability of a photon experiencing a given
shift in energy when scattering off an electron with a given velocity, it is relatively
simple to extend the analysis to calculate the likelihood that photons will expe-
rience a given energy shift when interacting with a population of electrons. For

photons that have scattered only once this distribution, P;(s) is given by:

P(s)= [ P(slp()as (2.9)

where p.(3) describes the electron velocity distribution, and B, is the min-
imum value of 3 required to generate a frequency shift, s. Although the upper
limit of (2.9) is given as 1 (v = ¢), it is clear that one of the basic assumptions
in the derivation of (2.9) is that the electrons involved in the interactions are, at
most, only mildly-relativistic such that p.(3) would be expected to tail off towards

relativistic values .

The form of (2.9) demonstrates the original motivation of the SZ effect. The
form of P(s) is strongly dependent upon the form of the electron thermal distri-
bution, and could, in principal, be used to investigate which thermal distribution
represents the best model for the gas in a cluster. A common feature of most
realistic forms for p(3), however, is that P;(s) is asymmetric about s = 0. This
is demonstrated in Fig. 2.3. The degree of asymmetry increases with the electron

temperature.

This result is fundamental to the SZ effect. If the form of P (s) were symmetric
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then, on average, for every up-scattering (in which a photon gains energy), there
should also be a down-scattering (where the photon loses energy), and there would
be no overall change in the energy distribution of the interacting photons. The
asymmetry, however, means that for a field of photons, it is expected there should
be a redistribution of energy with the photons, on average, gaining energy. This

leads to a distortion of the spectrum.

These qualitative conclusions can be confirmed by computing the change in
intensity of an incident radiation field as a function of frequency due to scattering
off a population of electrons. The form of the specific intensity of a field when it
propagates through a population of electrons (and where each photon is assumed

to interact only once during the passage) is expected to change according to:

1) = [~ Pils)lmie(vimie)ds (2.10)

where I;nit(Vinit) represents the initial form of the specific intensity, and I(v)
is the specific intensity after the interactions. One can then simply substitute the
appropriate expressions for Pj(s) and Iinit(Vinit), according to the assumptions of

the model, to obtain a form for I(v).

In reality of course, photons could interact several times with electrons in a
particular region, or may pass through without interacting at all. The probability
that a single photon will interact with n electrons during its passage through a

cloud of free electrons is given by the Poisson distribution:

Tne—-r

Pn (2.11)
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where 7 is the optical depth of the electron cloud. The complete frequency

redistribution function is then given by:

’P(s

P(s) =e774(s) + Z (2.12)
where the redistribution functions, P;(s) are obtained simply by:
By(s) = /Pl(sl)Pl(s — 81)dsy
P3($) = /Pl(sl)Pl(Sz)Pl(S — 81 — 82)d81d82
(2.13)

etc. [23].

It is also possible to express the full formalism in terms of Fourier transforms.
In this case, the equation which governs the change in the specific intensity of the

radiation field after interactions becomes:

1) = [ P()lina(timic)ds (2.14)

where P(s) is now given as:

¥ P(k)e*eds (2.15)
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P(k) is given by:

P(k) = e~ 7P1th)-1) (2.16)

and:

. 1 foo :
Pk) = = [ Pi(s)e 2.17
(k) = = [ Pils)e s 2.17)
(see, e.g. [210]). The physical basis of this set of equations is the same as dis-

cussed previously, but the mathematics can, in certain circumstances, be simplified

by using them.

In reality, the astrophysical environments in which the SZ effect arises have
a very low optical depth, and it would rarely be required to extend P(s) beyond
the P;(s) term (or, equivalently, beyond terms that are linear in 7). Using this
simplification, Rephaeli [178] demonstrates that the resulting change in specific

intensity can be calculated according to:

Al = Lnip(z)7(¥(z, ¢) — 1) (2.18)

where the initial intensity spectrum, I;,;;(z) is now defined in terms of the
dimensionless frequency = = hv/kpTyeq; ¢ = mc?/kT., and the function ¥ is a

complicated expression given by:

¥(x,¢) = A(Q)(¥(z,C) + 2(x, () (2.19)
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where the functions ¢;(z, {), ¥2(z,() and A({) are given by:

2
L(e? — 1)dt 1, 1 @B —1) (2 - 1) +3— 42
1/11(%():/0 _(exz_i‘/ et l)dﬂ/ 2 ( ' )

- 12,2 1y (1=Bs _1)\° L2 _
1(e*—1)dt f! 'ye'“"_l)dﬁ/‘w 7 (3u° —1) (—t“i 1) +3 - »
1) S i (1= PP
(2.21)

Yoz, ¢) =/0

3
32 fOl B2y5e=¢-1)dp3

A(Q) = (2.22)

These expressions make use of the substitution ¢ = e™*. The limits in the

expressions for ¥;(z, () and ¥s(z, () are found to be:

1t
Brmin = 11 (2.23)
_1-t(1+p5)
[l = —F (2.24)
and
= ﬂ (2‘25)
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