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Dephasing in Quantum Dots: Quadratic Coupling to Acoustic Phonons
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A microscopic theory of optical transitions in quantum dots with a carrier-phonon interaction is
developed. Virtual transitions into higher confined states with acoustic phonon assistance add a
quadratic phonon coupling to the standard linear one, thus extending the independent boson model.
Summing infinitely many diagrams in the cumulant, a numerically exact solution for the interband
polarization is found. Its full time dependence and the absorption line shape of the quantum dot are
calculated. It is the quadratic interaction which gives rise to a temperature-dependent broadening of the
zero-phonon line, calculated here for the first time in a consistent scheme.
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The electron-lattice interaction in quantum dots (QDs)
plays a decisive role for understanding the time evolution
and dephasing mechanisms after optical excitation. High-
resolution photoluminescence spectra on single CdZnTe
QDs show a relatively narrow zero-phonon line (ZPL)
with Lorentz broadening � depending on temperature on
top of a broadband [1]. The latter is a superposition of
acoustic phonon satellites. Complementary and more de-
tailed information on the polarization dynamics and
dephasing has been obtained from four-wave mixing
measurements in an ensemble of InGaAs QDs [2]. The
polarization decays initially very fast during a few pico-
seconds (formation of the broadband), followed by a
much longer exponential decay (tens to hundreds of pico-
seconds) reflecting the ZPL broadening. This scenario is
referred to in the literature as pure dephasing [3].

In theory, the working horse has been the independent
boson model [4] which allows an exact analytical solution
for the linear optical polarization [1,5–7] and for the
photon echo [8] of QDs. This model starts with a
carrier-phonon Hamiltonian being linear in the phonon
displacement operators, and diagonal in the confined
electronic states. The exact solution employs the cumulant
method and satisfactorily describes the broad phonon
band, i.e., the initial decay of the polarization. However,
the ZPL shows no broadening at all (no long-time decay),
since the phonon cloud induced by the impulsive excita-
tion of the QD relaxes quickly to a finite lattice distortion
which stays constant during the subsequent time evolu-
tion. To simulate the (experimentally observed) ZPL
broadening, a polarization decay can be introduced by
hand [1,6,8], or a phonon damping can be added phenom-
enologically via the Grüneisen effect [7].

To improve on this unsatisfying situation, we develop a
purely microscopic approach to the dephasing in QDs
which contains a finite broadening of the ZPL, thus going
essentially beyond the independent boson model. Starting
with the Hamiltonian H � H0 �Hd �Hnd we take into
account the nondiagonal terms Hnd of the carrier-phonon
interaction, i.e., phonon-assisted transitions of electrons

and holes to higher QD levels [3]. As the acoustic
phonons which couple to the QD have energies not more
than a few meV, these transitions are of virtual character
only, and do not change the carrier occupation. In order to
eliminate the off-diagonal part in first order, we apply a
unitary transformation [9] H0�eSHe�S�H��S;H��
1=2�S;�S;H�� and choose �S;H0� � �Hnd. As a conse-
quence, a term quadratic in the phonon displacement
appears. However, H0 allows still a separation of the
electron and phonon coordinates as in the independent
boson model, and we present an exact solution of this
problem for the first time.

With optical phonons, such a quadratic coupling in QDs
via virtual sublevel transitions has been introduced re-
cently by Uskov et al. [10] and treated up to second order
in the cumulant. The quadratic Hamiltonian H0 is valid
only if the typical phonon energy is much smaller than a
characteristic energy distance between exciton levels.
However, this condition is not fulfilled for optical pho-
nons in InGaAs QDs [10]. At the same time the use of a
finite phonon damping [10] makes the quadratic coupling
completely irrelevant. In fact, as is shown in Ref. [7], with
such a phenomenological parameter, the theory gives a
finite ZPL broadening even without any virtual or real
transitions to higher states. Finally, if phonon damping is
absent, the neglect of the optical phonon dispersion as
done in Ref. [10] leads to a Gauss decay of the polariza-
tion. In contrast, earlier theoretical works [11–13] on
impurity-phonon interaction resulted in an exponential
decay, exp���t	, in agreement with the experiment.

The quadratic coupling with acoustic phonons for the
ZPL decay was also explored recently by Goupalov et al.

[14] and Hizhnyakov et al. [15] but assumed to be diago-
nal in phonon momentum. This is not correct since the
QD breaks the translational symmetry. All these ap-
proaches [11–15], however, make use of a long-time ex-
pansion and are not able to describe the initial rapid decay
(the broadband).

After eliminating the intersublevel coupling in first
order we obtain [16]
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The electronic Hilbert space consists of the QD ground
state j0i and the excited-state j1i having just one electron
in the lowest conduction-band level (Ee1) and one hole in
the uppermost valence-band level (Eh1). The bare transi-
tion energy is denoted by 
h!eh�Eg�E

e
1�E

h
1 . The ma-

trix element for the deformation potential coupling with
longitudinal acoustic phonons in the QD reads (a � e; h)
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iqr 0a�r	; (4)

with  a�r	 and Da being the confinement wave function
and the deformation potential constant, respectively. �M
is the mass density, us the sound velocity, and V the
phonon normalization volume. In writing Eq. (4) we have
neglected (i) the excitonic Coulomb correlation which is
of minor importance for small QDs [7] but could be
included easily; (ii) any difference between phonon pa-
rameters in the QD and in the barrier material leading to
confined modes, thus dealing with bulk phonons only;
(iii) deviations of the acoustic phonon dispersion from a
linear isotropic one, !q � usq.

The linear response function, i.e., the polarization
after a delta-pulse excitation at t � 0, is given by the
dipole-dipole correlation function P�t	 � ihdy�t	d�0	i
for t > 0,

P�t	 � ie�i!eht
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; (5)

with T being the time ordering, and using the interaction
representation of operators. The expectation value for the
electronic system is already performed, leaving only the
average over the phonon operators to be done. In the
second line of Eq. (5) we have used the cumulant expan-
sion [4] which has only connected diagrams in the ex-
ponent. Applying Wick’s theorem, the thermal phonon
average forces the displacement operators to appear only
pairwise in expectation values, which defines the (mo-
mentum diagonal) phonon propagator

Dq�t	 � ��i= 
h	hT �aq�t	 � ay�q�t	�
y�aq�0	 � ay�q�0	�i

� ��i= 
h	��Nq � 1	e�i!qjtj � Nqe
i!qjtj� (6)

as building block. The phonon occupation enters via the
Bose function, Nq�1=�exp�
h!q=kBT	�1�. In the cumu-

lant technique, connected diagrams are those which do
not factorize. Thus, the propagators have to appear in
different time integrations, forming a chainlike structure.
Concentrating first on the linear interaction, there is only
one diagram which is connected [n � 2 in Eq. (5)]. In all
higher orders, the phonon propagators have their time
integrations exclusively, and the expressions do factorize.
Things are quite different for the quadratic interaction
since now two displacement operators share the same
time argument (but have different momentum). To form
a connected diagram, they have to be distributed on two
different propagators, ending up with a closed loop.
Finally, a combination of linear and quadratic interac-
tions adds another connected structure, which is a chain
with two open ends. The linear coupling can appear only
twice, just at the ends.

The calculation method for the diagram series devel-
oped in this work can be applied to any well-behaved
function Qqq

0 . A technical simplification can be achieved

if a simple factorization of the dependence on q and q
0

holds. Physically, this case may appear if one excited
level having the smallest energy distance dominates the
sum in Eq. (3). Concentrating at the moment on the next
hole level Eh2 , we have with �h � Eh2 � Eh1 the product
form Qqq

0 �M12
qhM

21
q
0h
=�h. Then, summing over momen-

tum, only three different propagators appear,
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As a result we obtain the cumulant expansion

P�t	 � i exp��i!eht� KL�t	 � KQ�t	 � KM�t	�; (8)

with
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i

2

Z t

0
dt1dt2DL�t1 � t2	;

KQ�t	 �
1

2
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1

n

Z t

0
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i
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0
dt0 . . . dtn�1DM�t0 � t1	
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(9)

The first term in Eq. (9), KL, is all what remains from the
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linear coupling, since only one diagram survives as dis-
cussed above. This reproduces exactly the result within
the independent boson model. The quadratic interaction
brings in a purely quadratic term, KQ, and a mixed one,

KM, which both contain an infinite sum over diagrams.
Note that the factorial in Eq. (5) is reduced to 1=n and 1,
respectively, due to a proper counting of equivalent
diagrams.

For realistic coupling strengths, a calculation of the
sum over n term by term is hopeless. We follow another
path which allows us to sum up the infinite sum numeri-
cally exact: With the quadratic propagator DQ�t	 as ker-

nel, we look for the eigenvalue problem of the Fredholm
integral equation

Z t

0
dt2DQ�t1 � t2	uj�t2	 � �juj�t1	: (10)

The kernel is complex and symmetric, but not Hermitian.
Therefore, the eigenvalues �j�j � 1; 2; � � �	 are complex,

but the eigenfunctions still form an orthonormal system.
Expanding the multiple integrals into the orthonormal
system, an n-fold convolution of DQ�t	 converts into a

power �n
j . The subsequent summation over n results in

KQ�t	 � �
1

2

X

j

ln�1��j	; (11)

KM�t	 �
i

2

X

j

D2
Mj

1��j

; (12)

where

DMj �
Z t

0
dt1dt2DM�t1 � t2	uj�t2	:

Technically, we have discretized the time integrations on
a fine grid, thus converting the Fredholm problem to a
standard matrix eigenvalue search.

Apart from the first excited hole level only the facto-
rization ofQqq

0 can be employed for several excited levels

if they refer to different spatial symmetries. E.g., if the
quantum dot has mirror symmetry, several excited odd
states of different orientation have vanishing cross terms
in the quadratic cumulant DQ�t	, and contribute addi-

tively to KQ�t	. According to the same argument,

DM�t	�0 and consequently KM�t	 � 0. In the actual
calculation we assume a spherical quantum dot with
parabolic confinement potential. The wave functions of
the lowest states,  1a�r	, are isotropic Gauss orbitals with
variance la. Taking artificially le� lh� l allows us to take
into account the next three (degenerate) excited states for
both, electron and hole simultaneously, without spoiling
the factorization scheme. The only changes are the re-
placementD2

v=�h ! D2
c=�e �D2

v=�h in the definition of
DQ�t	, and an additional factor of 3 in KQ�t	, Eq. (11). In

the general case of a nonfactorizableQqq
0 one should treat

DQ�t	 as a matrix and DM�t	 as a vector in momentum

space.

In the calculations, we have taken InAs parameters
[17] �M � 5:67 g=cm3, us � 4:6� 103 m=s, Dc �
�13:6 eV, Dc�Dv��6:5 eV. The confinement vari-
ance l is the only parameter characterizing the QD.
The matrix element Eq. (4) behaves like �M11

qa	
2 /

q exp���ql	2=2�, which gives for the different propaga-
tors a temporal decay on the scale l=us. Consequently,

hus=l sets the scale for the phonon energies involved, and
gives roughly the spectral width of the phonon satellites
(broadband). For the QDs studied in Ref. [2], we have
extracted a value of l � 3:3 nm. To come closer to the
experimental situation of a more pancake shaped quan-
tum dot, we have taken the experimental observation of
�e��h�65meV and distributed between electron and
hole according to the InAs mass ratio of 10:1.

The calculated polarization amplitude in Fig. 1 under-
goes a quick initial decay on the scale l=us � 1 ps, which
reflects the formation of the polaron cloud around the e-h
pair. This state, however, is not completely stable:
Because of the quadratic coupling, there are virtual scat-
tering events into higher states which distort the polar-
ization, leading to an exponential decay (pure dephasing).
Note that the quadratic coupling does not change much
the initial decay, as seen from the dashed curve in Fig. 1
where a decay is added by hand to the linear result.

For times much larger than the initial decay (/ l=us) a
more detailed analysis is possible. The linear term alone
gives KL�t	!�SL� i�Lt, which is a reduction of the
polarization amplitude exp��S	 (S is the Huang-Rhys
factor) and a purely imaginary contribution linear in
time (polaron shift �). The quadratic term can be ana-
lyzed in terms of the eigenvalues �j. For t larger than the

temporal width ofDQ�t1	, the eigenfunctions are found to
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FIG. 1 (color online). Polarization amplitude calculated for
an InAs QD with l�3:3 nm at T�100K with linear and
quadratic coupling to acoustic phonons. For the dashed curve,
a finite decay 1=��12:3 ps has been added by hand to the
linear result. The inset shows the (dominant) imaginary part of
the eigenvalues �j at !j for t�10 ps (circles) and 20 ps

(diamonds), superimposed to the Fourier transform ~DQ�!	

(solid curve).
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oscillate in the middle of the interval as uj�t1	/

exp�i!jt1	, while �j� ~DQ�!j	 with the Fourier trans-

form of DQ�t1	. The exact position of the frequencies !j

is determined by the boundary conditions at t1 � 0 and
t1 � t. Numerically, we found very good agreement with

�j�t	 � ~DQ

	

!j �
'j

t� 2�




: (13)

In the inset of Fig. 1 we plot the eigenvalues at two
different times, adjusting � � 0:27 ps for optimal agree-
ment with ~DQ�!	 (solid curve). Notice that for t � 20 ps

the eigenvalues are 2 times denser than for t � 10 ps, as
dictated by Eq. (13). Combining Eqs. (11) and (13) we
arrive at

KQ�t	 ! ��t� 2�	
Z 1

0

d!

2'
ln�1� ~DQ�!	�

� �SQ � �t� i�Qt; (14)

which has now a real part in the linear time dependence.
This gives the polarization dephasing or ZPL width in the
frequency domain. These analytical expressions for de-
phasing rate � and frequency shift �Q have been derived

earlier in different models of the quadratic electron-
phonon coupling [11–15]. New is the inclusion of the
time-independent correction / � which changes the
Huang-Rhys factor S�SL�SQ. Since SQ is complex

the ZPL Lorentzian gets a (small) dispersive contribution.
From the complex polarization follows the absorption

spectrum easily, (�!	 � Im
R
1
0 dtP�t	 exp�i!t	 (Fig. 2).

At low temperatures, the broadband is distinctly asym-
metric and gets more symmetric as T grows. This is not
much different from the results of linear coupling.
However, in accordance with the decay seen in Fig. 1,
the ZPL acquires a Lorentz broadening with width ��T	,
which is exclusively due to the quadratic coupling. The

inset shows the calculated temperature dependence of the
dephasing rate ��T	 (solid curve). The comparison with
the experimental data (circles) by Borri et al. [2] shows
that our theory without adjustable parameters gives the
right magnitude of the ZPL broadening. Including virtual
transitions to further higher-lying states would improve
the agreement. This calls, however, for a proper descrip-
tion of states in the wetting layer which is beyond the
scope of the present Letter.

In conclusion, we have developed a microscopic theory
of dephasing in quantum dots accounting for quadratic
coupling between carriers and acoustic phonons.
Introducing a new numerical method allowed us to per-
form the infinite sum of diagrams in the cumulant. This
exact solution gives the full time dependence of the
optical polarization. The absorption spectrum includes
the broadband and the broadening of the zero-phonon
line on the same footing. Our calculated results for the
ZPL decay in InGaAs quantum dots show the same trend
and magnitudes as found in the experiment [2].
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FIG. 2 (color online). Absorption spectra of an InAs QD with
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tures. The ZPL transition energy is taken as zero of energy.
Inset: Calculated broadening of the ZPL compared with the
experimental results by Borri et al. [2] (circles). A radiative rate
of 0:85 )eV is added to the calculated phonon-mediated decay
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