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Abstract 
 
Energy storage technologies, in particular second-generation rechargeable 
batteries, are instrumental in addressing the current global demand for clean 
and sustainable energy. The progress of portable electronics, electric and 
hybrid-electric vehicles and large-scale grid storage depends on the available 
technology of rechargeable batteries. Innovation requires a fundamental atomic-
scale understanding of the properties of the constituent battery materials.  
 
Critical to a battery’s performance is the electronic and ionic conductivity of the 
material. Poor ion transport leads to poor rate capability, practical capacity and 
cyclability. The current research into particle diffusion is predominantly based 
on single-particle potential energy calculations. Such an approach neglects not 
only the entropic contribution to diffusion, but the contributions of the collective 
dynamics which are present in a many particle configuration  
 
Using two novel, state-of-the-art enhanced sampling techniques, the ‘Shooter’ 
method’ and metadynamics, particle diffusion within a many particle system is 
analysed. The ‘Shooter’ method is able to connect single particle translocation 
events into a general particle diffusion mechanism and elucidate diffusion 
pathways that are otherwise disregarded by single-particle potential energy 
calculations. This is achieved under consideration of all degrees of freedom, 
explicitly allowing for local structure changes and lattice dynamics.  
 
The application of metadynamics simulations to battery materials is shown for 
the first time. Using novel collective variables to distinguish between non-
diffusive and diffusive regimes, the free energy barrier for diffusion is calculated, 
therefore considering the entropic contribution. The free energy surface is also 
reconstructed, highlighting the complex nature of particle diffusion with the 
olivine phosphates. 
 
Using the two novel approaches, the short-time evolution of disorder within the 
system can be followed and allows for the characterisation of highly complex 
and correlated translocation events. Additionally, rare events such as two-
dimensional diffusion and the formation of antisite defects are observed on 
nominal simulation timeframes. In summary, several novel computational 
approaches to analysing particle diffusion within battery materials have been 
developed.   
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Chapter 1 
Introduction 
 
Computational chemistry is a relatively new field of chemistry that aims to use 
computer simulations to solve chemical problems. Computational simulation 
provides a direct route from the microscopic details of a system to macroscopic 
properties of interest. With the recent advancements in high-performance 
computing, the ability to study and characterise chemical systems at an 
atomistic level has never been so efficient.  
 
Working with computers has provided us with a new metaphor for the laws of 
nature: they carry as much (and as little) information as algorithms. Molecular 
and atomistic simulations are predicated on the ever-growing collection of 
powerful algorithms, which use a variety of underlying theory (from classical, 
semi-empirical calculations to high-level ab initio calculations) to probe the 
properties and behaviour of chemical systems.  
 
In experiment, the time and space resolution are defined by the device precision 
and accuracy. Computer simulation provides an unparalleled level of detail on 
the atomic scale and can provide the missing resolution necessary to 
understand experimental issues, where the only limitation is the level of theory 
used.  
 
The exponential increase in demand for sophisticated portable electronics and 
hybrid-electric/electric vehicles compels significant improvements on the 
current rechargeable battery technology. The measure of a battery’s 
performance is directly correlated with the intrinsic properties of the materials 
that form the constituent parts of the battery. One significant factor concerning 
performance is the ease at which ions move within the crystal structure of the 
electrodes and electrolyte. The current anode technology, centred around 
graphite, is already mature. However, this is not the case for the current cathode 
technology. The olivine phosphate family of polyanionic compounds 
(Li/NaMPO4, M = Fe, Mn) are regarded as promising candidates in the search 
for improved cathode performance. Unfortunately, a common trait associated 
with this particular class of compounds is a substandard level of electronic and 
ionic conductivity, which directly affects the rate capability, practical capacity 
and cyclability of the battery. Therefore, an understanding of the atomistic 
details governing particle diffusion in such materials could lead to a formulation 
of new material design principles to help improve performance.  
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Computer simulation presents the perfect tools to analyse particle diffusion due 
to the atomistic detail available. With this in mind, this work presents the use and 
development of two advanced novel simulation techniques to follow the 
atomistic dynamics of many-particle systems and analyse the general particle 
diffusion mechanism within the lithiated and sodiated olivine phosphates.  
 
In Chapter 2, a summary of the underlying theory of computer simulation is 
presented. The theory of interatomic potentials (forcefields) is discussed and the 
two main methods of computer simulation are presented - Monte Carlo and 
molecular dynamics simulations. The theory of a number of simulation specifics 
(numerical integration techniques, thermodynamic ensembles and periodic 
boundary conditions) that are utilised throughout this body of work is also 
discussed. 
 
Chapter 3 focuses on the rare-event problem and highlights the inability of 
standard simulation techniques to realise events of interest on a workable 
timeframe (i.e. diffusion). This is followed by a detailed discussion of the two 
enhanced sampling methods used in this work to accelerate the rate of rare 
events, the ‘Shooter’ method and metadynamics. The calculation of free energy 
barriers using multiple techniques is also examined. One which is used in the 
work (metadynamics) and a combination that presents the opportunity for 
exciting future work (umbrella sampling, transition state theory and kinetic Monte 
Carlo). In addition, a short description of the hardware and software used 
throughout this work is presented.  
 
In Chapter 4, an outline of the past and current Li-ion battery research is 
presented with a particular focus on cathode technology. The olivine cathode 
materials, lithium ferrophosphate (LiFePO4) and its manganese counterpart 
(LiMnPO4) are discussed at length, identifying the lack of research into a general 
particle diffusion mechanism for both. This is consequently followed by a 
discussion on the current Na-ion technology, and the identification of NaFePO4 
and NaMnPO4 as potential cathode candidates.  
 
Chapter 5 discusses the computational details of the simulations performed 
throughout this body of word, including the parameters for all interatomic 
potentials utilised. A justification of the ‘Shooter’ method is provided by 
highlighting the inability of molecular dynamics simulations to realise particle 
diffusion within all four materials. This is followed by an analysis of the effect of 
the application of the method, with specific focus on the dynamics and energy 
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distribution within the systems. Additionally, the methodology used in all the 
‘Shooter’ method and molecular dynamics calculations is summarised. 
 
Chapter 6 involves the investigation of particle diffusion in the lithiated olivine 
phosphates using the ‘Shooter’ method and molecular dynamics simulations. A 
detailed analysis of the dynamics of particle diffusion is presented, culminating 
in the identification of the principal mode of diffusion, the detection of alternative 
pathways, and also the formulation of a general particle diffusion mechanism for 
both materials. The effect of the ‘Shooting’ parameter choice is also explored as 
to ascertain the effect, if any, on the diffusion mechanism. In order to calculate 
as accurate self-diffusion coefficients as possible, the ‘Shooting’ parameters 
were optimised so that the minimum momenta perturbation required to promote 
diffusion was implemented. To conclude, the effect of Li+/M2+ antisite defects on 
the overall mechanism, dimensionality and degree of diffusion is presented for 
both materials.  
 
Chapter 7 presents the equivalent investigation to Chapter 6 on the sodiated 
olivine phosphates. The ‘Shooter’ method and molecular dynamics simulations 
are coupled to analyse Na particle diffusion within the olivine scaffolding. The 
principal mode of diffusion, the presence of alternative diffusion pathways, the 
calculated self-diffusion coefficients and the effect of the corresponding Na+/M2+ 
antisite defects are compared to the results from their lithium counterparts.  
 
In Chapter 8, a new application of metadynamics to battery materials is 
presented. Two different collective variable choices (root-mean-square 
displacement and entropy) are presented as appropriate means for analysing 
particle diffusion within battery materials. A detailed mechanistic analysis of the 
induced diffusion is compared for each collective variable, and to the results 
seen from the ‘Shooter’ method. Additionally, the free energy surface is 
reconstructed for both collective variables in order to estimate free energy 
barriers for diffusion.  
 
To conclude, Chapter 9 presents a general summary of the results presented in 
this thesis and some appropriate closing remarks. 
  



Chapter 2 – Theoretical Background 
 

 4 

Chapter 2 
Theoretical Background  
 
2.1. Classical Potentials  
 
The following references are fundamental to the content within this section.1–4 
 

2.1.1. Introduction for Forcefields 
 
Interatomic potentials, also known as forcefields (FF), consider the particles of a 
system to be only atoms. Electrons are not considered as individual particles 
and therefore the quantum aspects of nuclear motion are ignored. Bypassing 
the Schrödinger equation means bonding information must be provided 
explicitly, these parameters can then be fitted to experimental/ab initio data. In 
FF methods, molecules are described by a ‘ball and spring’ model. The 
underlying theory is that atoms behave as ‘balls’ which have different sizes and 
‘softness’. These ‘balls’ are connected via ‘springs’ of varying length and 
‘stiffness’. As a result, the dynamics of the molecules are governed by classical 
mechanics, i.e. Newton’s second law.   
 
The interactions between particles can be described in terms of either a force ! 
or a potential ", where the force is the negative derivative of the potential with 
respect to the position # (Eq. 2.1). 
 

!(#) = −
δ"
δ#
						(Eq. 2.1) 

 
Calculating the potential energy at a given geometry becomes the sum of a 
number of contributions. Each contribution describes the energy required to 
distort the molecule in a specific fashion. The total potential energy can be 
expressed as: 
 
E/012345367 = E8097: + E<9=63: + E>5?371@6: + EA>B + EC632D + EED?31					(Eq. 2.2) 

 
 
Where each term is the sum of all contributions of that type within the system. 
The intramolecular interactions are represented by E8097:, E<9=63:, and E>5?371@6:. 
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E8097: is the energy required to stretch a bond between two atoms. E<9=63: 

represents the energy required for bending an angle. E>5?371@6: is the torsional 
energy for rotation around a bond. The non-bonded interactions are divided into 
two components, Van Der Waals (EA>B) and electrostatic (EC632D). Additionally, 
plane bending, many-body interactions and coupling between intramolecular 
interactions can also be included as supplementary terms (Fig. 2.i). 
 
 

 
 

Figure 2.i: Illustration of the fundamental force field energy terms, adapted 
from reference.1 

 
The exact analytical function of each term varies but is always a function of the 
nuclear coordinates. There are often multiple choices of analytic functions to 
describe each energy contribution, each with benefits and drawbacks. For 
example, for E8097:, the simplest analytical expression is a truncated Taylor 
expansion around an equilibrium bond length, FG (Eq. 2.3). 
 

E8097:(R − RG) = EG +
dE
dR
(R − RG) +

1
2
dJE
dRJ

(R − RG)J					(Eq. 2.3)	 

 
As in the case with any truncated Taylor expansion, it works best near its 
reference or in this case the equilibrium bond length RG. This analytical 
expression breaks down at values away from FG, as	Eq. 2.3 predicts the energy 
to become infinitely positive. The common solution is to add more terms, most 
frequently the cubic and quadratic terms (Eq. 2.4). 
 

E8097:(∆R) = kJ(∆R)J + kN(∆R)N + kO(∆R)O + ⋯					(Eq. 2.4) 
 
 

non-bond 

str
etch

 

bend 
torsional 
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Even with the addition of both the cubic and quadratic terms, the Taylor 
expansion cannot replicate the correcting limiting behaviour. The correct limiting 
behaviour, where the energy of a bond stretched towards infinity converges 
towards the dissociation energy, must be approximated using a different 
analytic function. For example, a Morse potential: 
 

ER01:3(∆R) = D(1 − e
U V
∆W)J					(Eq. 2.5)                  

 
 
where D is the dissociation energy and α the related force constant, where	α =

Z(k/2D). The Morse function is able to reproduce the correct behaviour over a 
wide range of distances. But no functional form is without its faults and with 
greater complexity comes greater computational needs.  
 
The intermolecular components of the total energy, \]^_ and \`abcd, are the most 
computationally expensive terms. Therefore, the choice of the analytical form for 
both these contributions could be seen as the most important decision when 
constructing a forcefield. 
 

2.1.2. The Van der Waals Energy (\]^_) 
 
The Van der Waals energy describes the interaction between atoms that are not 
directly bonded. At large interatomic distances, the \]^_ is zero and at very 
small interatomic distances, the value is extremely repulsive due to 
interpenetrating electron clouds. At intermediate distances an attraction occurs 
between electron clouds due to induced dipole-dipole interactions. Quantum 
mechanically, this can be explained by the correlation of electron ‘motion’ (more 
formally the correlation of electronic wavefunctions). Two atoms will 
simultaneously develop electron moments so as to be mutually attractive. It can 
be derived theoretically that the attraction varies as the inverse sixth power of 
the distance between two atoms. The force associated with this potential is 
commonly referred to as dispersion, the attractive Van der Waals force or the 
London force. 
 
As mentioned previously, at short interatomic distances the electron clouds 
begin to interpenetrate, and Pauli repulsion causes the energy of the system to 
rapidly increase. The simplest analytical form that adequately describes the 
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combination of dispersion and repulsion energies is the Lennard-Jones 
potential,5 otherwise known as the 12-6 potential: 
 

EA>B(LJ) = 4ε hi
σ
r
l
mJ
− i
σ
r
l
n
o = ε hi

rG
r
l
mJ
− 2 i

rG
r
l
n
o					(Eq. 2.6) 

 
 
where r is the distance between two atoms, rG the distance which corresponds 
to the minimum potential energy, e the depth of the potential energy minimum 

and s the interatomic separation at which the attractive and repulsive forces are 

equal.  s and rG are related as setting the derivative to zero yields rG = 2
q
rσ.  

 
The Lennard-Jones (L-J) potential is regularly included in force fields for a broad 
range of systems, most commonly for large systems (e.g. biomolecular force 
fields) due to its relative simplicity and fast computation. For systems of a small 
to medium size, more complicated functional forms can be utilised. More 
complicated and targeted functional forms aim to provide more physical 
justification.  
 
Although the attractive interactions are accurately modelled by the inverse sixth 
power of the interatomic distance, there is no theoretical argument for 
approximating the repulsive interactions as the square of that (Eq. 2.6).  
Mathematically the repulsive term must satisfy the criteria that the function tends 
towards zero as the distance tends towards infinity whilst also approaching zero 
faster than the attractive term. Choosing the exponent of the term to be 12 is 
purely down to computational convenience (i.e. being the square #Un) as there 
is evidence of changing the exponent to 9 or 10 will yield more accurate results. 
The matter of accurately modelling VDW forces primarily becomes a question of 
accurately modelling the repulsive interactions.   
 
From electronic structure theory it is derived through the exact wave function of 
a hydrogen atom, that the electron density falls off (approximately) exponentially 
with the distance from the nucleus. The repulsive interactions arise from the 
overlap of neighbouring electron density and therefore there is physical 
justification to modelling the repulsive interactions as an exponential function. 
This was originally proposed by Richard Buckingham in a theoretical study of 
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gaseous helium, neon and argon6 and subsequently referred to as a 
Buckingham or Exponential-#Un potential: 
 

\stcuvwxyz{ = |}Us~ − �
Ä
#n
Å = 	Ç h

6
É − 6

}Ñi
mU~
~Ö
l −

É
É − 6

i
#G
#
l
n
o					(Eq. 2.7) 

 
 
In this particular form of potential there are three constants |, á and Ä. In its 
more elaborate form, #G and e have previously been defined and the only free 

parameter is a. The a parameter can be seen as a fitting constant. 
 
Although modelling repulsion using an exponential function provides a more 
accurate description than the L-J potential, the Buckingham potential still 
encounters problems at short interatomic distances. As # tends towards zero, 
the exponential becomes constant while the #Un term goes towards -¥ causing 
the function to ‘turn over’. The function turns over at small values of # as atoms 
become unphysically attracted to each other, this is known as the Buckingham 
catastrophe. When using a Buckingham potential, specific precautions are 
necessary to avoid atoms reaching very short interatomic distances. Fortunately, 
for chemical purposes, this becomes irrelevant as energies in excess of 400 kJ 
mol-1 are needed to break most bonds. 
 
For small systems (e.g. diatomic molecules) where accurate interaction energy 
profiles are desired, there is a functional form which has an exponential 
dependence and also reproduces the correct general shape, the Morse 
potential:  
 

\àâ~äb = ãbå}UJz(~U~Ö) − 2}Uz(~U~Ö)ç				(Eq. 2.8) 

 
 
Using this general Morse function, it is possible to obtain a more accurate 
description than a Buckingham potential, where ãb is the depth of the potential 
energy well and a corresponds to the width of the potential energy well. a is 
related to ãb via the force constant at the minimum of the potential energy well, 
èG: 
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É = ê
èG
2ãb

					(Eq. 2.9) 

 
The three functions discussed differ most at short interatomic distances, the 
repulsive part. The L-J potential is too ‘hard’, the Buckingham potential also 
overestimates the repulsion and even inverts at short distances, whilst the Morse 
potential approximates the repulsive behaviour fairly accurately. These 
differences are clearly illustrated in Fig. 2.ii. 
 

 
 
Figure 2.ii: Comparison of \]^_ functionals for the repulsive part of the íJ − í} 

potential. Figure taken from reference.1 
 
For the attractive interactions, the most significant quantity, all three are almost 
identical (Fig. 2.iii).  

 
Figure 2.iii: Comparison of \]^_ functionals for the attractive part of the íJ −

í} potential. Figure taken from reference.1 
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Despite the inferiority of the L-J potential, the majority of force fields still 
incorporate it. This is simply due to the shorter computation times compared to 
the exponential-type potentials. It is significantly less demanding, 
computationally, to assign # raised to an even power of 6 and then simply the 
square of that power to describe the repulsive interactions. As mentioned, 
failures of the repulsive term occur at extremely short bond distances or very 
high energies. Considering the calculation of the non-bonded energy is the most 
time-consuming section of the force field energy it is entirely reasonable that the 
L-J potential remains one of the most popular choice.  
 

2.1.3. The Electrostatic Energy (\`abcd) 
 
To completely define the intermolecular interactions, one must accurately 
describe the electrostatic interactions between atoms or molecules. The 
distribution (or redistribution) of electrons forms positive and negatives regions 
of a molecule (e.g. a carbonyl group will have a negatively charged oxygen and 
positively charged carbon). To model such interactions, the simplest case would 
be to assign each atom a partial charge and calculate the electrostatic 
interaction using Coulomb’s law: 
 

\(|áìâtaâ{î) = èb
ïñïs
#ñs

						(Eq. 2.10) 

 
where ïñ and ïs correspond to the partial charge of atoms | and á respectively, 
#ñs is the interatomic distance between the two atoms and èb is the Coulomb 
constant which has an exact value of: 
 

èb = 	
1
4òÇG

					(Eq	2.11) 

 
Depending on the modelling experiment, this assignment will most likely follow 
one of three formalisms. The first and most simple case is to assign permanent 
charges to all atoms as a fixed parameter. Secondly, the charge can be 
calculated from the electronegativity of the atom but also from the 
electronegativities of the neighbouring atoms. In this formalism, the 
electronegativity is used as a parameter in some functional form. This option 
recognises different chemical environments and therefore provides more flexible 
description. The third, and final, case is where the design of the forcefield is 



Chapter 2 – Theoretical Background 
 

 11 

specific to the molecule or system studied. Partial charges are chosen to 
accurately reproduce an experimental or computed observable of the molecule 
or system.  
 
Direct summation of Coulomb terms is necessary in some cases of non-periodic 
or isolated systems. In the case of periodic systems, where periodic boundary 
conditions are in place, this is generally not suitable. For periodic systems, the 
most widely used technique for calculating the electrostatic interactions is the 
Ewald Sum.7  
 
The basic model for a neutral periodic system is a system of point charges 
mutually interacting via the Coulomb potential: 
 

\`abcd =
1
2
ôïvö(#v)
õ

vúm

					(Eq. 2.12) 

 
Where ö represents the electrostatic potential of atom i: 
 

ö(#v) =ô′
û,w

ïû
†#vû + °¢†

					(Eq. 2.13) 

 
where the prime on the summation denotes that the sum is over all periodic 
images °, and over all particles £, except when £ = § and ° = 0. Here, ¢ is the 
length of the supercell used and particle § is assumed to interact with all its 
periodic images apart from itself. Eq. 2.12 is not used to compute the 
electrostatic contribution due to the fact that it contains a poorly converging sum.  
 
The Ewald method makes two amendments to the simple Coulomb method (Eq. 
2.13). The central concept of these amendments is to split the interaction into 
short and long-range contributions. The short-range contribution is achieved by 
embedding each point charge in a screening potential in the form of a Gaussian 
function with an exactly opposing charge. Outside the range of the screening 
function, dictated by the width of the Gaussian, the net charge is zero. This 
effectively neutralises each charge at long range. The near-field interaction 
between the screening potential and point charges can be directly evaluated in 
real space. In order to obtain the long-range contribution, one must recover the 
original point charge interaction by removing the effect of the screening 
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potential. This is achieved by superimposing a second set of Gaussian 
functions, again centred on the original point charge, but with the same charge 
as the point charges. Using the Poisson equation,2 one can obtain the resulting 
potential from the inclusion of the second set of Gaussian functions, which is 
then solved as a Fourier series in reciprocal space. Finally, a self-correction term 
is required as a result of Gaussian functions acting on their own sites. 
 
The Ewald method can be therefore be condensed to: 
 

\`•za¶ = \ß + \® − \ìâ~~bcdvâw					(Eq. 2.14)	 
 
Where \ä denotes the short-range contribution, \® the long-range contribution 
and \ìâ~~bcdvâw the self-energy correction. 

 
 
Figure 2.iv: Illustration of the Ewald method. Vertical yellow line represents the 

position of point charges, blue curves represent the screening Gaussian 
functions and green curves represent the compensating set of Gaussian 

functions. Illustration adapted from reference.2 
 

In general, the Ewald summation is reported as: 
 

= +

Point charges 

Point charge + screening 
Gaussian function

Compensating Gaussian 
function

Short-range contribution

Long-range contribution
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\`•za¶ =
1
2
èbôôô′

õ

ûúm

ïvïû
†#v − #û + °¢†

}#©™ ´
†#v − #û + °¢†

√2≠
Æ

õ

vúmw

+
1

2"ÇG
ô

}UØ∞u∞/J

èJ
±ôïv}vu.~≤
õ

vúm

±

J

− èb
1

√2ò≠
ôïvJ
õ

vúmu≥G

					(Eq. 2.15) 

 
 
where #v and #û denote the positions of ions § and £, ¢ the length of the supercell, 

" the volume of the supercell, s the standard deviation of the Gaussian 
distribution and è the vector of the ions in reciprocal space. As mentioned 
previously, the prime on the summation ensures that the term § = £ at ° = 0 is 
not included. }#©™ is the complimentary error function which is defined as: 
 

}#©™(¥) ≡ 1 − erf(¥) =
2

√ò
∑ }Ud∞∏π
∫

ª
					(Eq. 2.16) 

 
The only free parameter is the width ≠ of the Gaussian function, which 
determines how quickly both the direct space and reciprocal space parts 
converge. The overall result is an effective method for calculating the 
electrostatic energy in periodic systems. In order to implement the Ewald 
method successfully, the system under study must have perfect periodic 
symmetry and be neutral.  
 
 2.1.4. The Shell Model 
 
To successfully model complex multicomponent systems often requires a 
description of the polarisability of certain ions. Explicitly including polarisability 
within a forcefield is key to modelling the diverse chemical environments and 
interactions present in a complex system. For systems with polarisable ions, the 
inclusion of polarisation effects can improve structural and dynamical 
properties8 and also the representation of varying defects and coordination 
geometries.9 
 
A simple and common method used to include polarisation effects in an 
empirical potential, and thereby going beyond a rigid ion model, is the shell 
model of Dick and Overhauser.10 The polarisability of specific ions is 
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incorporated by splitting the total charge º of the ion into a core (charge º − Ω) 
and a shell (charge Ω). The core and shell are coupled by a harmonic spring ècä. 
 

\cä(#) =
1
2
ècä#J					(\ï. 2.17) 

 
In the shell model, the short-range forces only act on the shells, whereas the 
Coulomb forces acts on both the shell and the core. The result is that the shell 
is essentially polarised by the field of the surrounding ions and therefore different 
local environments produce different charge distributions. Often in this 
approach the shells are assigned a small fraction of the core mass and the core-
shell dynamics are controlled by the adiabatic shell method.11 
 
2.2. Simulation Methods 
 
 
Simulation refers to methods aimed at generating representative sampling of a 
system at finite temperature. There are two major techniques for generating an 
ensemble: Monte Carlo and molecular dynamics.  
 

2.2.1. Monte Carlo 
 

2.2.1.1. Introduction to Monte Carlo 
 
The state of a classical system can be entirely described by the positions and 
momenta of all particles. As space is three-dimensional, there are six 
coordinates associated with each particle. A system is therefore characterised 
by a total of 6N coordinates. This 6N-dimensional space is known as the phase 
space of the system. At any given instant in time, the system occupies one point 
(æ) in phase space æ: 
 

æ = å¥m, ¿m, ¡m, ¬ª,m, ¬√,m, ¬ƒ,m, ¥J, ¿J, ¡J, ¬ª,J, ¬√,J, ¬ƒ,J, … ç					(Eq. 2.18) 
 
Over time a dynamical system maps out a trajectory in phase space. Monte 
Carlo (MC) methods generate a sequence of points in phase space through the 
addition of a random ‘kick’ to the coordinates of a randomly chosen particle. MC 
refers to a broad class of algorithms that, at a very basic level, use random 
sampling and statistical modelling to estimate mathematical functions and mimic 
operations of complex systems. Emerging in the 1940’s and 1950’s the name, 
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coined by physicists working on the Manhattan project, refers to the random 
nature of gambling at Monte Carlo, Monaco.12  
 
The art of a MC calculation lies in defining the perturbation step(s). A MC 
simulation starts with a suitable set of coordinates which are perturbed in a 
random fashion and the new set of coordinates as accepted based upon a 
chosen criterion. If the perturbation steps are small, then the volume of phase 
space sampled will only slowly increase with time and in turn be computationally 
expensive. If the perturbation steps are too large, then the rejection rate will grow 
too high causing inefficient sampling of phase space and therefore an inefficient 
use of computational resources. Both scenarios highlight the importance of 
controlling the size of the perturbation step. The main variation in MC methods 
stems from application of the perturbing step. It is possible for the geometry 
perturbation to be ‘non-physical’ which, counterintuitively, can be advantageous 
since two consecutive geometries can be separated by a high energy barrier. It 
is therefore possible for MC methods to ‘tunnel’ between energetically separated 
regions of phase space resulting in better coverage. MC simulations use 
temperature as the parameter for deciding whether to accept or reject 
perturbation steps and therefore MC simulations naturally produce an NVT 
ensemble (refer to section 2.2.2.3.). 
 
Fundamentally, the Monte Carlo approach is to approximate a continuous 
integral by a sum over a set of configurations, sampled with the probability 
distribution. The ensemble average of a quantity | can then be calculated for a 
given distribution function. For the NVT ensemble we have a distribution function 
∆(#, ¬): 
 

∆(#, ¬) =
1
º
}¥¬ �−

\(#, ¬)
ès«

Å ∏#	∏¬					(Eq. 2.19) 

 
where: 
 

〈|〉 =
1
º
∑| }¥¬ ´−

\(#, ¬)
ès«

Æ∏#	∏¬					(Eq. 2.20) 

 
and Z is the configurational integral: 
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º = ∑}¥¬ �−
\(#)
ès«

Å∏#					(Eq. 2.21) 

 
Due to the unknown normalisation º, random sampling is highly inefficient. In 
order to make sampling more efficient, one must restrict the sampling to the 
areas of phase space contributing to the integral – importance sampling. 
Importance sampling Monte Carlo can be used to calculate an ensemble 
average of a quantity | by averaging over measurements of | for configurations 
generated according to a probability distribution. 
 

2.2.1.2. The Metropolis Algorithm 
 
In 1953, Metropolis et al.13 proposed that instead of choosing configurations 
randomly and then weighting them with }U`/u À, configurations are chosen with 
a probability of }U`/u À and then weighted evenly. The Metropolis algorithm 
randomly samples the phase space and assigns a transition probability of going 
from state Ã to state Õ equal to 1 if the move results in a decrease in energy 
(∆\zî ≤ 0). If the move results in an increase in energy (∆\zî > 0), the move is 
accepted based on a probability defined by the ratio of probabilities of state Ã 
and state Õ:  
 

∆î
∆z
=

1
º }¥¬ i−

\î
ès«

l

1
º }¥¬ i−

\z
ès«

l
= exp �−

\î − \z
ès«

Å = }¥¬ �−
∆\zî
ès«

Å					(Eq. 2.22) 

 
Consider a property dependent on the atomic coordinates of the system, using 
the Metropolis algorithm we can calculate the average via: 
 

〈|〉 =
1
æ
ô|(ïv)
“

vúm

					(Eq. 2.23) 

 
where æ is the number of points ï sampled. The value of property | is calculated 
as the first element of the sum in Eq. 2.23, and then ïz is randomly perturbed to 
yield a new configuration ïî. As mentioned, in the NVT ensemble, the probability 
of accepting point ïî is determined via: 
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∆z→î = ‘§° ’1,
exp i− \î

ès«
l

exp i− \z
ès«

l
÷					(Eq. 2.24) 

 
If ∆\zî ≤ 0 then the move is always accepted. If ∆\zî > 0, a random number 
◊~zw¶â{ is drawn between 0 and 1, if ∆z→î ≤ ◊~zw¶â{ the ‘move’ is accepted. 
Once a ‘move’ is accepted, the value of | for that point is added to the sum in 
Eq. 2.23.  
 
 2.2.1.3 Detailed Balance 
 
A sequence of points in phase space where each new point depends only on 
the immediately prior point is known as a Markov Chain. The Metropolis MC 
procedure constructs a Markov chain from which averages are computed from 
the sampled microstates. A Markov chain is uniquely defined by its transition 
probabilities and must obey the detailed balance condition, which states that for 
an equilibrium (time independent) probability distribution the following must hold 
true: 
 

ÿ(Ã → Õ)Ÿ(Ã → Õ) = ÿ(Õ → Ã)Ÿ(Õ → Ã)					(Eq. 2.25) 
 

where ÿ represents the probability of moving from one configuration to the other 
and Ÿ is the probability of being that configuration. Alternatively stated, at 
equilibrium each move should be equilibrated by its reverse process. The 
Metropolis algorithm designs a Markov process that generates a new 
configuration Õ from a previous configuration Ã so that the transition probability 
ÿ(Ã → Õ) satisfies the detailed balance condition (Eq. 2.25).  
 
MC methods can be adapted to calculate averages in any statistical mechanics 
ensemble. For example, simulations of the isothermal-isobaric NPT ensemble 
involve random volume changes and simulations of the grand canonical µVT 
ensemble involve moves that insert or delete atoms/molecules. Standard MC 
simulations cannot access non-equilibrium or dynamical properties (diffusion, 
mean square displacements, auto correlation functions, vibrational spectra etc) 
but there are variants of MC developed for such purposes, e.g. Dynamic Monte 
Carlo and Kinetic Monte Carlo. 
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2.2.2. Molecular Dynamics 

 
 

2.2.2.1. Introduction to Molecular Dynamics 
 
 
Although a relatively recent method, principally developed in the 1950’s by Alder 
and Wainwright14 and later on in the 60’s by Rahman,15 the theoretical 
foundations of molecular dynamics (MD) are based upon Newton’s laws of 
motion. The N-body problem originates from the study of the dynamics of the 
solar system and in general is unsolvable for three or more bodies. Fortunately, 
a significant portion of the behaviour of matter can be understood in classical 
terms and so solving the classical N-body problem becomes fundamental to 
understanding matter at the microscopic level. MD is a means to find a numerical 
solution to the classical N-body problem. 
 
The theoretical foundations for MD are built upon the work of the great names of 
analytical mechanics – Newton, Lagrange, Hamilton, Euler. However, it can be 
condensed to the following statement: MD methods will generate a series of 
time-correlated points in phase space (a trajectory) through the propagation of 
a starting set of coordinates and velocities according to Newton’s second 
equation, by a series of finite time steps. 
 
Nuclei are sufficiently heavy that, to a decent approximation, they behave as 
classical particles. Thus, the dynamics of the system can be simulated for N 
interacting objects by numerically solving Newton’s second equation (EOM) 
which is integrated over time for each interacting object: 
 

‘v
⁄J#v
⁄πJ

= !v,										§ = 1,2…◊					(Eq. 2.26) 

 
where ‘v and #v are the mass and position of object § respectively. The forces, 
!, which propel the system at each timestep are the negative derivatives of a 
potential function €(#m,#J, … , #õ): 
 

!v = −
⁄€
⁄#v
					(Eq. 2.27) 
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The level of theory used to describe € can range from high-level, 
computationally expensive ab initio theory to low-level, computationally 
inexpensive classical interatomic potentials (section 2.1). The choice of theory 
is dependent upon the size of the system under study and the available 
computational resources. Once the potential function € has been defined and 
the forces ! derived from it, the integration of the coupled differential equations 
(Eq. 2.26 and Eq. 2.27) needs to be performed simultaneously. For the purpose 
of simulation, the EOM are solved via integration over small and finite time 
intervals. Several numerical iterative techniques have been developed to resolve 
this.16–19 
 
Any simulation, MD or MC, can be characterised by a number of quantities; such 
as volume (V), pressure (P), total energy (E), temperature (T), number of 
particles (N), chemical potential (µ), etc. Not all of these quantities are 
independent, for example, if the number of particles is fixed then either the 
volume or pressure can be fixed but not both. In any simulation, the properties 
of the system under study are defined from the outset by defining a specific 
thermodynamic ensemble.  
 
The ensemble is labelled according to the fixed quantities, listed in Table 2.i, 
with the remaining quantities derived from simulation data and therefore 
displaying statistical fluctuation. 
 

 
Table 2.i: Table depicting various thermodynamics ensembles and their 

conserved quantities. 
 

In any of the statistical ensembles, the average of a conserved observable, over 
infinite time, along the time coordinate at equilibrium, is the same as the average 
over the total phase space of the observable itself. This is the ergodic hypothesis 

N P V T E ! Name Acronym Equilibrium

✓ ✓ ✓ Canonical NVT A has minimum

✓ ✓ ✓ Micro-canonical NVE S has maximum

✓ ✓ ✓ Isothermal-
Isobaric NPT G has minimum

✓ ✓ ✓ Grand-canonical VE! (pV) has 
maximum
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and simply put, assumes that time-averaging is equivalent to ensemble 
averaging. The results of simulations or experiments both involve averaging over 
the number of molecules and time, but with considerably different averaging 
lengths. Taken to the limit, the ergodic hypothesis implies that the time average 
of one particle is equivalent to averaging over a large number of particles at any 
given time frame. 
 

〈æ〉 = lim
fl→∫

1
‡
∑æ(π)∏π = lim

à→∫

1
·
ôæv

à

vúm

fl

G

					(Eq. 2.28) 

 
MC techniques perform an ensemble average, whereas MD performs a time 
average. The ergodic hypothesis is fundamental to MD as it allows the evaluation 
of macroscopic properties from the averages of microscopic configurations. 
 

2.2.2.2. Integration of the Equations of Motion 
 
As mentioned previously, numerical iterative techniques have been developed 
to numerically solve the inherently coupled equations 2.26 and 2.27. Given a set 
of positions #v, the positions of the atoms a fraction of time ∆π later can be 
expressed by the third-order Taylor expansion: 
 

#v‚m = #v +
⁄#
⁄π
(∆π) +

1
2
⁄J#
⁄πJ

(∆π)J +
1
6
⁄N#
⁄πN

(∆π)N + „(∆π)O	

#v‚m = #v + ‰v(∆π) +
1
2
Ãv(∆π)J +

1
6
Õv(∆π)N + „(∆π)O					(Eq. 2.29) 

 
Here, the first derivative of the positions with respect to time corresponds to the 
velocities ‰v, the second derivative the accelerations Ãv and the third derivative 
the hyperaccelerations Õv. Higher order derivatives are frequently ignored, and 
the expansion is usually truncated to the third derivative. In this case the 
truncation error is in the order of Dt4. The positions of the particles one timestep 

back in time can be derived from Eq. 2.29 by substituting Dt with -Dt.  
 

#vUm = #v − ‰v(∆π) +
1
2
Ãv(∆)πJ −

1
6
Õv(∆π)N + „(∆π)O					(Eq. 2.30) 
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Addition of equations 2.29 and 2.30 provides us with the first, and simplest, 
method of solving Newton’s EOM numerically – the Verlet algorithm.16 From this 
sum, all odd power derivatives disappear. Rearranging terms and truncating at 
the second derivative yields: 
 

#v‚m = (2#v − #vUm) + Ãv(∆π)J + „(∆π)O					(Eq. 2.31) 
 
In the Verlet scheme, first used in 1967, each atomic position is propagated with 
no reference to the particle’s velocity. At each timestep the acceleration is 
evaluated from the forces using: 
 

Ãv =
!v
‘
= −

1
‘
∏"
∏#v
					(Eq	2.32) 

 
A trajectory is generated by using the computed accelerations to propagate the 
atomic positions at each timestep. However, there is a numerical disadvantage 
that arises from the algorithm in that the new positions are obtained by adding a 
term proportional to Dt2 to a difference in positions (2#v − #vUm). Since (2#v − #vUm) 

is the difference between two large numbers relative to Dt, the result could lead 
to truncation errors due to finite precision. The bigger concern with the Verlet 
scheme is that the velocities are not computed explicitly. Although knowledge 
of velocities is not directly need for time integration, it is preferable. Velocities 
are needed to compute the kinetic energy Â, which is required to evaluate the 
conservation of the total energy (\ = Â + "). This also leads to a problem with 
generating ensembles with the correct temperature. The velocities can be 
computed directly from the positions using the mean value theorem: 
 

‰v =
#v‚m − #vUm
2∆π

+ „(∆π)J					(Eq. 2.33) 

 
The total error associated with this expression is of the order of Dt2 rather than 

Dt4. Although there are some clear disadvantages to using the Verlet algorithm 
it still remains a prevalent choice as it allows for time reversibility, but more 
importantly it is computationally inexpensive and fairly accurate. 
 
To propagate the velocities and positions in a coupled manner requires a slight 
modification to the Verlet algorithm, called the leapfrog algorithm.20 This is 
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achieved by performing expansions analogous to Eq. 2.30 and Eq. 2.33, but 
with a half time step and followed by a subtraction: 
 

#v‚m = #v + ‰v‚mJ
∆π					(Eq. 2.34)	

‰
v‚mJ

= ‰
vUmJ
+ Ãv∆π					(Eq. 2.35) 

 
The theoretical accuracy is also of the third order, the same as the Verlet 
algorithm. But importantly, the numerical accuracy is enhanced. In the leapfrog 
method the velocities are computed directly, enabling coupling to an external 
heating bath (thermostats, section 2.2.2.3.1.). The main drawback is that the 
positions and velocities are never evaluated at the same time but are always out 
of sync by half a timestep.  
 
The ability to evaluate the positions, velocities and accelerations at the same 
timestep is achievable, and can be attained implementing the velocity Verlet 
algorithm19. Where the following equations are used to propagate the atoms: 
 

#v‚m = #v + ‰v∆π +
1
2
Ãv∆πJ					(Eq. 2.36)	

‰
v‚mJ

= ‰v +
1
2
Ãv(∆π)J					(Eq. 2.37) 

Ãv =
!v
‘
= −

1
‘
∏"
∏#v
					(Eq. 2.38)	

‰v‚m = ‰v‚mJ
+
1
2
Ãv‚m∆π					(Eq. 2.39) 

 
The velocity Verlet algorithm functions as a series of discrete steps which are 
summarised below. 
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Figure 2.v: Flow diagram depicting the velocity Verlet algorithm. i) Start with 
positions #, velocities ‰ and forces !, ii) new positions computed for Dt, iii) 

velocities at half step computed, iv) forces subsequently computed for Dt, v) 
velocities computed for full step and vi) system advances to next step.  

 
The velocity Verlet method remains one of the most popular methods of 
integrating the EOM. The algorithm retains the accuracy of the original Verlet 
scheme, but the velocities are evaluated explicitly and in phase with the 
positions. Defining specific thermodynamic ensembles becomes are far easier 
task and thus the calculation of specific properties. 
 
Regardless of which method is chosen, the magnitude of the timestep remains 
an important choice. It is a question of balance between precision and 
computational time. A smaller Dt will in principle produce a more ‘realistic’ 
trajectory (up until the limit of precision in the calculation of the forces) but will 
also require more iterations of the integration algorithm in order to achieve 
meaningful simulation timescale. Choosing a timestep shorter that the fastest 
dynamic process (e.g. bond vibrations) in the system under study is regarded 
as a logical choice. 
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2.2.2.3. Generating Non-Natural Ensembles 
 
As has been discussed, MD is a technique for studying the natural time evolution 
of a classical system of ◊ particles in volume ". For a simulation of this nature, 
the total energy \ is a constant of motion, i.e. a standard MD simulation 
generates an microcanonical ◊"\ ensemble. In this specific thermodynamic 
ensemble, the pressure and temperature will oscillate over the course of the 
simulation. The total energy is simply the sum of the kinetic and potential 
energies which can be expressed as a function of the positions and velocities: 
 

\dâd = \uvwbdvc + \Êâdbwdvza =ô
1
2
‘v‰vJ + "(#)					(Eq. 2.40)

õ

vúm

 

 
Even in an ◊"\ simulation the total energy is not exactly constant, which can be 
prescribed to the finite precision with which the atomic forces are evaluated but 
also the finite timestep used. Since the kinetic energy is the difference between 
the total energy (almost constant) and the potential energy (dependent on 
positions) it will experience significant fluctuations. 
 
Although microcanonical ◊"\ is the natural ensemble generated by an MD 
simulation, it isn’t particularly helpful. Most chemical and physical processes do 
not transpire under these conditions. Most chemical and physical processes 
often occur under constant temperature or constant pressure. Therefore, the 
production of other thermodynamic ensembles, namely the canonical ◊"« and 
the isothermal-isobaric ◊Ÿ« ensemble, is extremely desirable.  
 
In order to achieve such ensembles, the pressure and temperature must be 
regulated. Originally, instantaneous corrections were applied to both variables 
by rescaling with respect to a target value. It was quickly realised such methods 
upset the dynamics of the system and a true canonical ensemble was not 
achieved. The most efficient and accurate method to control macroscopic 
variables during a simulation is to couple to a heat-bath (temperature control) 
and a pressure-bath (pressure control). In their algorithmic forms, they are 
known respectively as thermostats and barostats. Both have proven to 
appropriately regulate the temperature and pressure of the system whilst 
generating the correct thermodynamic ensemble. A variety of thermostats and 
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barostats have been developed over the years and will be discussed briefly in 
the section below. 
 

2.2.2.3.1. Thermostats 
 
The temperature of the system under study is proportional to the average kinetic 
energy. 
 

« = 2
〈\uvwbdvc〉
°¶Áès

					(Eq. 2.41) 

 
Where èî is the Boltzmann constant and °¶Á refers to the number of degrees of 
freedom. 
 

°¶Á = 3◊ − ◊câwäd~zvwd					(Eq. 2.42) 
 
The number of degrees of freedom is calculated from the number of atoms and 
the number of constraints imposed on the system. In a typical MD simulation, 
the number of constraints is typically three which correspond to the conservation 
of linear momentum.  
 
Andersen21 (1980) was the first to implement an algorithm that would ensure an 
NVT ensemble through the control of the temperature. In order to do so, a 
velocity rescaling is enacted via rescaling the velocities of a number of particles 
by a Maxwell-Boltzmann distribution. Or, viewed in another way, the Andersen 
thermostat introduces a stochastic element to the temperature by introducing 
random collisions of molecules with an imaginary heat bath. 
 
It is customary, in the Andersen scheme, not to perform a collision with each MD 
step but to utilise a collision frequency. It has been shown that the Andersen 
thermostat generates the correct canonical ensemble. However, due to the 
mixing of the random stochastic collisions and Newtonian dynamics, the MD 
simulation turns into a Markov process. Consequently, the dynamics are 
perturbed in a non-realistic manner and the decay of the velocity autocorrelation 
function is enhanced (i.e. the velocities decorrelate faster than they should). This 
can cause problems when calculating dynamical properties such as diffusion 
coefficients (i.e. the time integral of the velocity autocorrelation function). 
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A little later, in 1984, Berendsen22 introduced an algorithm with an approach 
similar to the velocity rescaling of Andersen. Rather than scaling to a target 
temperature at each time step, Berendsen assigned a time scale for the 
rescaling of the velocities. This is achieved by weakly coupling the system to a 
heat bath which has a coupling constant (time scale of heat transfer), t: 
 

ËJ = 1 +
∆π
‡
�
«
«vwäd

− 1Å					(Eq. 2.43) 

 
The rescaling factor l is calculated from just the time step Dt, the coupling 

constant t, the instantaneous temperature «väwd, and the desired temperature «. 
Although the Berendsen thermostat is common place in MD, due to its simplicity, 
it suffers the same drawbacks as simple velocity rescaling, the energy 
fluctuations are not resolved properly. 
 
At a similar time, Nosé presented an approach that could produce deterministic 
MD at constant temperature.23, 24 Rather than using stochastic collisions with a 
heat bath, Nosé included an extended Lagrangian that contains imaginary 
positions and velocities for the coupled heat bath, thereby introducing new 
degrees of freedom. Hoover improved on this idea by introducing a frictional 
term c, which broadly speaking replaces the imaginary momentum of the 
coupled heat bath in the Nosé scheme. The time evolution of particle position 
and momenta are now governed by the following EOM: 
 

∏‰v
∏π
=
!v
‘
− È‰v					(Eq. 2.44) 

	

∏È
∏π
=
°¶Áèî
Í

(«vwäd − «bªd)					(Eq. 2.45) 

 
The frictional coefficient is defined by Eq. 2.45, where «vwäd is the instantaneous 
temperature and «bªd is the external requested temperature of the system. Í is 
defined as the effective mass of the thermostat and can be evaluated from the 
expression: 
 

Í = °¶Áèî«bªd‡					(Eq. 2.46) 
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t is the specified time constant of the thermostat (normally in the range of 0.5-

2.0 ps) and the choice of this parameter is critical. An overly large value for t will 
result in poor temperature control, whereas too small a value will cause only 
minor fluctuations around the equilibrium value.  
 
The Nosé-Hoover thermostat is broadly used in the simulation community as it 
can rigorously generate a canonical ensemble. It has been used for all MD 
simulations throughout this body of work.  
 
In some cases, the Nosé-Hoover thermostat does not produce an ergodic 
extended system. Martyna et al.25 showed that by creating a thermostat chain 
(i.e. regulating the thermostat with another thermostat, then regulating the 
second thermostat with another and so on) the ergodicity can be improved.  
 

2.2.2.3.2. Barostats 
 
In many cases it is desirable to maintain a system at both constant pressure and 
temperature, an isobaric-isothermal ensemble ◊¬«. Most experiments are 
performed at constant pressure instead of constant volume, so the correct 
simulation of the isothermal-isobaric ensemble is imperative.  
 
Just like temperature, throughout an MD simulation the volume is a dynamical 
variable that can fluctuates in value. Pressure can be calculated instantaneously 
using the expression: 
 

¬ =
◊èî«
"

+
1
ã"

〈ô#v	.		!v

õ

vúm

〉					(Eq. 2.47) 

 
where ã is the dimensionality of the system and " is the volume of the simulation 
box.  
 
A number of different techniques, or barostats, have been developed in order to 
maintain a target pressure. Several of these techniques are analogous to 
methods discussed in the thermostat section above.   
 

• Volume rescaling – instantaneous pressure is made equal to a target 
pressure by rescaling the volume at specific time intervals. 
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• Berendsen barostat – system is weakly coupled to a pressure bath and 
the volume is adjusted at each time step by rescaling the atomic 
coordinates and simulation box vectors. 

• Andersen/Extended ensemble – system is coupled to a pressure bath 
using an extended Lagrangian and thus the introduction of new degrees 
of freedom. 

 
The Berendsen barostat, unsurprisingly, is similar to its corresponding 
thermostat. The method involves a scaling factor. This time expressed as µ:  
 

Î = h1 +
Ï∆π
‡
(Ÿ − Ÿvwäd)o					(Eq. 2.48) 

 
where b is the isothermal compressibility, t the relaxation constant, Ÿ the desired 
pressure and Ÿvwäd the instantaneous pressure. Also, not dissimilar from the 
Berendsen thermostat, this barostat does not produce the exact required 
ensemble. To do so commands more involved methods. 
 
The Andersen barostat, surprisingly, is not similar to is corresponding 
thermostat. The method employed is analogous to the Nosé-Hoover thermostat. 
Andersen is credited with pioneering the extended ensemble approach and 
hence the name. The extra degree of freedom, for this case, arises from coupling 
the system to an external variable ", the volume of the simulation box. The effect 
of this coupling can be visualised as a piston acting on the system. The piston 
is ascribed a mass Í and has an associated kinetic and potential energy: 
 

\uvwbdvc =
1
2
Í"J					(Eq. 2.49)	

\Êâdbwdvza = Ÿbªdb~wza"					(Eq. 2.50) 
 

where " is the coordinates of the piston and Ÿbªdb~wza is the pressure exerted by 
the piston on the system. A low value of Í will result in rapid oscillations in the 
volume of the simulation box, whereas a large value will result in slow fluctuation 
in the volume.  
 
The resulting EOM from the Andersen barostat produce trajectories which 
correctly sample the isobaric-isoenthalpic ensemble ◊¬í. Commonly used 
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variants of the Andersen barostat include the Nosé-Hoover barostat26 and the 
Martyna-Tuckerman-Klein barostat.27 
 
So far, all the barostats discussed have allowed for a change in size of the 
simulation box (i.e. isotropic changes) but not the shape (i.e. anisotropic 
changes). Allowing for anisotropic changes to the simulation box can be great 
value when study solids as it allows for phase changes, formation of defects etc. 
This was achieved by Parrinello and Rahman,28, 29 who made a simple change 
to the Andersen barostat. A simulation box can have an arbitrary shape which 
can be described by three vectors Ã, Õ and ™. Now the volume can be expressed 
in terms of a 3 x 3 matrix: 
 

" = detí = Ã	. (Õ	 × 	™)					(Eq. 2.51) 
 
where í = {Ã, Õ, ™} is the 3 x 3 matrix. Treating the simulation box parameters 
independently allows for anisotropic changes to be enforced during simulation.  
 
Both the Andersen and Parrinello-Rahman barostat produce trajectories that 
sample the isobaric-isoenthalpic ensemble. Coupling either one of these with a 
suitable thermostat will generate a correct isothermal-isobaric ensemble ◊¬«. 

 
2.2.2.4. Periodic boundary conditions 

 
In a truly macroscopic system, surface chemistry plays very little role in the 
overall picture of the bulk system. Due to the natural limit of computational 
resources, the size of the system under simulation will inevitably be small, small 
enough that surface chemistry may dominate the system properties. This is 
particularly true for systems where electrostatic interactions are important as the 
energy associated with such interactions is dependent on #Um.  
 
One approach to nullify cluster artefacts is to employ periodic boundary 
conditions (PBC).  
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Figure 2.vi – Diagram showing PBC acting on a simple dynamical system. The 
grey shaded box is the simulation box and all surrounding boxes are replicas. 
Atoms are depicted as red spheres and their velocity vectors as blue arrows. 

 
Fig. 2.vi illustrates the concept of PBC in an MD simulation. A simulation box 
(grey shaded) is surrounded by exact replicas of itself (in a simulation this would 
include all three dimensions), with the same atomic positions and velocities. 
When one atom leaves a box, it is replaced by another one with exactly the same 
velocity which enters from the opposite side of the box. To avoid atoms 
interacting with copies of itself a cutoff radius is used. This cutoff limits the region 
of interest for the calculation of short-range interatomic forces. Logically this 
cutoff cannot be greater than half the width of the cell. The key facet of PBC is 
that no molecule within the simulation box experiences a ‘vacuum’ within the 
range of the cutoff.  
 
Under PBC, the mass of the system, number of particles and total energy are 
conserved. PBC also conserves linear momentum, which is not the case for real 
contained systems, however this effect on system properties is negligible for 
systems larger than 100 atoms.  
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2.3. Geometry Optimisations 
 

2.3.1. Introduction to Geometry Optimisation 
 
Many problems in computational chemistry can be viewed as an optimisation of 
a multidimensional function. Optimisation is a general term for finding the 
stationary points of a function, i.e. the points where the first derivative is zero. 
There are different types of stationary points, illustrated in Fig. 2.vii, but the 
majority of cases desire a minimum, i.e. where all second derivatives are 
positive. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2.vii: Illustration of different stationary point on a multidimensional 
energy surface.  

 
Geometry optimisation is the process of finding the arrangement of atoms within 
a chemical system that corresponds to the minimum on its associated potential 
energy surface (according to the level of theory used to describe the system). 
Given a set of vectors corresponding to the positions of atoms #, the energy can 
be defined as a function of the atomic coordinates \(#). Geometry optimisation 
techniques attempt to find values of # which minimise the energy \(#). The first 
derivative of \(#) at a minimum stationary point is equal to zero and the matrix 
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of the second derivative (the Hessian matrix) is positive definite – i.e. all of its 
eigenvalues are positive.  
 

2.3.2. Steepest Descent Method 
 
A gradient vector Ò will always point in the direction where a function is 
increasing the most. The value of the function can therefore always be minimised 
by ‘stepping’ in the opposite direction. The Steepest Descent (SD) method 
involves a series of function evaluations in the opposite direction of the gradient 
vector, ∏ = −Ò. Once the function starts to increase, an approximate energy 
minimum is determined through the interpolation of the calculated 
points/geometries. At this interpolated point, a new gradient is computed, and a 
new direction adopted - typically perpendicular from the previous path (Fig. 
2.viii). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2.viii: Illustration of Steepest Descent method. The orange arrows 
indicate the movement of the system along the negative of the gradient vector. 
The system changes path three times before an finding the associated energy 

minimum. 
 
If the line minimisation is carried out sufficiently accurately, it will always lower 
the function value and therefore always approach a minimum. However, as a 
minimum is approached, the rate of convergence slows down. The SD method 
will never actually reach a minimum, it will approach it at an ever-decreasing 
speed. More importantly, as two subsequent line searches must be 
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perpendicular, if there exists a gradient component along the previous direction, 
the possibility to lower the energy further is missed. The SD algorithm has a 
predisposition to spoiling the function lowering obtained by the previous step. 
This method is predominantly used to quickly relax a poor starting geometry and 
then a more advanced algorithm is utilised to obtain a more accurate result.  
 

2.3.3. Conjugate Gradient Method 
 
The Conjugate Gradient (CG) method attempts to improve upon the 
shortcomings of the SD method by performing each line search not along the 
current gradient but along a line that is constructed such that it is ‘conjugate’ to 
the previous direction. The first step is equivalent to the SD method, but 
successive searches are implemented along a line constructed from a mixture 
of the current negative gradient and previous direction. 
 

∏v = −Òv + Ïv∏5Um					(Eq. 2.52) 
 
∏v corresponds to the direction of the current step and ∏vUm the previous step. b 
defines how much of the previous direction is included in the current direction 
and can be calculated in several ways. Some of the methods available are 
Fletcher-Reeves, Polak-Ribiere and Hestenes-Stiefel methods. For non-
quadratic surfaces, the conjugate property does not hold true, in this case the 
CG algorithm is often restarted, setting b to zero. The CG method has much 
better convergence characteristics than the SD method but similarly is only able 
to locate minima. More sophisticated methods are available that involve 
expanding the function to the second order. The CG method is the algorithm 
principally used in this work for geometry optimisations. 
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Chapter 3 
Simulation of Rare Events 
 
 
3.1. Introduction to Rare Events 
 
In a Molecular Dynamics (MD) simulation, the time step should be chosen so 
that it is appreciably shorter than the shortest relevant time scale in the 
simulation – i.e. the highest frequency intramolecular vibration. This restricts the 
time step to the range of femtoseconds and consequently MD simulations must 
be run for a significant number of steps in order to simulate a meaningful time 
scale for a dynamic process. The results of an MD simulation are meaningful if 
the simulation is long enough for the system to visit all the energetically relevant 
configurations, i.e. if the system is ergodic in the time scale of the simulation. 
For example, a small denatured protein needs in excess of 10-4 seconds to 
sample the associated energy landscape and find its folded state. Therefore, to 
explore this process, roughly 1011 MD time steps are required. Using an 
estimate value for the computational cost of a single time step for the case of a 
small protein (approx. 32,000 atoms) results in an estimation of 1 year of 
simulation time on a petaflop machine to observe a single folding event, which 
is clearly impractical. In many dynamical phenomena, the relevant ‘events’ 
occur over a timescale longer than the possible simulation times accessible with 
the current hardware and software.  
 

 
 

Figure 3.i: Illustration of two different potential energy surfaces. A simple 
energy landscape corresponding to a small system of a few atoms (left) and a 
more corrugated, complex energy landscape corresponding to a larger more 

realistic system (right).1 
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Dynamical phenomena are usually synonymous with intricate, multifaceted and 
corrugated potential energy surfaces (Fig. 3.i – right) where multiple energy 
barriers connect multiple energy minima via saddle points. Interesting events 
occur over a relatively long timescale in comparison with MD timescales, as 
overcoming such energy barriers has a low probability. A standard Molecular 
Dynamics simulation will frequently visit stable, low energy configurations whilst 
the events of interest are less frequently realised. A change from one metastable 
state to another can only take place if activated by rare fluctuations that take the 
system over the associated free energy barrier. Under normal MD conditions, 
systems will remain in local energy minima for long periods over time, only 
sampling the phase space around the minima.  
 
The same is true for Monte Carlo. We know from the Metropolis Algorithm 
(Chapter 2, section 2.2.1.2) that a random walk in configuration space is biased 
to ensure configurations and pathways are visited based on their probability. 
The probability distribution in the canonical ensemble is determined by the 
relationship: 
 

ρ(x) ∝ exp (
−E(x)

k,T
.						(Eq. 3.1) 

 
From this relationship it is deduced that configurations with a low energy are 
attributed a larger weighting in comparison to those with a higher energy. In the 
Metropolis algorithm, configurations are less likely to be accepted the larger the 
energy. Similar to MD, the system naturally gravitates to local energy minima in 
order to sample the relevant regions of configuration space (Importance 
Sampling). Consequently, millions of steps may be needed to observe the event 
of interest. 
 
This difficulty is known as the rare event problem and it is an issue when 
simulating most non-equilibrium/dynamical processes (phase transitions, 
protein folding, molecular docking, diffusion etc). 
 
In order to tackle the rare event problem (Fig. 3.ii) many solutions have been 
proposed, appropriately named enhanced sampling techniques. Enhanced 
sampling techniques aim at efficiently sample the phase space of non-
equilibrium/dynamical events and/or explore the ‘true’ dynamics of the process. 
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The enhanced sampling techniques used in this work are discussed in the 
following chapter. 
 

 
 

Figure 3.ii: Illustration of the concept of a ‘rare event’ and the difficulty in 
simulating such events – In this schematic representation, a system spends 

most of its time in the energy minima of state A and B, fluctuating due to 
thermal energy. Transitions between states A and B are infrequent (blue 

shaded area) due to the low probability and rapid occurrence.   
 
 
 
3.2. The Shooter Method 
 
The theoretical foundations and the underlying principles involved in the 
following discussion are derived from the following references.2,3 
 
One method of generating new trajectories, and hence exploring different 
phase space from existing ones is the ‘Shooter’ method. The theoretical 
foundations of the shooter method are centred around dynamical path 
probability. 
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For a trajectory of length T, denoted x(T), it is convenient to discretise time and 
represent a trajectory by an ordered sequence of states, so that x(T) ≡
{x6, x∆9, x:∆9, … , x<}	. Each individual state is separated by a small time increment 
Dt. Each of the states along the trajectory is represented by a complete set of 
variables describing the system. For a system that evolves according to 
Newtonian dynamics, the set of variables consists of coordinates, >, and 
momenta, ?, for all particles, x ≡ {r, p}.  The statistical weight P[x(T)], of a 
particular trajectory x(T), depends on the distribution of the initial conditions 
and on the specific propagation rules describing the time evolution of the 
system. Consider a Markov chain in which state DE evolves into state into state 
DEF∆E over time T with probability ?(DE → DEF∆E). For this case, the dynamical 
path probability can be expressed as a product of short-time transition 
probabilities: 
 

P[x(T)] = ρ(x6)IpJxK∆9∆ → x(KFL)∆9M

<

∆9
NL

KO6

						(Eq. 3.2) 

 
where ρ(x6) denotes the distribution of states x6 serving as starting points for 
trajectories x(T).  
 
In a ‘shooting’ move, a phase space point DEQRS is selected from a chain of states 
comprising an initial trajectory, DQRS(T). This state is modified, typically 
displacing the atomic momenta by a small degree. The new phase space point, 
DE
UVW, can then be propagated forwards or backwards in time applying the 

appropriate dynamical rules. Using this simple idea, an entirely new trajectory 
is generated (Fig. 3.iii). 
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Figure 3.iii: Illustration of a shooting move. A new trajectory (dashed line) is 
generated from an initial trajectory (solid line) by selecting point DEQRS and 

modifying the atomic momenta to obtain DEUVW. 
 

Trajectories obtained by ‘shooting’ reflect the system’s underlying dynamics, 
the generation and acceptance probabilities are relatively simple.  
 
The generation probability for the forward trajectory segment, beginning at time 
X and ending at time T is: 
 

YZVU
[Q\W]\S

[^_` → abc] = I?JDd∆E
efg → D(dFL)∆E

UVW M

h

∆E
NL

dO
E

∆E

						(Eq. 3.3) 

 
This generation probability is identical to the dynamical path weight for the 
forward trajectory. In exactly the same fashion, the generation probability for the 
backward trajectory from time X to time 0 is obtained from the negative time step 
probability: 
 

YZVU
i]jkW]\S[^_` → abc] =I?̅JDd∆E

UVW → D(dNL)∆E
UVW M

E/∆E

dOL

						(Eq. 3.4) 

 
Combining the generation probability for the modified point DEUVW with the 
generation probabilities of the forward and backward segments yields the total 
probability: 
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YZVU[D
QRS(T) → DUVW(T)]

= ?ZVU[DE
QRS → DE

UVW]

× I ?(Dd∆E
UVW →. D(dFL)∆E

UVW ) ×I?̅

E

∆E

dOL

(Dd∆E
UVW → D(dNL)∆E

UVW )

h

∆E
NL

dOE/∆E

						(Eq. 3.5) 

 
Where YZVU[DQRS(T) → DUVW(T)] denotes the probability to obtain state DEUVW. This 
is the general expression of the shooting algorithm and can be used to 
determine the acceptance probability of any shooting move. 
 
Using the dynamical path probability from Eq. 3.5 for the old and the new 
trajectory, we can write the expression for the acceptance probability using the 
Metropolis rule (Eq. 2.24): 
 

Y[DUVW(T)]YZVU[D
UVW(T) → DQRS(T)]

Y[DQRS(T)]YZVU[D
QRS(T) → DUVW(T)]

=
q(D6

UVW)

q(D6
QRS)

?ZVUJDE
UVW → DE

QRSM

?ZVUJDE
QRS → DE

UVWM
I

?JDd∆E
UVW → D(dFL)∆E

UVW M

?̅JD(dFL)∆E
UVW → Dd∆E

UVWM

E

∆E
NL

dO6

×
?̅JD(dFL)∆E

QRS → Dd∆E
QRSM

?JDd∆E
QRS → D(dFL)∆E

QRS M
						(Eq. 3.6) 

 
This general result can be simplified substantially if the modification to the 
dynamics enacted by the shooting moves conserves a stationary distribution, 
i.e. conserves quantities such as the total and angular momentum. In this case, 
? and ?̅ are related by microscopic reversibility. The distribution of initial 
conditions is often in equilibrium or steady state distribution and is therefore 
identical to the conserved distribution. In this case, the acceptance probability 
is simplified to: 
 

Y]jj[D
QRS(T) → DUVW(T)]

= ℎt[D6
UVW]ℎu[Dh

UVW]

× vwa x1,
q(DE

UVW)

qJDE
QRSM

×
?ZVUJDE

UVW → DE
QRSM

?ZVUJDE
QRS → DE

UVWM
y						(Eq. 3.7) 
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For symmetric generation probabilities of the shooting point, this simplifies 
further to: 
 

Y]jj[D
QRS(T) → DUVW(T)] = ℎt[D6

UVW]ℎu[Dh
UVW]	vwa x1,

q(DE
UVW)

qJDE
QRSM

y							(Eq. 3.8) 

 
Now in order to evaluate Y]jj, only the relative weights of the old and new phase 
space points need to be known and whether or not the path begins and ends 
in regions A and B respectively, thus giving unity values to population functions 
ℎt and ℎu.  
 
Eq. 3.8 also ensures an efficient realisation of ‘shooting’ moves. A phase space 
point is selected along an initial trajectory. A shooting point DEUVW is generated 
from the old phase space point DEQRS. The shooting point is accepted if 

q(DE
UVW) qJDE

QRSM > 1⁄  or if a random number z drawn from a uniform distribution 

in the interval [0,1] is smaller than if q(DEUVW) qJDEQRSM⁄ . ‘Shooting’ moves derive 
their efficiency from the large variety of paths in trajectory space and the natural 
tendency of these trajectories to diverge. This allows newly generated 
trajectories to be quite different from the original trajectory. However, it is 
important that the shooting moves are not too severe as to fully diverge the 
trajectory path away from basins A and B.  On the other hand, too gentle 
shooting moves will lead to arbitrarily similar trajectories.  
 
Propagating a phase space point DEQRS of an existing trajectory, for deterministic 
dynamics, merely regenerate that trajectory. In order to move away from a 
trajectory, shooting moves must include a modification by adding a random 
perturbation ~D to DEQRS: 
 

DE
UVW = DE

QRS + ~D						(Eq. 3.9) 
 

This can be achieved in a symmetric fashion by drawing ~D from a distribution 
c~D for which c~D = c(−~D). Normally, it is sufficient to modify only the 
momentum variable of DEQRS and leave the configurational variables unchanged. 
In deterministic dynamics a new trajectory is obtained by integrating the 
equations of motion from the shooting point (Fig. 3.iv). 
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Figure 3.iv: Illustration of two shooting moves for deterministic trajectories. A 
phase space point DEQRS is selected and the corresponding momenta ?EQRS are 
perturbed by a random magnitude ~?. Integration of the equations of motion 

forward to time T and backwards to time 0 starting from DEQRS yields a new 
trajectory (dashed line). If the trajectory connects basins A and B, it is 

accepted with a non-vanishing probability (top). Otherwise, it will be rejected 
and return to basin A (bottom). 

 
The shooter algorithm can be summarised into the following steps: 
 
1) Select a phase space point DEQRS from initial trajectory DQRS(T); 
 
2) Modify DEQRS by adding a random displacement (usually momenta): DEUVW =

DE
QRS + ~D. ~D is drawn from a one-dimensional Gaussian distribution and 

should be symmetric with respect to the reverse move; 
 
3) Ensure there is no change to the total linear and angular momentum; 

 
4) Accept DEUVW with probability min	[1, q(DEUVW)/q(DEUVW)]. This is evaluated in 

usually two ways: 

?E
QRS  
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A 
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I. If Ö(Üá
àâä)

ÖJÜá
ãåçM

> 1, the new point is accepted 

II. If Ö(Üá
àâä)

ÖJÜá
ãåçM

< 1, a random number z is drawn between 0 and 1 and if 

Ö(Üá
àâä)

ÖJÜá
ãåçM

> z then the new point is accepted 

 
5) Integrate the equations of motion forwards and backwards in time; 

 
6) Assess the new trajectory; 
 
7) Restart from step 1 using a new configuration. 

 
In conclusion, the shooter algorithm is an efficient way to generate new 
trajectories and to explore regions of phase space otherwise neglected by 
standard simulation techniques. 
 
 
3.3. Metadynamics 
 
The theoretical foundations and the underlying principles involved in the 
following discussion are derived from the following references.4–6 
 

3.3.1. Introduction to Metadynamics 
 
Metadynamics belongs to a class of methods in which enhanced sampling is 
accelerated via the introduction of an additional bias potential that acts on a 
selected number of degrees of freedom, often referred to as collective variables 
(CVs). Various other methods can also be included in this class, such as 
Umbrella Sampling,7 local elevation,8 conformational flooding,9 adaptive force 
bias10 and steered MD.11 
 
First introduced by Laio et al.12 in 2002, metadynamics is a technique used to 
rapidly explore potential energy surfaces (Fig. 3.v). Used in conjunction with 
standard MD, metadynamics introduces an external history-dependent 
potential to bias the dynamics in the space of the chosen collective variable(s). 
The potential is built from a sum of Gaussian functions deposited along the 
system trajectory in the collective variable space in order to force the system 
away from previously sampled configurations. As the simulation evolves, more 
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Gaussian functions deposit along the trajectory and fill the potential energy 
minima. Consequently, activation barriers separating regions of the potential 
energy surface are dramatically reduced, allowing the system to explore the 
entirety of the potential energy surface. A simple thought experiment can very 
aptly explain metadynamics. Imagine a walker who, during the night, falls into 
an empty swimming pool. The walls of the swimming pool are too steep (energy 
barrier) for the walker to climb out and the complete darkness makes it difficult 
to find the shallowest point (lowest saddle). In these conditions the walker will 
easily move downhill but is unlikely to find the lowest saddle by chance. These 
conditions are analogous to a normal MD or Monte Carlo simulation (a random 
walk with a bias in the direction of lower free energy) – where there is a very 
small probability to overcome energy barriers and explore transition regions 
(climb out of pool). In metadynamics, the walker has access to a source of sand 
which he can deposit in his current position. The sand (Gaussians) slowly fills 
the pool, at the beginning it visits regions at the bottom of the pool but 
progressively starts to explore regions that are higher and higher. Eventually the 
walker will sufficiently fill the pool and climb out. But importantly, the walker will 
most probably climb out from the deepest part of the pool. The novel concept 
that differentiates metadynamics from other methods is that the walker will be 
able to keep a memory of all the positions he deposited sand. 
 
 
This simple example illustrates the following benefits of metadynamics: 

 
• Accelerating the sampling of rare events by forcing the system away from 

local free energy minima. 
 

• Facilitating the exploration of new reaction pathways as the system tends 
to escape the minima passing through the lowest free energy saddle 
point (minimum energy path). 

 
• No a priori knowledge of the energy landscape is required. Unlike 

Umbrella Sampling, metadynamics naturally explores the low free energy 
regions first. 
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Figure 3.v: Example of metadynamics simulation in a one-dimensional model 
potential V(x). The time is measured by the number of Gaussian deposited. 

The system begins in metastable basin B and, through the progressive 
deposition of Gaussian functions along the trajectory, is forced to explore the 
other free energy minima (A and C) in the space of the collective variable x. 

Adapted from reference.5 
 
3.3.2. Implementation of Metadynamics 

 
In the original version of metadynamics, the bias was used to influence a 
coarse-grained (simplified) dynamics in the collective variable(s) space that 
was based on a series of constrained MD simulations.12 It has been 
subsequently shown that the bias can be applied continuously during an MD 
simulation either through an extended Lagrangian formalism13 or acting directly 
on the microscopic coordinates of the system.14 The latter is the standard 
implementation of metadynamics and is also known as continuous direct 
metadynamics. 
 

3.3.2.1. Standard Metadynamics 
 
During a standard metadynamics simulation, a history dependent bias potential 
è composed of small repulsive Gaussian functions is built within the space of a 
chosen collective variable(s) ê(D). These Gaussian functions are deposited 
along the trajectory in the collective variable space at every ëí MD steps. 
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At time t, the ‘metadynamics’ bias potential acting on the set of collective 
variables(s) can be written as: 
 

è(ê(D), X) =ìî(ïëí)bD? ñ−ì
[êd(D) − êd(D(ïëí))]

:

2ód
:

S

dOL

ò						(Eq. 3.10) 

 
where î is the height of the Gaussian and ód is the width of the Gaussian for 
the wth CV. The energy rate is constant and usually expressed in terms of a 
Gaussian height î and the deposition stride/rate of deposition ëí: 
 

ö =
î

ëí
						(Eq. 3.11) 

 
The bias potential depends on three parameters, the Gaussian height î, the 
Gaussian width s and the frequency ëí at which the Gaussians are deposited. 
The choice of these parameters influences the accuracy and efficiency of the 
reconstruction of the free energy surface. If the Gaussians are large, the free 
energy surface will be explored at a fast rate but will introduce large errors into 
the reconstruction of the free energy profile. If the Gaussians are small, or 
deposited infrequently, the reconstruction will be accurate, but will take a long 
time. The relationship between î and s is also is significant, with some following 
the approximation î~ó:, whilst other follow the relationship î~aó	(a = 2, 3, 4). 
There is no fixed rule about the choice of î and s but it is noted that it is 

beneficial to fix s to mimic approximately the variation seen in the collective 

variable during an unbiased simulation. It is also noted to make sure that s is 
larger than the thermal variations in the system.  
 
There are many benefits for metadynamics but there are also downsides. One 
downside is that in a single run, èJê(D)M	does not converge accurately to a 
constant free energy value, but instead oscillates around it with an average error 

proportional to úëí. This fact has two consequences: 
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I. The bias potential overfills the underlying free energy surface and forces 
the system towards high energy regions of the collective variable(s) 
space.  

II. It is not self-evident as to when to decide to stop the simulation. However, 
it is a general rule that if the goal is to find the closest saddle point, the 
simulation should be stopped as soon as the system is forced from the 
minimum. If the goal is to reconstruct the free energy surface, the 
simulation should stop when the motion of the collective variables(s) 
becomes diffusive in the region of interest. 

 
A solution to this problem is provided by well-tempered metadynamics. 
 

3.3.2.2. Well-Tempered Metadynamics 
 
As discussed, during a standard metadynamics simulation, Gaussian functions 
are deposited to build a bias potential and force the system to visit different 
regions of the collective variable(s) space. The Gaussians deposited are a 
uniform height across the entire simulation. This method introduces an error to 

the calculated free energy value proportional to úëí. A more accurate value 

could be obtained by reducing the value or ëí (i.e. deposit Gaussians less 
frequently) but this results in longer simulation times as the free energy surface 
is filled up at a slower rate. Slower variation of è(ê(D), X) leads to dynamics of 
the microscopic variables that is closer to thermodynamic equilibrium. 
 
Well-tempered metadynamics4 introduces a different solution in order to obtain 
a more accurate free energy value. In well-tempered metadynamics the height 
of the Gaussian is decreased over the course of the simulation, this is achieved 
using the following relationship: 
 

ö(ïëí) = ö6 exp (−
èJêJD(ïëí)M, ïëíM

ïu∆T
.							(Eq. 3.12) 

 
where w0 is the Gaussian height at the start of the simulation and ∆T is a 
temperature term designed to regulate the range of free energy exploration. By 
tuning ∆T, one can facilitate barrier crossing and the exploration of in the 
collective variable space, but also limit the exploration to a region of the free 
energy surface to an energy range of the order T + ∆T (where T is the 
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temperature of the simulation). Longer simulation times improve the statistical 
accuracy in the relevant regions. Using well-tempered metadynamics, the risk 
of overfilling is avoided, and computational time is used more efficiently.  
 

3.3.3. The Choice of Collective Variable (CV) 
 
The reliability of a metadynamics simulation is largely down to the choice of 
collective variable(s). A CV is a function of the microscopic coordinates of the 
system and must fundamentally distinguish between states of interest. 
Identifying the right CV(s) is a difficult task but when achieved has a large effect 
of the efficiency of the calculation. Choosing an unsuitable CV that does not fully 
describe the system leads to poor sampling of phase space as well as the 
incorrect evaluation of energy barriers and their respective pathways (Fig 3.vi). 
To guarantee an effective application of metadynamics, the CV(s) must satisfy 
three main criteria: 
 

1. A CV should distinguish between the initial and final state and describe 
all relevant intermediates. 
 

2. A CV should include all relevant events in a transformation pathway, 
including the slow modes. 
 

3. The number of CVs should be limited in number otherwise the time taken 
to characterise the underlying free energy surface will render the 
calculation too long.  
 

 
Unfortunately, criteria 2 and 3 are mutually exclusive. In order to characterise 
all the necessary reaction coordinates to accurately describe the full system 
may require a large number of CVs. This is why CVs that encompass a full 
description of the system, i.e. truly ‘collective’, are extremely desired. If the 
correct CV(s) is implemented, the free energy should grow ‘smoothly’ and 
converge when all energy minima have been fully explored. 
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Figure 3.vi: (previous page) The effect of neglecting a relevant degree of 
freedom. On the left is a 2-dimensional Z-shaped potential in the space of two 
collective variables. On the right is the trajectory of a metadynamics simulation 

where only CV has been biased (CV1). By neglecting a relevant CV (CV2), 
transitions from A to B are not properly described, causing strong hysteresis in 

the reconstructed free energy. Figure taken from reference6. 
 
Choosing an appropriate CV is sometimes obvious. In the case of simulating 
bond breaking and formation, the logical CV would be a function of the distance 
between the atoms of interest. However, this is not normally the case when 
dealing with complex systems and there is no a priori recipe to look to. There 
are many examples in the literature of a large variety of collective variables, 
some of which are: 
 

• Geometry related variables – The simplest of CVs are geometry related, 
such as distances, angles and dihedrals; 

• Coordination numbers; 
• Potential energy; 
• Simulation box shape; 
• Path specific parameters – such as the root mean squared displacement 

(RMSD). 
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3.4. Calculating the Free Energy 
 
The calculation of free-energy difference is a principal task in computational 
science. The free energy is a fundamental thermodynamic potential underlying 
the relative stability of different states. If the volume is kept constant, the free 
energy under scrutiny is the Helmholtz free energy ù, if pressure kept constant 
it is known as the Gibbs free energy û. Computing this quantity from atomic-
scale simulations is far from trivial and in most cases the potential energy of the 
system is used as a substitute. However, the free energy contains the entropy, 
a measure of available space, whilst the potential energy does not. To map the 
available space in a system bigger than a few atoms requires extensive 
sampling. Advanced techniques have been specifically developed to calculate 
the free energy. Some of which will be discussed in this section. 
 

3.4.1. Metadynamics 
 
For more comprehensive description see section 3.3.  
 
Metadynamics is a method used to rapidly explore the free energy surface of a 
system by using a history-dependent potential to bias the dynamics on a 
selected number of degrees of freedom. As the history-dependent potential 
iteratively compensates the underlying free energy, a system evolved using 
metadynamics tends to escape from any free energy minima via the lowest 
energy saddle point. Therefore, metadynamics cannot just be used to explore 
the free energy surface and accelerate rare events but also to compute the free 
energy efficiently.  
 
  3.4.1.1. Standard Metadynamics 
 
The basic assumption of metadynamics is that, in the long term limit, the 
metadynamics bias potential è(ê, X) converges to the negative free energy as a 
function of the CV(s): 
 

lim
E→†

è(ê, X) = −°(ê) + ¢ 						(Eq. 3.13) 

where c is an additive constant and the free energy F(s) is defined as: 
 

°(ê) = −
1

£
ln §•`D~Jê − ê(D)MbN¶ß(Ü)®						(Eq. 3.14) 
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where £ = (ïuT)

NL and ©(D) is the potential energy function. The precision of 
Eq 3.13 has been shown empirically by extensive testing on a simplified model14 
and by comparison with other results obtained with other free energy methods 
on complex systems.12,15 Thus, it is shown that the free energy, an equilibrium 
quantity, can be calculated by non-equilibrium dynamics. 
  
  3.4.1.2. Well-Tempered Metadynamics 
 
In the case of well-tempered metadynamics, the Gaussian height is periodically 
rescaled in order to avoid over-filling the free energy surface and reduce error 
in the calculated free energy (see section 3.3.2.2.). Here the free energy is 
estimated as: 
 

lim
E→†

è(ê, X) = −
∆T

T + ∆T
°(ê) + ¢ 						(Eq. 3.15) 

 
where T is the temperature of the system and ∆T the range specified to regulate 
the range of exploration of the free energy surface. The two limiting cases of Eq. 
3.15 correspond to the standard molecular dynamics (∆T = 0) and the original 
metadynamics scenario (∆T = ∞). Any scenario that is an intermediate to the 
limiting cases samples an ensemble at the temperature T + ∆T but calculates 
the free energy surface at temperature T. 
 
 3.4.2. Umbrella Sampling  
 
To force a system over an energy barrier, there are generally two distinct 
methods: 
 

• To restrict sampling space from all degrees of freedom to the reaction 
coordinate, e.g. metadynamics; 

• To modify the energy expression in order to reduce the barrier. 
 

 
Umbrella sampling (US) is a method that belongs to the latter class. First 
suggested by Torrie and Valleau in 1977,7,16 based on related earlier work,17,18 
US is a technique used to improve the sampling of a system where ergodicity 
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is encumbered by the form of the systems energy landscape. US introduces an 
additional energy term to restrain the system along a reaction coordinate and 
provide efficient sampling. A reaction coordinate ´ is a continuous parameter 
which provides distinction between two thermodynamic states. ´ can be one or 
more dimensional and is often defined on geometric grounds but is not limited 
to such. During US, the reaction coordinate is not constrained but restrained 
and held at a target by a bias potential, therefore ensuring the full momentum 
space is sampled. The bias potential does not necessarily need to fix the system 
at a certain target value but can also be implemented to pull the system from 
one state to another. US can either be performed as one simulation or as a 
number of simulations known as ‘windows’, where the distribution of the 
windows overlaps (Fig. 3.vii).  
 

 
 

Figure 3.vii: Two minima (A and B) on a potential energy surface separated by 
a reaction coordinate ´ (dashed line). The reaction coordinate has been 

separated into distinct windows and sampled perpendicular to the reaction 
coordinate in each window.19 

 
As depicted in Fig. 3.vii, the reaction coordinate can be separated into windows 
and a bias potential used to restrain the system at each window. The individual 
windows only cover a fraction of ´ and are sampled individually. Once all US 
simulations are completed, combining the results of all windows yields a global 
free energy profile A(´).  
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For the following derivation of recovering unbiased free energies from biased 
simulations, the superscript ‘b’ denotes biased quantities and ‘u’ denotes 
unbiased quantities. Quantities with no superscript are always unbiased. 
 
As previously mentioned, the bias potential ö is an additional energy term which 
depends only on the reaction coordinate: 
 

¨i(>) = ¨≠(>) + öd(´)						(Eq. 3.16) 
 

To obtain an unbiased free energy ùd(´), the unbiased distribution is needed, 
which is described by: 
 

Yd
≠(´) =

∫ bD?[−£¨(>)]~[´Ø(>) − ´]`∞>

∫ bD?[−£¨(>)]`∞>
					(Eq. 3.17) 

 
This is the normalised frequency of finding the system in the vicinity of a given 
value of ´. If Yd≠(´) was calculated from an exact ensemble average rather than 
just the sampled space, it would be a probability density. MD simulations of the 
US windows yields the biased distribution along the reaction coordinate Ydi(´). 
Assuming an ergodic system: 
 

Yd
i(´) =

∫ bD?{−£[¨(>) + öd(´
Ø(>))]}~[´Ø(>) − ´]`∞>

∫ bD?{−£[¨(>) + öd(´
Ø(>))]}`∞>

						(Eq. 3.18) 

 
The bias depends only on ´ and the integration in the enumerator is performed 
over all degrees of freedom but ´, 
 

Yd
i(´) = bD?[−£öd(´)] ×

∫ bD?[−£¨(>)]~[´Ø(>) − ´]`∞>

∫ bD?{−£[¨(>) + öd(´
Ø(>))]}`∞>

						(Eq. 3.19) 

 
Using Eq. 3.17, 
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Yd
≠ = Yd

i(´)bD?[−£öd(´)] ×
∫ bD?±−£≤¨(>) + ödJ´(>)M≥¥`

∞>

∫ bD?[−£¨(>)]`∞>

= Yd
i(´)bD?[£öd(´)] ×

∫ bD?[−£¨(>)]bD?{−£öd[´(>⃗)]}`
∞>

∫ bD?[−£¨(>)]`∞>

= Yd
i(´)bD?[£öd(´)]〈bD?[−£öd(´)]〉						(Eq. 3.20) 

 
From Eq. 3.20, ùd(´) can be readily evaluation: 
 

ùd(´) = −(1 £⁄ ) ln Yd
i(´) − öd(´) + °d 						(Eq. 3.21) 

 
where Ydi is acquired from the MD simulations of the biased system, öd(´) is 
given analytically, and °d = −(1 £⁄ ) ln〈bD?[−£öd(´)]〉 is independent of ´. 
 
This derivation is exact, the only approximation is the assumption that the 
sampling in each window is sufficient. Eq. 3.21 is capable of unbiasing an US 
simulation. If free energy curves ùd(´) for multiple windows are combined to 
evaluate one global ù(´), the °d must be calculated. They are associated with 
introducing the bias potential and connect the free energy curves ùd(´) 
obtained in different windows. 
 

exp(−£°d) = 〈bD?[−£öd(´)]〉	

= •Y≠(´)bD?[−£öd(´)]`´	

= •bD?{−£[ù(´) + öd(´)]}`´ 						(Eq. 3.22) 

 
The °d cannot be directly obtained from sampling and specific techniques have 
been developed to calculate them, such techniques include the weighted 
histogram analysis method (WHAM) 20,21 and umbrella integration.22 
 
The choice of bias potential is extremely important. Providing the distributions 
of each individual window overlap, it connects the energetically separated 
regions of phase space. The ideal bias potential ensures that sampling along 
the entire reaction coordinate is uniform. To achieve a truly uniform distribution 
Yd
i(´), the bias potential would be equal to the negative free energy, ö = −ù(´). 
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This is obviously counterintuitive as ù(´) is the quantity US is used to estimate. 
Over the years, two principle classes of bias potentials have materialised. 
The first class are harmonic bias potentials and are the most common. A simple 

harmonic spring is used to restrain the system at a target value ´
d

\V[: 
 

öd(´) =
∏

2
J´ − ´

d

\V[
M
:

						(Eq. 3.23) 

 
where ∏ is the strength of bias (i.e. spring constant). Harmonic bias potentials 
are very attractive due their simplicity. This mathematical form only contains a 

few parameters: ∏, the number of windows, and ´
d

\V[is normally chosen to be 

evenly distributed along ´. When using a harmonic bias potential, the choice of 
∏ is the only analytical decision. ∏ should be large enough to drive the system 
over the energy barrier but not too large as to cause very narrow distributions 
Yd
i(´). ∏ is a fixed value, as increasing ∏ at a constant time step leads to 

increasing errors in the numerical integration of the equations of motion. If the 
time step is too large, or ∏ is too large, configurations of high energy will be 
overrepresented.23  
 
The second class are called adaptive bias potentials and rather than splitting 
the reaction coordinate ´ into windows, adaptive bias umbrella sampling24 aims 
to cover the whole range of ́  in one simulation. Once again, in principle this can 
be achieved by choosing ö(´) = −ù(´). This optimal bias exactly flattens the 
free energy surface and leads to a uniform sampling along ´. However, as 
mentioned previously, ù(´) is not known a priori. Instead, it is customary to start 
with an initial guess of ö(´) and iteratively improve it as the simulation proceeds 
to achieve a uniform distribution. 
 
In general, US is a general technique that will give the correct answer 
independently of the bias potential. However, the efficiency of this technique 
does very much depend on the choice of the bias potential. 
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3.4.3. Transition State Theory 
 
The traditional way to get around the rare event problem and to perform 
representative sampling of pathways is to focus on the dynamical bottleneck on 
the rare event. Transition State Theory (TST) is a semi classical theory that offers 
a conceptually straightforward approximation of a rate constant.  
 
The separation of nuclear and electronic degrees of freedom by the Born-
Oppenheimer approximation allows for the classification of a chemical 
reaction/event as nuclei moving on a potential energy surface. Consider a 
process when an atom transitions from one local minima to another along a 
potential energy surface. To move between the minima the atom must pass 
through the saddle point or transition state that exists between two. There are 
an infinite number of trajectories the atom could follow, in the lowest level of 
approximation the motion is assumed to occur along the minimum energy path. 
The minimum energy path is the pathway with the lowest change in energy 
between the two sites (Fig. 3.viii).  
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 3.viii: One dimensional energy profile of two local minima, A and B, 
separated by a transition state xTS along a reaction coordinate x.   

 
An important aspect to consider is the range of energies available to the atom. 
From statistical mechanics we know that when a set of atoms are in equilibrium 
at temperature T, the average energy available to each degree of freedom is 

B xTS A 

E 

x 
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kπh

:
. For many processes (rare events), the energy required to undergo a 

transition is much larger than kπh
:

. For processes where the required energy for 
transition is greater than the typical thermal energy, the net rate of the process 
can be approximated using TST. 
 
Developed in 1935, TST is a semi classical theory that offers a conceptually 
straightforward approximation to a rate constant.25 The probability of finding a 
molecule/atom at a given quantum state is defined by the Boltzmann 
distribution: 
 

?(D) ∝ bD? x−
¨(D)

ïuT
y					(Eq. 3.24) 

 
Assuming that the molecules/atoms at the transition state are in equilibrium, the 
one-dimensional macroscopic rate constant can be expressed as: 
 

ï∫hªh = ºb
§N
∆íΩ

kπh
®
						(Eq. 3.25) 

 
where the rate is defined by only two quantities, º the pre-exponential/vibrational 
prefactor and ∆ûæ, the Gibbs free energy difference between transition state 
and the initial state. This rate equation is the famous Arrhenius expression. Here, 
one has assumed the potential energy near the minimum is well defined with a 
second-order expansion (i.e. that the vibrational modes are harmonic) and thus 
this particular version of TST is denoted Harmonic Transition State Theory 
(HTST) or, less commonly, Vineyard theory. The pre-exponential/vibrational 
prefactor is based on the vibrational frequencies of the atoms/molecules at the 
energy minimum and is usually approximated. A typical atomic vibration has a 
period of 0.1-1 ps and therefore º is usually taken between 1012-1013 s-1. 
Choosing a fixed value in this range saves the computational work of computing 
the normal modes for every saddle point. 
 
The dividing surface separating two energy minima is a hyperplane 
perpendicular to the reaction coordinate at the transition state. The TST 
assumption is that all molecules or atoms passing through the diving surface go 
on to the next energy minima and therefore the rate constant calculated from 
Eq. 3.25 will always be the upper limit of the true rate constant. To allow for ‘re-
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crossings’, where a molecule reaches the transition state but is rejected back 
to the original energy basin, a transmission coefficient k can be introduced. 
However, for the majority of processes, the calculated accuracy of ∆ûæ 
introduces errors larger than those compensated for by k, and therefore usually 
ignored. 
 
So far only a one-dimensional situation has been considered. In a real system, 
atoms with enough energy are able to sample transitions of a similar energy in 
multiple directions. For a multidimensional system, the rate equation is the 
following: 
 

ï∫hªh =
ºL × º: × …× º∞

ºL
hª × …× º∞NL

hª
b
§N
∆íΩ

kπh
®
						(Eq. 3.26) 

 
The resulting equation is similar to the one-dimensional equivalent, where ∆ûæ 
is the Gibbs free energy change, ºd the vibrational frequencies associated with 
the corresponding energy minimum and º∞hª are the real vibrational frequencies 
associated with the corresponding transition state. 
 
Eq. 3.26 reveals that if the energy of the minimum and transition state is known 
and the vibrational frequencies associated with them, one can directly calculate 
the rate for the process. The activation energy is always defined by the minimum 
energy path, however the overall rate calculated considers contributions from 
other higher energy trajectories. It is also important to note that in reality there 
is not much meaningful information gained from applying multidimensional TST, 
particularly when it is common to estimate the prefactor.  
 
3.5. Connecting Individual Rates to Overall Dynamics 
 
For a system in an energy minimum, there are numerous escape pathways/rare 
events to another energy minima/metastable states for which there is an 
associated rate constant k. The rate constant k characterises the probability, 
per unit time, that the system escapes from state A to state B and these rate 
constants are independent of what state preceded state A. The characteristic 
that the transition probabilities for exiting state A have nothing to do with the 
history of entering state A, is the defining property of a Markov chain. If we know 
the rate constants for all possible transitions for state A, one can design a simple 
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stochastic procedure to propagate the system correctly state to stage. The 
generated trajectory will be indistinguishable from a trajectory generated from 
a molecular dynamics simulation, and much less computationally expensive. 
This type of procedure is known as Kinetic Monte Carlo (KMC). 
 
The fundamental idea behind KMC is: if we know the rates for all trajectories 
that can occur in a given configuration of atoms then a random event can be 
chosen which is consistent with these rates. Repeating this process leads to the 
simulation of the time-evolution of the system. Using this simple idea, one can 
design a KMC algorithm (Fig. 3.ix). 

 
 

Figure 3.ix: Illustration of a lattice model for diffusion on a doped surface of 
atoms. In this example, the lattice of A atoms is doped with two separate B 
atoms located at the centres of the grey squares. The diagrams on the right 
show the two different environments present; these are represented by white 

and grey squares. Adapted from reference.26 
 
The system illustrated in Fig. 3.ix provides a simple example to design a KMC 
algorithm around. Fig. 3.ix divides a surface of A atoms doped with 2 B atoms 
into a lattice comprising of two environments (white and grey squares). If we 
were to deposit a new atom, C, onto the surface, the diffusion of atom C across 
the surface would be characterised by a number of rate constants dependent 
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on the environment. In this scenario, all the relevant rates (ïL, ï:, ïø and ï¿) 
have previously been computed and the largest denoted as ï¡]Ü.  
 
To begin a KMC simulation, N number of C atoms are deposited on the surface 
and the following algorithm is then implemented: 
 

1. Choose 1 C atom at random; 
 

2. Choose a random trajectory (up, down, left or right) and assign the 
associated rate with the chosen trajectory ïE\]¬; 

 
3. Choose a random number, e, between 0 and 1; 

 
4. If √ < ïE\]¬ ï¡]Ü⁄ , then move the C atom along the selected trajectory. If 

√ > ïE\]¬ ï¡]Ü⁄ , do not move the atom; 
 

5. Increase time by ∆X = 1 (4ƒï¡]Ü)⁄ ; 
 

6. Return to step 1. 
 

 
This KMC algorithm will produce the physically correct dynamics of the system, 
and this can be verified by considering two simple situations. If the surface 
consists of purely A atoms, then each local transition rate will be identical (k1). 
√ < ïE\]¬ ï¡]Ü⁄  will therefore always be satisfied and a transition will occur at 

every step. ∆X = L

¿
ïL is now the average time between transitions, thus resulting 

in the correct rate of transitions for the atoms on the surface. Consider another 
scenario where an atom can transition from one site to another via two different 
rates, ï≈dZ≈ or ïRQW. The ratio of transitions along the ‘fast’ direction (ïRQW) 

compared to the ‘slow’ direction (ï≈dZ≈) is simply ï≈dZ≈ ïRQW⁄ . The same 
rationality can be applied to two atoms located in different sites. Both of the 
above cases prove that different transitions occur with the correct ratio of rates 
ensuing that absolute rate for the transitions is correct. Due to the intrinsically 
stochastic nature of a KMC simulation, two separate simulations will not 
generate the same sequence of events. Achieving reliable data therefore means 
averaging over multiple simulation. 
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As claimed above, KMC can, in principle, reproduce the exact state to state 
dynamics of system. However, the KMC algorithm does have some important 
shortcomings that should not be neglected. Firstly, the numerical efficiency of 
the algorithm is dependent on the range of the absolute rates. The larger the 
discrepancy between the slowest and fastest rates, the smaller ïE\]¬ ï¡]Ü⁄  

becomes. √ < ïE\]¬ ï¡]Ü⁄  will less frequently be satisfied, especially for the 
slowest rates, enforcing long simulation times. Millions of iterations can be 
required to observe a change in the state of the system. There are a variety of 
more intelligent KMC algorithms that have been designed to address this 
deficiency, these can be found in more detail in the literature.27 If the problem is 
a low barrier (<0.1 eV), one approximate approach is to raise the lowest barrier 
artificially to slow down the fastest rates. This will result in the correct dynamics 
if the fast processes are well equilibrated under the conditions of interest, and 
if they are still able to reach equilibrium when they are slowed down. However, 
one must be cautious as it may be hard to know for sure if this is corrupting the 
dynamics. 
 
The second, more concerning, shortcoming is that the results of the KMC 
simulation can only be accurate if the set of rates used to define the system is 
complete. This assumes all rate constants for every escape pathway is 
accurate. Relating to the case above, what happens if two C atoms are found 
in two neighbouring sites? The rates for these environments have not been 
specified and would have to be calculated in order to simulate the correct 
dynamics. A real dynamical system will often surprise with unexpected and 
complex reaction pathways that are outside our intuition. The consequence of 
these drawbacks is not that the results of KMC simulations are inadequate, 
rather that they should be interpreted through the understanding of what 
processes can/cannot be probed from the structure of the principal model. 

Despite these limitations, kinetic Monte Carlo is a very powerful method, 
applicable to a wide range of systems and problems. Given a catalogue of rate 
constants that connect the available states of a system, KMC is capable of 
propagating dynamically correct trajectories through the phase space. From 
these trajectories it is possible to make dynamical predictions, even on the 
meso-scale. KMC is fairly indiscriminate to the type of system, as well as the 
definition of a state, provided it is appropriate to assume that the system will 
make first-order transitions between the states. 
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3.6. Hardware and Software 
 
 3.6.1 Hardware 

The following section briefly describes the multiple computer systems used to 
complete the work within this thesis.  

For calculations that didn’t require extensive computing power or necessitated 
constant supervision, the local machines within the Leoni research group were 
utilised. The research group currently maintains fourteen high-end desktop 
computers, each possessing 12-32 Intel CPUs.  

For calculations that required significant computing power, Cardiff Universities 
supercomputing service Raven28 was used. Operates by Avanced Research 
Computing at Cardiff (ARCCA), Raven is comprised of two subsystems, a 
parallel MPI cluster and a high throughput computing cluster. Raven is 
configured with a mix of Intel Westmere and Sandy Bridge Xeon processor 
technologies. Jobs carried out on Raven were run on 32-64 cores with a wall 
time of up to 72 hours. 

 3.6.2. Software 

A number of programs and scripts were used throughout the course of this work. 
The following section briefly describes the principle software packages that 
made this work possible. 

  3.6.2.1. cp2k 

 cp2k is written in Fortran 2003 and is a quantum chemistry and solid-state 
physics used to perform atomistic simulations of solid-state, liquid, molecular, 
periodic, material, crystal and biological systems.29 cp2k provides a general 
framework for multiple modelling methods, such as classic interatomic 
potentials, density functional theory and tight-binding density functional theory. 
This program has been used to carry out all molecular dynamics simulations 
and geometry optimisations within this work. 

  3.6.2.2. plumed 

plumed is an open source library, written in C++, that implements a number of 
enhanced sampling techniques and collective variables (CVs).30 The available 
enhanced sampling techniques ranging from umbrella sampling, to steered MD 
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and metadynamics. The pumed plugin interfaces with a variety of molecular 
dynamics codes, including cp2k. Throughout this work, all metadynamics 
calculations and consequent reconstruction of the free energy surface have 
been accomplished using plumed.  

  3.6.2.3. Visualisation Packages 

Two structure visualisation software packages were used to view trajectories 
and render images. The two packages are Visual Molecular Dynamics (VMD) 
and Visualisation for Electronic and Structural Analysis (VESTA).31,32 
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Chapter 4 
Review of Battery Materials Research 
 
4.1. Introduction to Second Generation Batteries 
 
The need for clean, efficient and fast energy storage has grown exponentially 
over the past few decades and driven predominantly by the trepidation of global 
warming, the concurrent diminishing fossil fuel resources and the mounting 
demand for portable electronics and grid storage systems.1,2.Second generation 
(rechargeable) batteries are instrumental in the development of portable 
electronics, and the meteoric rise in demand for modern technologies, both 
electronic devices but also automobiles, fuels a multi-billion dollar battery 
industry.  
 
At the heart of the second-generation battery industry is lithium ion (Li-ion) 
technology. Li-ion batteries provide the most promise as lithium is the most 
electropositive (!" = −3.04	*	+,. ,-./0.10	ℎ301456/	6768-1406) and light (9 =
0.53	5	8;<=) element, therefore providing the highest energy density.  
 
Measures of a battery’s performance, e.g. cell potential, cycle life, energy 
density etc. are related to the intrinsic properties of the materials that form the 
constituent parts of the battery. For example, the cycle-life and lifetime are 
dependent on the nature of the interfaces between the electrodes and 
electrolytes, whereas the safety is a function of the stability of the electrode 
material and interfaces. Innovations in materials science has been at the core of 
the advances already made in this field and will no doubt be responsible for 
future developments. 
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Figure 4.i: Schematic diagram of a rechargeable Li-ion battery. During 
charging, a voltage applied across the electrodes forces Li+ ions flows from the 
negative electrode (anode), through the electrolyte and electrons flow from the 
external circuit. During discharge the directions are reversed, Li+ ions return to 
the cathode via the electronically insulating electrolyte with electrons passing 

back through the external circuit. Thus, generating useful power to be 
consumed by the device.3 

 
As depicted in Fig. 4.i, a battery consists of three major components – a cathode 
(positive electrode), an anode (negative electrode) and an electrolyte to 
separate both. The current anode technology is fairly advanced, with the current 
gold standard being graphite. Favourable structural properties including high 
electronic and ionic conductivity make graphite a perfect candidate. Most 
carbon-based anodes weigh on average 2.5 times less than oxide cathodes, i.e. 
the cathode contributes ~50% of total cell weight.3,4 Consequently, research in 
the field of cathode materials offers the most potential regarding energy density. 

The cell potential *>?@@ is determined by the difference between A>BCDEF?GHI  and 

ABJEF?GHI , and since ABJEF?GHI > AL?CB@GH  must be satisfied in order to prevent Li-plating, 

*>?@@ may only be enhanced by increasing A>BCDEF?GHI . In order to minimise Ohmic 
loss and maintain cell efficiency and power density, electrode materials must 
possess good electronic and Li-ion conductivity. As mentioned, as carbon has 
a high electronic and Li+ ion conductivity, this problem is predominantly 
associated with cathode materials. Electrodes must be porous materials that are 
able to reversibly intercalate Li+ ions. The amount of Li+ ions a material is able to 
intercalate is directly linked to the capacity, and the diffusion of ions within the 
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material is related to the charging and discharging of the battery. It is obvious to 
understand why the majority of research focus regarding Li+ ion batteries is 
directed towards improving the cathode; the cathode presents the area of 
greatest opportunity for advancement in materials research. 
 
4.2. The Cathode  
 
In 2004, Whittingham et al.5 set out the following criteria for a successful cathode 
material in a Li+ ion battery: 
 
1) The material must contain a readily reducible/oxidizable ion, e.g. a transition 

metal. 
 
2) The material must react with lithium in a reversible manner. 

 
a) This dictates an intercalation-type reaction in which the host structure 

essentially does not change as lithium is added. 
 

3) The material reacts with lithium with a high free energy of reaction. 
 
a) High capacity, preferable at least one lithium per transition metal. 

 
b) High voltage, preferably around 4 V – as limited by stability of electrolyte. 

 
c) This leads to high energy storage. 

 
4) The materials react with lithium very rapidly both on insertion and removal, 

i.e. the materials must be able to reversibly intercalate lithium quickly. 
 
a) This leads to high power density. 

 
5) The material mist be a good electronic conductor. 

 
a) This allows for easy addition or removal of electrons during 

electrochemical reaction. 
 
b) This allows for reaction at all contact points between the cathode and 

electrolyte rather than at ternary contact points between the cathode, the 
electrolyte, and the electronic conductor (such as carbon black). 
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c) This minimises the need for inactive conductive diluents which take away 

from the overall energy density. 
 

6) The material must be stable enough so that there is no structural 
rearrangement or degradation as the result of intercalation and 
deintercalation of lithium, i.e. not change structure or otherwise degrade, to 
overdischarge and overcharge. 
 

7) The material will be preferably low cost. 
 

8) The material must be environmentally benign. 
 
Many materials have been tried and tested as cathodes for Li-ion batteries over 
the years. The first, presented by Whittingham in 1975,6 was the transition metal 
dichalcogenide titanium disulphide, TiS2 (Fig. 4.ii). A TiS2-based cathode 
material was paired with a metallic Li anode to form the first rechargeable Li-ion 
cell. TiS2 is made up of layers of hexagonal close-packed octahedral groups, 
comprised of layers of titanium atoms between two layers of sulfur atoms. The 
TiS2 sheets are stacked directly on top of each other, resulting in the sulfur anion 
stacking sequence ABAB. Li+ ions can reversibly intercalate between the sheets 
of TiS2. 
 

 
 

Figure 4.ii: Representative crystal structure of TiS2. Sulfur atoms are 
represented as purple spheres, titanium atoms as grey spheres.7  
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The charge balance is maintained upon intercalation/de-intercalation by the 
redox reaction Ti4+-Ti3+. This ground-breaking research lead to some industrial 
success, with Exxon marketing button cells with LiAl anodes and TiS2 cathodes 
for watches and other small devices in 1977-1979.8 The main problem with TiS2 
as a cathode was the degradation of the material after multiple cycles and a 
relatively low discharge voltage. 
 
 4.2.1. Layered Oxides 
 
  4.2.1.1. Lithium Cobalt Oxide 
 
Research into other sulfides and chalcogenides continued in the 70’s and 80’s 
but were unsuccessful in producing cell voltages over 2.5 V. A significant 
breakthrough came in 1981 by Goodenough et al.9 who showed that the layered 
oxide material lithium cobalt oxide LiCoO2 (LCO) is very well suited as a cathode 
material (Fig. 4.iii). Demonstrating a cell voltage over 4 V and similarly structured 
to TiS2, LCO adopts a structure of consecutive alternating [CoO2]- and Li+ layers. 
The Co3+ and Li+ are octahedrally coordinated in a cubic close-packed O2- 
lattice, resulting in a rhombohedral structure.  
 

 
 

Figure 4.iii: Layered M3N; LiCoO2 structure where red spheres represent 
oxygen, blue spheres and tetrahedra represent cobalt and green spheres 

represent lithium.12 

 
In the early 1990’s, Sony10 successfully commercialised the first mass produced 
rechargeable Li-ion cell, which still to this day dominates the Li-ion battery 
market. Consisting of a carbon anode (petroleum coke) and a LiCoO2 cathode, 
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the cell demonstrates an open-circuit voltage of over 3.6 V and an energy 
density of ~ 150 W.h.kg-1. It was this commercialisation that proved Li+ ion 
batteries to be the high-energy, high operation voltage rechargeable power 
sources to outperform other existing battery technologies in terms of energy 
density, design flexibility, cycle life and low self-discharge rate.11  
 
  4.2.1.2. Lithium Nickel Oxide 
 
Due to the toxicity and scarcity of cobalt, in order to provide a cathode material 
for the next generation of lithium ion batteries, LCO must be replaced with a 
superior performing material of lower cost and toxicity. Over the years many 
different types of materials have been tried and tested but fall short in some 
particular aspect. Originally, lithium nickel oxide LiNiO2 (LNO) attracted a lot of 
interest as replacing the toxic cobalt for fairly inexpensive and fairly 
environmentally-friendly nickel is appealing. First synthesised in 1954 by Dyer et 
al.,13 it has a similar operational voltage to LCO and also develops a higher 
stability on de-lithiation.14,15 However, it soon became apparent that LNO could 
not be employed as practical cathode material due to experimental problems16 
but more importantly due to phase transformations upon de-lithiation. Such 
phase transitions accrue substantial volume changes that degrade the integrity 
of the material and compromise the cycling ability. Li1-xNiO2 can therefore only 
be cycled in a narrow range of x and thus the high voltage capacity of the 
material cannot be fully exploited.15 Attempts to improve the properties of Ni-
based materials have largely been focused on mixed metal layered oxides, 
substituting another metal cation for nickel. Such examples include LiNi1-yCoyO2, 
LiNi0.5Mn0.5O2, Li1.2Mn0.6Ni0.2O2, and even some materials doped with Al or Mg.3,10 
Unfortunately, so far, LNO-based doped materials generally show lower 
operational voltages and lower cycling capabilities than LCO2. 
 
  4.2.1.3. Lithium Manganese Oxide 
 
Lithium manganese oxide LiMnO2 (LMO) emerged as a cheaper and more 
environmentally benign alternative to LCO and LNO. The stable phase of LMO 
has an orthorhombic structure17 and layered LMO is metastable (Fig. 4.iv). 
Layered LMO exhibits easy Li-ion diffusion paths and a fairly smooth 
intercalation/de-intercalation voltage profile.18 The orthorhombic phase has 
been shown to be electrochemically active, but the material exhibits a fast 
capacity fading and structural rearrangement to the manganese spinel structure 
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LiMn2O4. Similarly, the layered structure exhibits a structural rearrangement 
upon re-intercalation to the spinel structure. Analogous to LNO, there are 
complications in synthesising the layered structure and the introduction of 
dopants (Co, Ni, Cr, etc.) has been studied in order to favour the production of 
the layered structure and increase performance.19–21 Once again, the working 
voltages of LMO-based materials are still below 4.5 V and the bulk of the 
capacity is associated with voltages below 4 V.  
 

 
Figure 4.iv: Structural representation of a) Orthorhombic LiMnO2, b) Layered 

LiMnO2; red spheres represent oxygen, purple spheres and tetrahedra 
represent manganese and green spheres and tetrahedra represent lithium.12 

 
  

4.2.1.4. Ternary Metal Oxides 
 
The research into singular metal oxides (LCO, LNO, LMO) and the subsequent 
studies of the doped structures lead to development of ternary materials Li[Ni1-

x-yCoxMny]O2.22 A common abbreviation for such materials is NMC or NCM 
followed by numbers which indicate the decimal ratio of the metals, e.g. 
NCM523: LiNi0.5Co0.2Mn0.3O2. The rationale behind such materials stems from the 
individual benefits associated with each metal. Manganese provides extra 
safety, not changing its oxidation state of +IV during cycling and acting as a 
structural stabiliser. The redox couples Ni2+/Ni3+ and Ni3+/Ni4+ contribute the bulk 
of the materials capacity. Whilst cobalt provides better rate capability and 
assists in synthesis leading to stoichiometric compounds with low cation mixing. 
Prioritising one metal over the others will prioritise one characteristic over the 
others (Fig. 4.v). The symmetrical NCM333, studied Ohzuka et al.,23 exhibits a 
capacity of ~150 mAh g-1 when cycling between 2.5-4.3 V. Higher capacities 
are available (200 mAh g-1) at higher cut-off voltages (4.6 V) but at the cost of 
cycle stability.24 The current priority of maximising capacity in order to satisfy the 

a) b) 
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demand for higher energy densities has directed research towards a higher 
nickel content in NCMs. However, the presence of the higher nickel content 
brings a number of problems which impede their success. 
 

 
 

Figure 4.v: Phase diagram of the ternary system between LNO, LCO and LMO 
and some representative compositions shown.12 

 
4.2.2. Polyanion Compounds 

 
Over the years a significant quantity of research has been directed towards 
polyanion compounds with the general formula LiMXnO4, where M = Fe, Co, Mn 
or Ni and X = P, Mo, W or S. One polyanion compound in particular has garnered 
a substantial amount of attention - lithium ferrophosphate LiFePO4 (LFP).  
 
  4.2.2.1. LiFePO4 
 
The triphylite LFP belongs to the olivine family of lithium ortho-phosphates with 
an orthorhombic lattice structure in the space group Pnma. The lattice structure 
involves corner-shared FeO6 octahedra and edge-shared LiO6 octahedra which 
are linked together by PO4 tetrahedra (Fig. 4.vi).  
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Figure 4.vi: LiFePO4 (olivine structure) representation. The structure is 

comprised of red FeO6 octahedra, gold PO4 tetrahedra and green Li+ ions. 
Looking down the one-dimensional [010] channels (y-axis) occupied by Li+ 

ions. Image created using VESTA. 

In 1997, Pahdi et al.25 were the first to show the many favourable qualities of LFP. 
LFP is made up of low cost, plentiful and fairly environmentally benign elements. 
It exhibits a discharge potential of ~3.4 V vs lithium, a theoretical capacity of 170 
mAh g-1 and no obvious capacity fading after several hundreds of cycles. The 
excellent thermal stability of the O-P-O bonds means there is no structural 
rearrangement upon intercalation/de-intercalation of Li+ ions and no structural 
degradation upon overcharging. This is typified by its commercialisation in 
20061 and by the fact that it is now commonplace amongst batteries devices. 
Much research has been directed towards improving the electrochemical 
performance on LFP,26–29 typically through a combination of synthesis methods, 
such as preparing the material in nanoparticulate form with a coating of an 
electronically conductive phase such as carbon.30 Unfortunately, the distinctive 
and problematic feature of polyanion cathode materials is their poor electronic 
and ionic conductivity and it is no different for LFP.  

The electronic conductivity is known to be better than the ionic conductivity 
within LFP.31 The ionic conduction within a cathode material is a critical factor as 
it affects the rate at which the material can be charged or discharged. The 
electronic conductivity is understood to be around 10<PQ8;<R.32 It has been 
shown that conduction can be improved by coating LiFePO4 nanoparticles with 
conductive carbon.33,34 However, the high processing cost associated with the 
manufacturing of carbon-coated LiFePO4 nanoparticles may make it less 
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attractive than other materials. Aliovalent doping with metals such as Mg, Ti, Zr 
and Nb has also shown to increase the conductivity by eight orders of 
magnitude.35 Problematically, the role of these dopants remains contentious.35,36 
A direct connection between the ionic conductivity s and the diffusion coefficient 
S of a charged species is provided by the Nernst-Einstein equation37: 

TH =
(VH6)X8HSH
YZ[

					(Eq. 4.1) 

where VH6 is the charge of the species, 8H the concentration of ionic defects, YZ 
the Boltzmann constant and [ the temperature. Therefore, to help understand 
the poor transport properties, research into the kinetics of Li+ ion diffusion has 
become more frequent. Fundamental knowledge of the Li+ ion diffusion process 
on the atomic scale is critical to determining the governing factors of the 
electrochemical behaviour. 

Early experimental studies by Franger et al.38 estimated Li+ ion diffusion in 
LiFePO4 at 10<R= − 10<R^8;X,<R. Since, the diffusivity of Li+ reported from other 
experimental studies varies dramatically, with values calculated in the range of 
10<RR − 10<R_8;X,<R.38–41 The slow diffusion rate calculated in an experimental 
setting has been attributed to a series of material properties including the two 
phase coexistence (LixFePO4 – Li1-xFePO4) during charge/discharge, the large 
miscibility gap between the end members at room temperature,42,43 the 
unidimensional nature of Li+ ion diffusion,44,45 and the phase transformation 
during lithiation.46,47 Puzzlingly, theoretical values for Li+ diffusivity calculate 
relatively fast bulk Li+ ion diffusion, displaying values in the range of 10<` −
10<P8;X,<R.45,48 The understanding of the Li+ ion diffusion mechanism and 
relevant pathways within such materials is extremely imperative to the 
development of high-performance battery materials. 

The mechanism of Li-ion diffusion within LiFePO4 has been investigated by both 
experimental and computational studies (Fig. 4.vii). Early DFT studies45 
indicated Li-ions diffuse down one-dimensional channels along the [010]/b axis 
and predicted very low activation barriers (~0.1-0.2 eV) in comparison to 
experiment. Later studies, utilising interatomic potentials,49 calculated activation 
barriers (~0.5 eV) much closer to the experimental values32 (0.54, 0.63 eV) whilst 
also suggesting the lithium ion follow a non-linear trajectory down the [010] 
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channel. DFT calculations45, 50 and neutron diffraction44 measurements have 
since corroborated this curved trajectory. 

 

Figure 4.vii: Schematic representations of the curved trajectory Li-ion migration 
along [010] channel within LFP.  Left – atomistic defect modelling studies;49 

Right – Ab initio molecular dynamics.51 

The early ab initio calculations by Morgan et al.45 and Ouyang et al.50 indicated 
that Li+ ion mobility was confined to the [010] channels, and that diffusion along 
the [001] direction was highly unlikely. Due to the longer distances between 
neighbouring channels (>4.5 Å) and large activation barriers in comparison to 
[010] direction, most theoretical studies seemed to converge on Li+ ion diffusion 
in the ordered structure of LiFePO4 follow a zig-zag one dimensional pathway 
along the [010] channels only. Some experimental studies corroborated this. 
However, measurements by Amin et al.31 on pure and doped single crystals 
indicated that the low Li+ ion conductivity is two-dimensional. 
 
Speculation arose about the possibility of antisite defects affecting the diffusive 
behaviour and dimensionality of diffusion within LiFePO4. An Li+/Fe2+ antisite 
defect involves the swapping of Li+ and Fe2+ atoms. As a result, Fe2+ atoms 
occupy the M1 site within the channels and Li+ atoms occupy the M2 site within 
the FePO4 lattice. Antisite defects are observed in low concentrations (1-3%) in 
experimentally synthesised LiFePO452,53 This possibility was raised by Malik et 
al.40, using static first-principles calculations. Using a bond valence approach, 
Adams54 showed the formation of Li+/Fe2+ antisite defects enabled the diffusion 
from one channel to another. Using spin polarised ab initio MD (AIMD) 
simulations, Yang et al.51 investigated the thermal self-diffusion of Li+ ions at 2000 
K.  
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All previous theoretical studies were based on the calculation of a minimum 
energy path based on a priori assumed initial and final geometries. Yang et al. 
proposed that as the self-diffusion of Li+ ions is a thermally induced process, MD 
simulations offer a more direct approach to explore feasible diffusion pathways. 
Using AIMD, it was also showed that upon the formation of an Li+/Fe2+ antisite 
defect, cross-channel migration was observed. Whenever a Li+ ion migrating 
along the [010] channel encounters an antisite Fe2+ ion, the activation energy for 
cross-channel migration via the antisite Li-ion was calculated to be 0.491 eV 
which was lower in comparison to continuing along the channel, 0.70-0.74 eV. 
Although it was noted that the increase in dimensionality won’t necessarily 
increase the overall diffusion within the material due to the fact the antisite Fe2+ 
ion impedes diffusion down the principal direction.  
 
The work by Yang et al. is one of the only MD studies into the thermally induced 
process of Li+ self-diffusion within LiFePO4. Utilising MD allowed Yang et al. to 
conclude that Li+ ion diffusion is not a continuous process but the culmination of 
a series of jumps from one site to another (Fig. 4.viii). However, in order to 
simulate diffusion using only MD, temperatures of 2000 K were needed.  
 

 
 

Figure 4.viii: Snapshots from ab initio MD simulation of fully lithiated LiFePO4 at 
2000 K showing the cross-channel diffusion mechanism involving the formation 

of a Li+/Fe2+ antisite. Green and brown spheres represent Li and Fe atoms 
respectively. The Li and Fe antisite pair are highlighted as pink and blue 

spheres, respectively.51  
 

More DFT studies by Dathar et al.55 also corroborate that although Li+/Fe2+ 
antisite defect block diffusion down the mobile [010] channels, they also open 
up pathways across channels. The same study also suggests that the Li+ ion is 
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more strongly bound (by 2.2 eV) in the M2 crystallographic site in comparison 
to a defect free channel. However, due to the blocking nature of the antisite Fe2+ 
ion within the channels, the presence of antisite defects are still considered 
unfavourable to diffusion within olivine phosphates (Fig. 4.ix). 
 

 
 

Figure 4.ix: After the creation of a Li+/Fe2+ antisite defect, Fe2+ sits in the [010] 
channel at site M1 and the Li+ sits in the FePO4 lattice at site M2. The dashed 

lines represent the diffusion pathways for Li+ ions in the lattice.55 
 
The majority of research into diffusion within cathode materials is undertaken 
from the perspective of single particle events, the translocation of one Li+ ion to 
a neighbouring vacancy. The work of Yang et al. showed the benefits of using 
MD simulations to analyse the dynamics of a fully-lithiated structure. However, 
using MD on its own meant that simulation temperatures of 2000 K were needed 
to simulate diffusion on a reasonable MD timeframe. Boulfelfel et al.56 proposed 
a novel method, the ‘Shooter’ method, to use in conjunction with finite 
temperature MD, that is able to address the collective Li+ ion diffusion dynamics 
under consideration of all degrees of freedom. This approach was able to yield 
atomistic details of the principal diffusion mechanism within LiFePO4. Similar to 
other studies, the ‘Shooter’ method realised the curved trajectory along the [010] 
channels but proposed that Frenkel defect formation was critical to the 
mechanism of particle diffusion. Boulfelfel et al. also suggested that cross-
channel diffusion along the [100] direction is an important part of the reaction 
coordinate of Li+ diffusion. The same study also substantiates the claim that the 
presence of Li+/Fe2+ antisite defects introduces a new pathway for Li+ ion 
migration (Figure 4.x). 
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Figure 4.x: Spline representation of overall Li displacements for a trajectory 
collected using MD and the ‘Shooter method’. (a) Existence of ‘normal’ jumps 
down [010] channel and cross-channel jumps along [100]. (b) Cascade-like Li 
displacements within one channel. (c) Different migration modes from another 

MD and ‘Shooter’ method trajectory. (d) Close-up on the light blue trace 
revealing another episodic long-jump involving channel crossing. PO4 

tetrahedra are represented in red, Fe-O connections are grey.56 
 
 
Boulfelfel et al. proposed that whilst single-particle calculations do reveal a large 
activation energy for cross-channel diffusion, different Li configurations may 
realise what a single particle cannot due to the contributions of many-particle 
dynamics (Figure 4.xi). As a result, it was advised that a more involved approach 
to understanding Li diffusion within battery materials is required. 
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Figure 4.xi: Spline representations of the overall Li+ ion displacements for 
LiFePO4 with antisite defects – 20 ps. Both a) and b) show trajectories linking 

two [010] channels.56 
 

Even though commercialisation of C-LiFePO4 nanocomposites was realised by 
one US company (A123 Inc.) for power tool applications, Sony went one step 
further and announced the mass productions of LiFePO4 based batteries into 
the market for electric vehicle (EV) applications. Unfortunately, the energy 
densities (~578 W h kg-1) are limited owing to the restricted operating potential 
of ~3.4 V vs. Li, which is unsatisfactory for high power applications such as EV.57 
Attention, therefore, turned to the other members of the olivine phosphate group, 
such as LiMnPO4, LiCoPO4 and LiNiPO4. LiCoPO4 and LiNiPO4 exhibit redox 
reactions at ~4.8 and 5.2 V vs Li respectively, which are above the limit of safe 
operation in terms of the current electrolyte technology. Therefore, the majority 
of alternative research has been devoted to developing eco-friendly, low cost 
LiMnPO4. Importantly, the electrochemical window for LiMnPO4 falls within the 
electrochemical stability window of conventional electrolyte solutions. Due to the 
higher potential of LiMnPO4 (4.1 V vs. Li) and theoretical capacity of 171 mAh g-

1, there is potential for 20% higher energy density (701 Wh kg-1: 171 mAh g-1 x 
4.1 V) compared to LiFePO4. Therefore, LiMnPO4 has been touted as a strong 
candidate as a cathode material for high energy Li-ion batteries. 
 
  4.2.2.2. LiMnPO4 

 
LiMnPO4 is isostructural to its iron counterpart, exhibiting an orthorhombic Pnma 
space group consisting of PO4 tetrahedra, Mn2+ ions on corner-sharing 
octahedral positions and Li+ on edge-sharing octahedral positions (Fig. 4.xii). 
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Figure 4.xii: LiMnPO4 (olivine structure) representation. The structure is 
comprised of purple MnO6 octahedra, gold PO4 tetrahedra and green lithium 

ions. View down the one-dimensional [010] channels occupied by lithium ions. 
Image created using VESTA. 

Although advantageous in terms of redox potential, LiMnPO4 demonstrates 
inferior electrochemical performances compared to LiFePO4, exhibiting poor Li-
ion diffusion and therefore low electronic and ionic conductivities.32,58 The 
consensus of the cause of these limitations is attributed to the electronic 
structural configuration of Mn3+ ions that result in the unique elongation of Mn-
O3’ bonds (Jahn-Teller effect) in MnO6 octahedra as well as localisation of the 
hole polaron.59–62 The intrinsic electrical conductivity of LiMnPO4 is much lower 
than that of LiFePO4 (10<R"+,. 10<`	Q8;<R).58 Therefore, it is a pressing priority to 
identify effective methods to improve the electronic and ionic conductivities and 
thus scale-up the cathode performance of LiMnPO4 in Li+ ion batteries. 
Experimental efforts include carbon coating,63,64 cationic substitution65,66 and 
morphology/shape control,67–69 So far, noteworthy improvements have yet to be 
made. Understanding the mechanism of diffusion, the relevant pathways and 
the effect of dopants/defects on these parameters is therefore crucial in 
understanding how improvements can be achieved.  

Early DFT calculations used transition state theory to estimate the activation 
barriers for migration within the olivine materials.  
 
 

Cation M x = EAct (meV) D (cm2/s) 
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Mn 0 330 10-9 
Mn 1 250 10-7 

Fe 0 200 10-7 

Fe 1 270 10-8 
Co 0 110 10-5 

Co 1 360 10-9 

Ni 0 120 10-5 
Ni 1 130 10-5 

 
Table 4.i: Calculated activation barriers and diffusion coefficients for Li 

hopping along [010] channels in LixMPO4, using first-principles electronic 
structure techniques and transition state theory.45 

 
According to Table 4.i, LixMnPO4 was calculated to have a lower activation 
barrier in comparison to LiFePO4 for x =1, which is not the trend observed 
experimentally. Additionally, the barriers calculated are much lower than 
experimentally calculated values. However, atomistic defect calculations by 
Fisher et al.70 on various olivine phosphates offered more insight into the 
energies involved in diffusion, defect formation and defect mobility (Fig. 4.xiii). 
The energy profiles calculated are derived by computing the energy of the 
migrating species after the relaxation of the surrounding ions. The positions of 
highest potential energy along the minimum energy path correspond to the 
activation energy of migration. 

 
 Migration Energy (eV) 

Path Mn Fe Co Ni 
A[010] 0.62 0.55 0.49 0.44 
B[001] 2.83 2.89 3.28 3.49 
C[101] 2.26 3.36 3.41 3.99 

 
 

 
Figure 4.xiii: Migration pathways (right) and the associated activation energies 

for migration in LiMPO4 (M = Fe, Mn, Co and Ni) (left).70 
 

Fig. 4.xiii highlights the insufficient diffusion kinetics within LiMnPO4, with the 
material displaying the highest energies for activation along the [010] channel 
in all the olivine analogues. The results calculated from interatomic potentials, in 
comparison to DFT studies, produced values and trends in better agreement 



Chapter 4 – Review of Battery Materials Research 
 

 82 

with experimental studies.71 Within the same study, activation energies for 
various intrinsic atomic defects were also calculated. 
 

 Energy (eV) 
Disorder Type Mn Fe Co Ni 

Li Frenkel 1.97 2.15 2.32 2.38 
M Frenkel 6.80 5.58 6.29 6.35 
O Frenkel 7.32 5.46 6.71 8.65 

Li/M antisite 1.48 1.13 1.18 1.17 
 
Table 4.ii: Table of energies of intrinsic atomic defects in LiMPO4 (M = Mn, Fe, 

Co and Ni).70 

As evident from Table 4.ii, the Li/M antisite defect is the most favourable energy 
of formation, which involves the interchange of an Li+ ion (radius 0.74 Å) with an 
M2+ ion (Mn2+ radius 0.83 Å, Fe2+ radius 0.78 Å, Co2+ radius 0.75 A,̊ and Ni2+ 
radius 0.69 A)̊, according to: 

abGH× + ef
× → abfh + eGH

∗  

This is indicated experimentally, as antisite defects have been observed in the 
synthesis of olivine phosphates.52,72  

From synthesis, it has become apparent that it may be difficult to avoid antisite 
defects and therefore avoid the blocking of [010] channels, the principal 
pathway of diffusion within such materials. If the antisite was mobile, the blocking 
effect would be negated. The minimum energy path for the exchange of an 
antisite cation with a lithium vacancy was also calculated by Fisher et al. 

The energies calculated are approx. 0.15~0.7 eV larger than the analogous Li+ 
migration value, indicating a significantly lower degree of mobility in comparison 
to lithium. The most favourable migration energy is attributed to LiFePO4, which 
is only 0.17 eV greater than the value for pure lithium migration.  
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Mechanism Migration Energy / eV 
e/GH∗ → *GHh  0.92 
j6GH∗ → *GHh  0.72 
k4GH∗ → *GHh  0.81 
lbGH∗ → *GHh  1.33 

Table 4.iii: Table of energies of antisite cation migration along [010] in LiMPO4 
(M = Mn, Fe, Co and Ni).70 

Similar to the literature surrounding LiFePO4, the majority of research into the 
mechanism of diffusion within LiMnPO4 is centred upon single atom/defect 
calculations. Assuming diffusion within materials occurs simply as a set of 
separate individual ‘jumps’ that are not correlated could possibly hide relevant 
details of the mechanism and pathways involved. It should also be noted that 
the common method of calculating the potential energy of the minimum energy 
path between two states neglects any entropic effects that might be significant. 
The idea of cooperative motion is beginning to enter the research landscape in 
regard to battery materials. For example, the work of Marcolongo et al.73 
concluded that the lithium conductivity in the solid-state electrolyte Li10GeP2S12 
(LGPS) is accelerated by correlations between Li+ ions.  

Therefore, it would be extremely beneficial, especially when screening potential 
materials for second generation batteries, to develop dedicated computational 
methods that consider the many-particle dynamics of a many particle system.  

4.3. Sodium ion Technology 

 4.3.1. The Need for an Alternative 

Lithium ion batteries are now ubiquitously found in small-scale consumer 
electronics, power tools and even large-scale power sources such as hybrid 
electric (HE) vehicles and power-grid systems. The ever-growing population 
coupled with the logarithmic rise in demand of modern technologies has 
inevitably led to the strong demand for lithium worldwide, which in turn drives up 
the price and even potential geopolitical tension.74 This sudden demand and 
consumption of lithium has led to its relative scarcity and the search for viable 
alternative technology. 

The majority of battery applications can be divided into two general categories: 
volume/weight dependent applications such as portable electronics and HE 
vehicles, and non-volume/weight dependent uses such as large power-grid 
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systems. For the former category, Li+ ion technology is indispensable due to the 
energy density associated with lithium. For the latter, it is not, and so the attention 
has shifted towards sodium ion technology. Sodium is naturally abundant, it is 
the fifth most abundant element in the earth’s crust. Perhaps, more crucially, 
sodium’s resources are evenly distributed geographically and would avoid any 
future geopolitical tensions. As the second lightest alkali element in the periodic 
table, although there is an energy density compromise in respect to lithium, it is 
not too significant. This has resulted in a concerted effort to construct a Na+ ion 
battery of high energy density, fast rate kinetics, low cost and safe.  

As mentioned previously, the performance of a rechargeable Li-ion battery 
depends critically on the ease in which the ions move within the crystal 
structures of the cathode, anode and electrolyte. Poor ion transport leads to poor 
rate capability, practical capacity and cyclability. So far, a variety of materials 
have been tested as cathode materials for Na-ion batteries. Such materials 
include layered transition metal oxides,24, 75–77 tunnel-type oxides,75, 78–80 
phosphates,81–84 fluorides85 and organic components.86,87 In particular, iron-
based phosphates have attracted significant attention due to the 
environmentally friendly properties of iron as well as its ability to form 
compounds with sodium. A range of iron-based phosphates have been 
investigated, such as Na2FeP2O7,88 Na2FePO4F89 and Na4Fe3(PO4)2(P2O7).90 
Amongst this family of compounds, triphylite NaFePO4 emerged as the most 
promising material owing to its high theoretical capacity (154 mA h g-1).  

 4.3.2. NaMPO4 (M = Fe, Mn) 

Unlike LiFePO4, NaFePO4 exists in two distinct olivine polymorphs – triphylite and 
maricite. The more thermodynamically stable of the two is maricite91 and is built 
from edge-sharing FeO6 octahedra (Fig. 4.xiv). The triphylite structure however 
is isostructural with LiFePO4 and thus exhibits the olivine Pnma space group 
where FeO6 octahedra are corner sharing, LiO6 octahedra are edge sharing and 
are linked together by PO4 tetrahedra. The difference arises from the occupancy 
of two octahedral sites by Na+ and Fe2+. In the maricite structure Fe2+ and Na+ 
have swapped positions, essentially each Fe2+ and Na+ has undergone an 
antisite defect, essentially fully blocking the principal direction of diffusion 
associated with olivine structure materials. Originally, it was assumed that the 
maricite structure was electrochemically inactive due to the fact sodium no long 
occupied the [010] channels. However, it has since been shown that Na+ 
extraction/insertion is reversible in maricite NaFePO492. 
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Figure 4.xiv: Depiction of the differences between the triphylite and maricite 
polymorphs of NaFePO4. Left: Schematic representation of triphylite and 

maricite NaFePO4 where a) and b) highlight the open and closed nature of 
each polymorph and c) highlights the differing corner-sharing and edge 

sharing coordinations of neighbouring FeO6 octahedra.93 Right: Closer look at 
the orthorhombic structure triphylite NaFePO4 structure. The structure is 

comprised of red FeO6 octahedra, gold PO4 tetrahedra and blue sodium ions. 
View down the one-dimensional [010] channels occupied by sodium ions. 

Image created using VESTA. 

Although the maricite polymorph is the more thermodynamically favourable, the 
electrochemically active triphylite polymorph has been electrochemically 
synthesised via ion exchange from its lithium counterpart.82,94 

Similarly, NaMnPO4 exhibits several polymorphs with the maricite structure 
being the most thermodynamically stable. It also exhibits another polymorph 
where the M1 and M2 sites are half occupied by Mn2+ and Na+. Analogously to 
NaFePO4, in order to obtain the electrochemically active olivine polymorph 
requires a topotactic conversion of the analogous lithium structure (LiMnPO4) via 
a delithiation-sodiation process.  

Likewise, to its lithium counterpart, the manganese structure exhibits an inferior 
electrochemical performance in comparison to the iron structure. A recent study 
using ion-exchange synthesis produced olivine NaMnPO4 that displayed a 
reversible capacity of 80-85 mAh g-1, corresponding to 0.5 Na+ intercalation (Fig. 
4.xv).95 

Triphylite NaFePO4 (t-NaFePO4) Maricite NaFePO4 (-NaFePO4)

a)

b)

c)
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Figure 4.xv: NaMnPO4 (olivine structure) representation. The structure is 
comprised of purple MnO6 octahedra, gold PO4 tetrahedra and blue sodium 

ions. View down the one-dimensional [010] channels occupied by sodium ions. 
Image created using VESTA. 

There have been few computational studies into the energetics and mechanism 
of diffusion within NaMPO4 (M= Fe, Mn). Tripathi et al.96 conducted a study 
analogous to the work of Fisher et al. on the lithium-based analogues. Using 
atomistic defect calculations, Tripathi et al. investigated the activation energies 
of sodium migration and defect formation. 

Direction Ea (NaFePO4) Ea (NaFe0.5Mn0.5PO4) Ea (NaMnPO4) 
[010] 0.32 0.36 0.46 
[001] 2.73 2.90 3.10 
[101] 3.03 1.50 1.51 

Table 4.iv: Na+ migration activation energies, in eV, of olivine NaMPO4.96 

A comparison of Table 4.iv and Figure 4.xiii indicates that the energy associated 
with migration along the [010] channels is lower for Na+ compared to Li+. Tripathi 
et al. proposed this higher mobility could be attributed to the more spacious 
[010] channels due to the longer average bond length of Na-O (2.34 Å) vs. Li-O 
(1.96 Å) (Fig. 4.xvi). This work also concludes that sodium migrates down the 
[010] adopting the same curved trajectory associated with lithium.  
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Figure 4.xvi: Na ion migration path along the [010] channels in olivine NaMPO4. 
Black spheres represent Na atom sites in the olivine structures and green 
spheres show the most facile pathway for Na-ion hopping. MO6 and PO4 

polyhedra are represented in grey and yellow respectively.96 

Within the sodium structures, there is a slight distortion that tilts edge-shared 
NaO6 octahedra towards each other, which open the faces below the shared 
edge. Such a distortion augments the space available for the curved path of Na+ 
ion migrations.  

Regarding defects, exactly like LiMPO4, atomistic defect calculations revealed 
that the Na/M antisite defect is the most energetically favourable type of intrinsic 
disorder, particularly in regard to NaFePO4 (0.86 eV vs. 1.13 eV for LiFePO4) 
(Table 4.v). It is a fairly straightforward conclusion when considering the fact that 
the maricite structure is the more energetically favourable, where Na and Fe 
have switched crystallographic positions. 

Defects NaFePO4 NaFe0.5Mn0.5PO4 NaMnPO4 

Na Frenkel 2.25 2.29 2.35 
M Frenkel 6.60 5.01 7.28 

Na/M antisite 0.86 0.86 (Fe), 1.02 (Mn) 1.06 

Table 4.v: Energies of formation, in eV, of intrinsic defects in olivine NaMPO4.96 

Tripathi et al. concluded that the formation of antisite defect is detrimental to 
sodium migration as blocking the [010] channels requires the sodium to diffuse 
via pathways of higher activation energy.  
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A computational study by Bonilla et al.97 used an enhanced sampling technique, 
called Randomised Shell Mass Generalised Shadow Hybrid Monte Carlo (RSM-
GSHMC), and a specifically parametrised forcefield to probe the diffusion 
mechanism of Na+ within NaxFePO4 at an atomistic level (Fig. 4.xvii). 
Corroborating that the principal diffusion mechanism is a curved trajectory down 
the [010] channels, Bonilla et al. also identified that upon the formation of 
Na+/Fe2+ antisite defects, migration between adjected [010] channels was 
facilitated. 

 

Figure 4.xvii: Two-dimensional trajectory at 700 K. Red octahedra represent 
Fe3+O6 units, blue octahedra are Fe2+O6 units, and the tetrahedra correspond to 
(PO4)3- units. Green, pink, cyan and orange atoms are labelled Na+ atoms; the 
remaining Na+ atoms are coloured in yellow. The numbers correspond to the 

order in which the atomic migrations occurred. (a) Initial, defect-free 
configuration. The double arrow indicates the diametrically opposed Fe3+ 
atoms. (b) Antisite-like defect forms where a Fe2+ atom, encircled in a red-

dashed line in (a), moves to the adjacent intrinsic vacancy (jump 1), allowing 
the green Na+ to migrate to the empty Fe2+ site (jump 2). (c) Now the central 
diffusion channel is blocked, the green Na+ migrates to the adjacent channel 

(jump 6), leading to the cascade of jumps 7-10. (d) Pink and green Na+ 
continue diffusing through adjacent channel. After the defect in the Fe2+ site is 

removed (jump 13), one dimensional diffusion is established. It should be 
noted that Na+ diffuses through the extrinsic vacancies in single, long 

curvilinear jumps (4, 9 and 15).97  
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This study represents an example of using an enhanced sampling technique to 
explore atomistic details and provide an in-depth view into the mechanisms of 
diffusion. It should be noted that within this study, simulation times of 10 ns were 
needed in order to obtain a sufficient number of diffusive events (Fig. 4.xviii). 

 

Figure 4.xviii: MSD vs time along [010], [100] and [001] directions for 10 ns 
simulation at 500K for NaFePO4.97 

4.4. Summary 

After an overview of the surrounding literature regarding diffusion within cathode 
materials for high performance second-generation batteries, it is evident that the 
research is dominated by single-particle calculations. Single-particle 
calculations provide relevant insight into the relative energies of particle 
migration, the dimensionality of diffusion and defect formation. In complex 
systems however, undertaking this approach in order to elucidate the full scope 
of particle diffusion can neglect relevant mechanistic details. A more dedicated, 
involved approach is required to thoroughly understand the full mechanism of 
particle diffusion. Obtaining the full picture requires a method that addresses 
the collective diffusion dynamics and energy landscape of many-particle 
configurations, where local structural changes and lattice dynamics are 
explicitly allowed. A finite-temperature molecular dynamics simulation is unable 
to simulate the rare events involved in particle diffusion in a workable timeframe. 
Enhanced sampling techniques are required to overcomes the energy barriers 
associated with the corrugated free energy surface of particle diffusion.  
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The subsequent work follows on from the initial work of Boulfelfel et al. and 
pertains to the use of an enhanced sampling method, the ‘Shooter’ method, to 
realise and investigate the dynamics of particle diffusion within many-particle 
configurations. Such detail is necessary to examine the connection between 
single particle jumps and the mechanism of general particle diffusion. Using the 
‘Shooter’ method in combination with finite temperature MD to investigate the 
cathode materials LiFePO4, LiMnPO4, NaMnPO4 and NaFePO4, this work aims 
to: 

1. Realise particle diffusion within MD simulations of a workable timescale 
and relevant operational temperature;  

2. Investigate the principal modes and directions of diffusion; 
3. Examine the possibility of alternative diffusion pathways; 
4. Provide the atomistic details that govern particle diffusion within a many-

particle configuration; 
5. Approximate self-diffusion coefficients for each cathode material. 
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Chapter 5 
Justification and Application of the ‘Shooter’ Method 
 
The following section outlines the computational details relating specifically to 
the work completed using both finite temperature molecular dynamics and the 
‘Shooter’ method. 
 
5.1 Computational Details 
 
In order to compromise between computational efficiency and mechanistic 
credibility, a simulation cell consisting of 1120 atoms (1920 including shells) was 
chosen. The total 1120 atoms correspond to 160 Li/Na atoms, 160 Fe/Mn atoms, 
160 P atoms and 640 O atoms. A simulation cell of this size was used in a similar 
study1 and thus allows for direct comparison. All molecular dynamics simulations 
were performed using the cp2k package within the isobaric-isothermal 
ensemble (!"#) and periodic boundary conditions in place in all directions. 
Within the MD simulations, temperature was maintained using a Nosé-Hoover 
thermostat, whilst pressure was maintained using a Nosé-Hoover barostat.2–5 
Time constants for both the thermostat and barostat were chosen so that 
temperature and pressure was correctly controlled. Newton equations of motion 
were integrated using a velocity-Verlet scheme with a time-step of 0.2 fs to 
guarantee time-reversibility. 
 
The short-range interactions were modelled by use of the Buckingham 
potential:56  
 

$%&'()*+, = .*+/01 2−
)*+
4*+
5 −

6*+
)*+7
						(Eq. 5.1) 

 
where ) is the interatomic separation between atoms @ and A. ., 4 and 6 are ion-
ion potential parameters. An additional three-body term was used for the PO4 
tetrahedra in order to account for the angle-dependent nature and rigidity of the 
O-P-O bonds (Eq. 5.2).  
 

$BCDE =
1
2G*+H

(I − IJ)K						(Eq	5.2) 
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where G is the force constant and the angle IJ is the equilibrium bond angle for 
a PO4 tetrahedron. In order to include effects of electronic polarisation, a shell 
model7,8 was implemented for the M2+ and O2- ions (Table 5.i). The shell model 
allows for polarisation effects of charged defects to be described and has 
previously proven effective in simulating dielectric properties of a wide range of 
ceramic oxides. The techniques mentioned have been successfully used to 
model a wide range of inorganic solids, including LiMn2O49 and Fe3O4.10 The 
forcefield for LiFePO4 and LiMnPO4 were obtained from Fisher et al.8 and have 
been shown to accurately reproduce the experimentally observed orthorhombic 
(space group Pnma) structure extremely accurately. The values for NaFePO4 
and NaMnPO4 were obtained from the work of Tripathi et al.,11 who refined the 
cation-anion interactions from previous studies on phosphates8 and 
fluorosulfates.12 Tripathi et al. also found that the employment of this interatomic 
potential was able to reproduce the observed crystal structure and bond lengths 
accurately. 
 

 
Interaction 

 
A (eV) 

 
r (Å) 

 

 
C (eV * Å6) 

 

 
Y (e) 

 
K (eV * Å-2) 

 
Li+-O2- 

 
632.1018 

 
0.2906 

 
0.0 

 
1.0 

 
9999.0 

 
Na+-O2- 

 
560.00 

 
0.32 

 
0.0 

 
1.0 

 
9999.0 

 
Mn2+-O2- (Li) 

 
2601.394 

 
0.278 

 
0.0 

 
3.42 

 
95.0 

 
Mn2+-O2- (Na) 

 
1305.25 

 
0.31 

 
0.0 

 
3.42 

 
95.0 

 
Fe2+-O2- 

 
1105.2409 

 
0.3106 

 
0.0 

 
2.997 

 
19.26 

 
P5+-O2- 

 
897.2648 

 
0.35898 

 
0.0 

 
5.0 

 
9999.0 

 
O2—O2- 

 
22764.3 

 
0.149 

 
44.53 

 
-2.96 

 
65.0 

 
Three-Body 

 
Interaction 

 
K (eV * rad-2) 

 
q0 (deg) 

 
O2- - P5+ - O2- 

 
1.322626 

 
109.47 

 
 
Table 5.i: The forcefield parameters utilised for LiFePO4 and LiMnPO4 from the 
work of Fisher et al.,8 whilst the parameters utilised for NaFePO4 and NaMnPO4 

were obtained from the work of Tripathi et al.11 Y corresponds to the shell 
charge and K is the core-shell spring constant. 
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5.2. Justification of Shooter Method 
 
As discussed in Chapter 3, an inherent property of molecular dynamics is its 
inability to realise rare events in a sensible computational timeframe (i.e. the rare 
event problem). Many rare events occur over a timescale that are impractical to 
simulate, for example, diffusion. For every diffusive process, there is a 
corresponding corrugated energy surface that requires long molecular 
dynamics simulation times to sample the areas of interest. Additionally, there are 
entropic bottlenecks that further restrict the sampling efficiency of the simulation. 
Instead of realising the event of interest, the system under interrogation will visit 
stable or metastable long-lived configurations. The presence of activation 
energy barriers larger than kBT mean that the event of interest, i.e. particle 
diffusion, is not achieved. The following results illustrate the failure of finite 
temperature MD simulations to realise diffusive events within the olivine 
phosphate materials (Li/Na)MPO4. 
 
 5.2.1. Finite temperature MD  
 
An atom’s, or molecule’s, trajectory throughout a simulation can be mapped by 
its root-mean-square deviation (RMSD). The RMSD is the measure of deviation 
from a reference configuration and gives an indication of how far it has travelled 
from its equilibrium over time. If a dynamical body fluctuates around a well-
defined average, it is considered non-diffusive and the resulting RMSD profile 
would be flat and exhibit no growth over time. If a particles fluctuation is not 
confined to a well-defined average, the RMSD profile will exhibit a growth over 
time and be considered diffusive. The general expression given two sets of 
points L and M is: 
 

NOPQ(L,M) = 	S
1
TU

‖L* − M*‖K
D

*WX

= 	S
1
TUY(L*Z − M*Z)K + (L*\ − M*\,

K + (L*] − M*])K^
D

*WX

						(Eq. 5.3) 

where T is the number of atoms involved.  
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Initially, a simulation cell of 1120 atoms of all four materials were optimised using 
the conjugate gradient optimiser in cp2k, at 0 bar. The resulting simulation cells 
were equilibrated in the isobaric-isothermal NPT ensemble with a flexible 
simulation cell, over a range of temperatures. The following results show the 
evolution of the RMSD of each constituent atom in each material for a 300 ps 
NPT MD simulation at 300 K, 700K and 1000K.  
 
  5.2.1.1 LiFePO4 
 

 
 

Figure 5.i: RMSD vs time for the constituent atoms of LiFePO4 during a NPT MD 
simulation at 300 K and 1 bar, for 300 ps. 

 
It is clear that at 300 K all atoms are rattling around their equilibrium position with 
varying degrees of deviation. The average value of RMSD over the simulation is 
represented by a black line superimposed onto each trajectory and the value 
displayed on the right of Fig. 5.i. The overall straight-line profile of each trajectory 
indicates the atoms are simply fluctuating around a well-defined average 
showing no signs of diffusive behaviour. However, it is worth noting that it is clear 
that the Li+ ions are far more mobile in comparison to the rest of structure, 
displaying the highest average RMSD value. The effect of increasing the 
temperature on the RMSD value for each atom can be seen in Fig. 5.ii. An 
increase temperature is accompanied by an increase in the average RMSD 
value for all atoms due to the larger thermal energy within the system. The 
average RMSD value for Li+ ions has increased from 0.323 Å to 0.486 Å and at 
700 K, the RMSD trajectories for all atoms still exhibit a flat profile. Indicative of 
non-diffusive behaviour and still rattling around a well-defined average.  
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Figure 5.ii: RMSD vs time for the constituent atoms of LiFePO4 during a NPT 
MD simulation at 700 K and 1 bar, for 300 ps. 

 
Increasing the temperature to 1000 K (Fig. 5.iii) still results in flat line profiles for 
the RMSD values of all atoms, albeit again at a higher average RMSD value due 
to the higher thermal energy. It is also worth noting that as the temperature is 
increased, the difference in average RMSD value of Li+ ions and the rest of the 
structure begins to separate.  
 

 
 

Figure 5.iii: RMSD vs time for the constituent atoms of LiFePO4 during a NPT 
MD simulation at 1000 K and 1 bar, for 300 ps. 
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However, it is clear that in order to realise diffusion within a standard molecular 
dynamics simulation would require extreme temperatures, temperatures which 
the forcefield may not be equipped to withstand but more importantly would 
obscure relevant mechanism details. 
 
The overall displacement of the Li+ ions are analysed and visually represented 
by the spline interpolation of the trajectories over the whole MD simulation. The 
splines calculated for the Li+ ions connect the instantaneous configurations 
throughout the MD simulation and provide a visual indication of the locality of 
the trajectories. The local accumulation of the splines depicted in Fig. 5.iv is due 
to the locality of the Li+ displacements. The trajectories of Li+ ions are 
concentrated in the region of their crystallographic site. An increase in 
temperature sees an increase in the size of the spherical-like visualisation of 
splines due to the increased rattling invoked by the larger thermal energy. 
Despite the relatively high temperature of 1000 K, the splines are still contracted 
within single cages and no ‘jumps’ from one crystallographic site to another is 
witnessed in LiFePO4.  

 

 
 
Figure 5.iv: Spline representations of Li+ ion trajectories within LiFePO4 during a 

300 ps NPT MD simulations of varying temperatures. 
 
  5.2.1.2. LiMnPO4 
 
Identical to LiFePO4, at 300 K LiMnPO4 shows no signs of diffusive behaviour. 
All RMSD values for the constituent atoms fluctuate around a distinct average, 
illustrated in Fig. 5.v. In direct comparison to LiFePO4 (see Fig. 5.i) all atoms are 
less mobile, displaying lower average RMSD values for each atom type. The Li+ 

300K 700K 1000K
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ions within LiMnPO4 are also the most mobile, with a clear separation in RMSD 
value in comparison to the rest of the structure. 

 

 
 

Figure 5.v: RMSD vs time for the constituent atoms of LiMnPO4 during a NPT 
MD simulation at 300 K and 1 bar for 300 ps. 

 
An increase in average RMSD values is observed with an increase in 
temperature. In an identical pattern seen for LiFePO4, the RSMD values at 700 K 
for LiMnPO4, depicted in Fig. 5.v, show no signs of diffusion. Interestingly, once 
again, as the temperature is increased, so does the divide between the RMSD 
value of Li+ and the rest of the structure.  
 

 
 

Figure 5.vi: RMSD vs time for the constituent atoms of LiMnPO4 during a NPT 
MD simulation at 700 K and 1 bar, for 300 ps. 
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. 
A direct comparison to the RMSD in LiFePO4 at 700 K (Fig. 5.ii) again shows that 
Li+ ions within LiFePO4 are more mobile than in LiMnPO4, 0.486 Å compared to 
0.452 Å. At 1000 K (Fig. 5.vii), LiMnPO4 exhibits no sign of diffusion. Fig. 5.vii 
depicts the subsequent increase in the RMSD values for all atoms and the 
broadening of the gap between Li+ and the rest of system.  
 

 
 

Figure 5.vii: RMSD vs time for the constituent atoms of LiMnPO4 during a NPT 
MD simulation at 1000 K and 1 bar, for 300 ps. 

 
The spline representations of the Li+ ion trajectories for the whole temperature 
range are depicted in Fig. 5.viii. 
 

 
 

Figure 5.viii: Spline representations of Li+ ion trajectories within LiMnPO4 during 
a 300ps NPT MD simulations of varying temperatures. 

300K 700K 1000K
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Increasing temperature is accompanied by an increase in rattling within the 
crystallographic sites of Li+. This is indicated by the local spline accumulation in 
the Li+ cages. No jumps from cage to cage are realised. Evidently, for both 
LiFePO4 and LiMnPO4, finite-temperature MD is not a sufficient tool, by itself, to 
realise Li+ ion diffusion.  
 
  5.2.1.3. NaMnPO4 

 
The RMSD profile for the constituent atoms of NaMnPO4 at 300 K (Fig. 5.ix) 
shares similarities with the corresponding profiles for LiFePO4 and LiMnPO4 (Fig. 
5.i and 5.v). All atom types exhibit a flat RMSD profile over time, representative 
of non-diffusive behaviour. The positions of all atoms oscillate around a clear 
average value. 
 

 
 

Figure 5.ix: RMSD vs time for the constituent atoms of NaMnPO4 during a NPT 
MD simulation at 300 K and 1 bar, for 300 ps. 

 
A comparison of NaMnPO4 to LiFePO4 and LiMnPO4, reveals that the Na+ ions 
are less mobile within the host structure, demonstrating values of 0.277 Å, 0.283 
Å and 0.323 Å respectively. Warming up NaMnPO4 to 700 K, the atoms still 
oscillate around a distinct average, albeit at a higher value (Fig. 5.x). No diffusive 
behaviour is realised in NaMnPO4 using only MD at 700 K. A comparison to the 
other materials at 700 K, shows that the RMSD value for the Na+ ions is almost 
identical to that of the Li+ ions within LiMnPO4 (0.454 Å vs. 0.452 Å) but still less 
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than the Li+ ions within LiFePO4 (0.486 Å). Increasing the temperature of the MD 
simulation to 1000 K, once again realises no diffusion. 
 

 
 

Figure 5.x: RMSD vs time for the constituent atoms of NaMnPO4 during a NPT 
MD simulation at 700 K and 1 bar, for 300 ps. 

 
Fig. 5.xi illustrates the flat-line profiles of the RMSD values for each atom type 
within NaMnPO4 at 1000 K. No growth of the RMSD values over time is observed 
for any atom. Na+ ions are the most mobile species within NaMnPO4 and an 
increase in temperature sees an increase in the separation between Na+ and the 
rest of the structure.  
 

 
 

Figure 5.xi: RMSD vs time for the constituent atoms of NaMnPO4 during a NPT 
MD simulation at 1000 K and 1 bar, for 300 ps. 
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At 1000 K, the Na+ ions are more mobile than the Li+ ions within the comparative 
simulation for LiMnPO4 (0.621 Å vs. 0.591 Å), but still less mobile than the Li+ 
ions within LiFePO4 (0.621 Å vs. 0.648 Å). The spline representations of the Na+ 
ion trajectories are illustrated in Fig. 5.xii. 
 

 
 

Figure 5.xii: Spline representations of Na+ ion trajectories within NaMnPO4 
during a 300 ps NPT MD simulations of varying temperatures. 

 
At all temperatures there is a local spline accumulation within the Na+ cages. 
With increasing temperature, the locality of the splines decreases, indicating 
oscillations further away from the equilibrium position. No jumps are realised 
from Na+ cage to cage and thus no diffusive events are simulated. Identical to 
LiFePO4 and LiMnPO4, finite temperature MD simulations are unable to realise 
Na+ diffusion.   
 
 
 
 
 
 
 
 
 
 
 
 
 

300K 700K 1000K
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  5.2.1.4. NaFePO4 
 

 
 

Figure 5.xiii: RMSD vs time for the constituent atoms of NaFePO4 during a NPT 
MD simulation at 300 K and 1 bar, for 300 ps. 

 
The RMSD values from a MD simulation at 300 K, illustrated in Fig. 5.xiii, display 
the same pattern for NaFePO4 as for the previous three materials. All atom 
displacements invoke a flat-line RMSD profile, indicative of non-diffusive motion. 
The most mobile species is the intercalated Na+ ion. For this material, Na+ ions 
display an RMSD value of 0.322 Å at 300 K. 
 

 
 

Figure 5.xiv: RMSD vs time for the constituent atoms of NaFePO4 during a NPT 
MD simulation at 700 K and 1 bar, for 300 ps. 
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This trend is continued upon warming the system up to 700 K (Fig 5.xv). 
 

 
 

Figure 5.xv: RMSD vs time for the constituent atoms of NaFePO4 during a 300 
ps NPT MD simulation at 1000 K. 

 
No atom type displays diffusive behaviour but Na+ ions start to separate 
themselves from the rest of the structure. A temperature of 1000 K is not enough 
to realise diffusion within NaFePO4, Fig. 5.xv exhibits flat line profiles for all 
atoms, indicative of non-diffusive behaviours. An increase in average RMSD 
value is seen for all atoms as a result of the increased thermal energy. The spline 
representations within Fig. 5.xvi further illustrate the problem. 

 
 

Figure 5.xvi: Spline representations of Na+ ion trajectories within NaFePO4 
during a 300 ps NPT MD simulations of varying temperatures. 

 
  

300K 700K 1000K
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5.2.1.5. Summary 
 
Particular trends are observed in the finite temperature MD simulations for all 
materials. Over the temperature range of 300 K to 1000 K, all atoms within the 
olivine phosphates exhibit flat-line RMSD profiles that oscillates around well-
defined averages. As the temperature is increased the average RMSD value of 
each atom increases. The most mobile atoms within all materials are the 
intercalated Li+ and Na+ ions. A distinct gap in mobility between these ions and 
the metal phosphate framework is witnessed. The gap in mobility, for all four 
materials, is illustrated in Fig. 5.xvii. 
 

 
 

Figure 5.xvii: Average RMSD values at varying temperatures for the constituent 
atoms of Li/NaMPO4 (M = Mn, Fe) during 300 ps NPT MD simulations. 

 
Another trend observed for both lithium and sodium materials is that there is an 
increased degree of mobility for the intercalated ions within the iron structure in 
comparison to the manganese structure. This increased mobility is highlighted 
in Fig. 5.xviii. 
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Figure 5.xviii: Average RMSD values for Li+ ions within LiFePO4 and LiMnPO4 
during 300 ps NPT MD simulations at increasing temperature (left). Average 
RMSD values for Na+ ions within NaFePO4 and NaMnPO4 during 300 ps NPT 

MD simulations at increasing temperature (right). 
 
In the case of all four materials it is clear that MD simulations, on their own, are 
not sufficient to simulate the rare diffusive events on a reasonable timescale or 
for realistic temperature choices. Diffusive events are not witnessed when simply 
utilising finite temperature MD simulations. A more dedicated, state-of-the-art 
method is required to enhance the rates of escaping the local energy minima 
involved in a diffusive process. There are methods available which aim to cure 
this problem. Temperature accelerated molecular dynamics methods13 aims to 
over drive the temperature to raise the frequency of rare events. 
Hyperdynamics14 introduces a bias potential to enhance the rate of diffusion but 
preserves the relative probability of the hopping events. However, in a complex 
system, overdriving simulation parameters or using an external bias may 
obscure pertinent details of the mechanism. In this work a different approach is 
presented, the ‘Shooter’ method. 
 
5.3 The Shooter Method 
 
In simplistic terms, the ‘Shooter’ method selectively warms up the fast, light and 
mobile Li/Na cations in an attempt to raise the frequency of diffusive events. In 
order to maintain the overall temperature of the system, a variable amount of 
kinetic energy is transferred from the slower, heavier, non-diffusive framework 
atoms (MPO4, M = Fe, Mn) to the diffusive cations (Na/Li). The rationalisation for 
the method was laid out in the preliminary work on LiFePO4 by Boulfelfel et al.1 
Upon activation of Li mobility, the lithium sublattice behaves very much like a 
liquid hosted in a solid framework.1 The creation of a solid solution implies a 
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natural separation in the velocities and frequencies between the host framework 
(FePO4) and guest atom (Li). This rationalisation is extended to the other 
materials under investigation. 
 
The ‘Shooter’ method increases the probability of escaping local energy minima 
by generating velocity distributions which are not typical for the ensemble 
average. Atypical velocity distributions are achieved by perturbing the velocity 
of each Li/Na cation by randomly choosing new values from a Gaussian 
distribution centred around the current velocity. The warming-up effect is 
achieved by broadening the half-width of the Gaussian distribution. The overall 
temperature is maintained as each perturbation is implemented under strict 
conservation of total linear and angular momentum. Within the algorithm this is 
accomplished by rescaling the velocities of the framework atoms (MPO4, M = 
Fe, Mn) so that the initial instantaneous temperature is restored. The velocity 
distributions generated from the ‘Shooter’ algorithm excite short thermal 
fluctuations away from the average values. Such thermal fluctuations are 
necessary to activate Li+/Na+ ion migration and overcome the energy barriers 
involved in such a diffusive process.  
 
It is important that when perturbing the velocities, the underlying nature of the 
dynamical processes of each system are unchanged.  
 
 5.3.1. Velocity Autocorrelation Functions 
 
Correlation functions are functions that provide a statistical correlation between 
two random variables and are a powerful means of analysing time-dependent 
data. Within MD simulations, correlation functions are a principal method of 
determining time-dependent properties of a system. With regards to the 
velocities of a system, the velocity autocorrelation function (vacf) is the function 
that defines the correlation of an atom’s velocity with itself. By correlating the 
velocity of an atom at a specific time, with its velocity at a later time, the effect 
the interatomic forces have upon the atoms motion can be determined. The vacf 
can be evaluated from the following expression: 
 

6`(a = T∆a) =
1
!U(L*(a = aJ) ∙ L*(a = aJ + T∆a),

d

*WX

 

where L* = YLZ(aJ + Qa), L\(aJ + Qa), L](aJ + Qa)^
*
						(Eq. 5.4) 
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Consider an atom with velocity L*, if the atom within a system does not interact 
with other atoms, Newton’s laws of motion dictate that this atom would retain the 
same velocity till the end of time. In this scenario, 6`(a) would always have the 
same value and plot a horizontal line. If the forces experienced by the atom are 
small, like a molecule in a gas, its velocity would slowly decorrelate over time, 
‘forgetting’ its initial velocity. In such a system the resulting vacf plot is a simple 
exponential decay. In a system with strong interatomic forces, such as a liquid 
and a solid, atoms tend to seek out positions where there is a near balance 
between attractive and repulsive forces. In solids, the locations of these minima 
are extremely stable and atoms rarely escape from such positions. Their motion 
is therefore oscillatory, and their velocities reverse at the end of each oscillation. 
The resulting vacf plot is one that decays rapidly and then oscillates between 
positive and negative values. The oscillations dampen over time as there are still 
perturbative forces that that disrupt the perfection of the oscillatory motion. 
Liquids behave slightly differently to solids as atoms do not have fixed positions. 
The diffusive motion present in liquids quickly destroys any rapid oscillatory 
motion. The vacf for a liquid tends to result in one very damped oscillation, or 
minima, before decaying to zero. 
 
As well as illuminating the dynamical processes of a system, the vacf can also 
lead to other quantities. For example, it may be Fourier transformed to project 
out underlying frequencies of the molecular processes which are closely related 
to the infra-red spectrum of the system. Using the following expression, the vacf 
can also, provided it decays to zero at long time, be integrated to calculate the 
diffusion coefficient: 
 

QJ =
1
3 f 〈L*(0) ∙ L*(a)〉ja

kWl

kWJ

						(Eq	5.5) 

 
This equation belongs to a class of properties known as the Green-Kubo 
relations, which relate correlation functions to transport coefficients. Although 
there is a long-time tail to this integral that can cause numerical problems. 
 
The vacf is an equilibrium property of a system, as it describes correlations 
between velocities at different times along an equilibrium trajectory. Equilibrium 
properties are invariant under a change of the time origin.  
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The vacf of the Li+ ions in an equilibrated structure and a post ‘Shooting’ event 
velocity distribution of LiFePO4 (Fig. 5.xix) show the same dynamical behaviour. 
There is an initial rapid decay, followed by oscillations around zero which decay 
over time. After roughly 0.5 ps, the velocities are totally decorrelated. Although 
the ‘Shooter’ method produces velocity distributions which are not typical for the 
ensemble average, this has no effect on the natural dynamics of the system. 

 
Figure 5.xix: Normalised velocity autocorrelation function of Li+ ions within 

LiFePO4, for both a MD simulation of an equilibrated structure at 700 K (top) 
and a resulting velocity distribution from a ‘Shooting’ event (bottom). The total 
simulation time was 10 ps, 10 vacf functions were calculated over 1 ps and 

averaged. 
 
The vacf plots (Fig. 5.xx) for the Li+ ions within an equilibrated structure of 
LiMnPO4 and a post ‘Shooting’ event velocity distribution show the same 
dynamical behaviour seen in LiFePO4. There is a rapid decay, indicating strong 
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interatomic forces, followed by oscillatory motion about zero. The vacf is 
essentially decorrelated by 0.5 ps. It can also be seen that the ‘Shooter’ method 
has no effect on the dynamical behaviour on Li+ ions within LiFePO4. 

 

 
Figure 5.xx: Normalised velocity autocorrelation function of Li+ ions within 

LiMnPO4, for both a MD simulation of an equilibrated structure at 700 K (top) 
and a resulting velocity distribution from a ‘Shooting’ event (bottom). The total 
simulation time was 10 ps, 10 vacf functions were calculated over 1 ps and 

averaged. 
 

The vacf plots for the analogous scenarios within NaMnPO4 (Fig. 5.xxi) display 
slightly differently dynamical behaviour in comparison to the Li+ ions within the 
lithiated materials. The oscillations of motion are much more damped, also 
resulting in far less oscillations after an initial rapid decay. This indicates the 
presence of weaker interatomic forces. However, similar to the motion of the Li+ 
ions within the lithiated materials, the Na+ motion within NaMnPO4 is essentially 
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decorrelated by 0.5-0.6 ps, and the ‘Shooter’ method has no effect on the 
dynamics of the system.  

 

 
 

Figure 5.xxi: Normalised velocity autocorrelation function of Na+ ions within  
NaMnPO4, for both a MD simulation of an equilibrated structure at 700 K (top) 
and a resulting velocity distribution from a ‘Shooting’ event (bottom). The total 
simulation time was 10 ps, 10 vacf functions were calculated over 1 ps and 

averaged. 
 
 

As seen for NaMnPO4, the motion of Na+ ions within NaFePO4 is much more 
damped in comparison to Li+ ion motion within the lithiated analogues. The vacf 
profiles for Na+ ions within NaFePO4 (Fig. 5.xxii) display an initial rapid decay, 
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followed by a few damped oscillations, which essentially decay to zero after 0.5 
ps.  

 

 
 

Figure 5.xxii: Normalised velocity autocorrelation function of Na+ ions within  
NaMnPO4, for both a MD simulation of an equilibrated structure at 700 K (top) 
and a resulting velocity distribution from a ‘Shooting’ event (bottom). The total 
simulation time was 10 ps, 10 vacf functions were calculated over 1 ps and 

averaged. 
 
It is evident that in the case of all four materials, the ‘Shooter’ method has no 
effect on the equilibrium properties of the velocities involved. The ‘Shooter’ 
algorithm can therefore be applied at a reasonable rate as to preserve the 
dynamics but also provide a separation between the mobile cations and the slow 
framework.  
 
  



Chapter 5 – Justification and Application of the ‘Shooter’ Method 
 

 116 

 
5.3.2. Application of the Shooter Method 

 
The ‘Shooter’ method selectively warms up the Li+/Na+ ions by transferring a 
variable amount of kinetic energy from the host framework (MPO4, M = Fe/Mn) 
to the mobile ions (Li+/Na+). Using the ‘Shooter’ algorithm a clear separation of 
velocities, and hence kinetic energy, can be achieved. This separation is 
highlighted in Fig. 5.xxiii. 
 

 

 
 

Figure 5.xxiii: The effect of one ‘Shooting’ event on the total kinetic energies of 
each constituent atom type in LiFePO4 (top) and the effect of multiple 

‘Shooting’ events (bottom). 
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The application of the ‘Shooter’ algorithm generates a separation in kinetic 
energy between Li+ and FePO4. This separation is attained via the generation of 
a velocity distribution not typical of the ensemble average but is necessary to 
overcome the activation energies associated with particle diffusion. The 
separation gradually decays and after approximately 0.5 ps has entirely 
vanished. Multiple applications of the ‘Shooter’ algorithm, every 0.5 ps in Fig. 
5.xxiii, establishes and maintains a separation. An identical effect is seen when 
applying the ‘Shooter’ algorithm to LiMnPO4, depicted in Fig. 5.xxiv. 
 

 

 
 

Figure 5.xxiv: The effect of one ‘Shooting’ event on the total kinetic energies of 
each constituent atom type in LiMnPO4 (top) and the effect of multiple 

‘Shooting’ events (bottom). 
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Applying the ‘Shooter’ algorithm to the NaMnPO4 displays the same outcome. 
Although, the separation between Na+ ions and the framework appears to 
remain more pronounced after multiple ‘Shooting’ events. The Na+ ions seem to 
averagely retain more of the transferred kinetic energy with each ‘Shooting’ 
event (Fig. 5.xxv) when compared to the lithiated materials (Fig. 5.xxiv).  

 

 
 

Figure 5.xxv: The effect of one ‘Shooting’ event on the total kinetic energies of 
each constituent atom type in NaMnPO4 (top) and the effect of multiple 

‘Shooting’ events (bottom). 
 

The application of the ‘Shooter’ algorithm to NaFePO4 also achieves a separation 
in kinetic energy between the Na+ and the olivine framework. As seen for 
NaMnPO4, when compared to the lithiated materials the Na+ ions seem to 
averagely retain more of the transferred energy. The separation achieved by the 
‘Shooter’ algorithm is illustrated in Fig. 5.xxvi.  
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Figure 5.xxvi: The effect of one ‘Shooting’ event on the total kinetic energies of 
each constituent atom type in NaMnPO4 (top) and the effect of multiple 

‘Shooting’ events (bottom). 
 

In summary, the ‘Shooter’ method is a very effective means of generating velocity 
distributions which are not typical for the ensemble average. This is achieved by 
selectively warming up the mobile cations through the transfer of a variable 
amount of kinetic energy. Creating these velocity distributions does not alter the 
natural underlying dynamics of the system but increases the chance of escaping 
the local energy minima associated with particle diffusion. The clear separation 
of frequencies and velocities between the mobile cations and host framework 
allows for the generation of such velocity distributions.  
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 5.3.3. Methodology 
 
The following general steps describe the typical ‘Shooter’ method simulation 
used throughout this body of work: 
 

• A thermally equilibrated configuration was used to initialise the simulation 
at 700 K – a temperature close to operational temperatures; 
 

• A small perturbation was chosen by setting a Gaussian half-width and a 
smearing factor; 
 

• The instantaneous frame temperature #* was calculated from the total 

kinetic energy, #(a) = ∑ no`o
p(k)

Hqdr
d
*WX , where the sum is calculated over all 

atoms of mass s* and velocity L*. tu is the Boltzmann constant and !v is 
the number of degrees of freedom; 
 

• Velocities of Li/Na atoms are perturbed by choosing a random value from 
the Gaussian distribution centred around its current velocity. The new 
velocity distribution is accepted with probability min	[1, ρ(x}~�Ä)/ρ(x}~�Ä)]; 
 

• A post-perturbation temperature #ÉÉ was calculated using the same 
expression as above;  
 

• The initial temperature was restored through rescaling the velocities of all 

other particles by Ñ = Ö
Üo
Üáá

; 

 
• The frame is propagated for a set amount of time; 

 
• The Gaussian half-width is increased by the smearing factor; 

 
• This process is repeated until the total simulation time reaches a target 

value. 
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Diffusion can be evaluated by monitoring the growth of the mean squared 
displacement (MSD) with time. A monotone growth of MSD with time is indicative 
of a diffusive process. The MSD is calculated by: 

OPQ ≡ 〈()* − )J)K〉 =
1
!U()*(a) − )*(0),

K
d

DWX

						(Eq	5.6) 

 
where ! is the number of particles to be averaged, )*(0) = )J is the reference 
position of each particle and )*(a) is the instantaneous position at time a. The 
ability of a material to conduct ions can be assessed by the self-diffusion 
coefficient. The self-diffusion coefficient is the proportionality constant between 
the molar flux, due to particle diffusion, and the gradient in the concentration 
species. The diffusion coefficient can be estimated from Einstein’s equation for 
Brownian motion:15 
 

〈()* − )J)K〉 = 2jQa						(Eq	5.7) 
 
where j is the dimensions considered and Q is the self-diffusion coefficient. 
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Chapter 6 
‘Shooter’ Method and MD Simulations on Lithiated Olivine Phosphates 
 
The following results pertain to the application of a combination of the ‘Shooter’ 
method and finite temperature molecular dynamics simulations to the olivine 
phosphates LiFePO4 and LiMnPO4. The computational details and methodology 
for the subsequent results are outlined in Chapter 5 (sections 5.1. and 5.3.3.). 
 
With regards to the Shooter method, there are three control parameters to be 
considered. 
 

1. The Gaussian half-width  
2. The smearing factor 
3. The rate of ‘Shooting’ 

 
The Gaussian half-width dictates the magnitude of kinetic energy transferred to 
the Li+ ions and consequently removed from the framework. The smearing factor 
determines the extent of broadening of the Gaussian half-width, and the rate of 
‘Shooting’ determines the frequency of ‘Shooting’ events. Initially, the ‘Shooting’ 
algorithm was implemented every 2 ps and a variety of Gaussian half-widths and 
smearing factors applied in order evaluate the effect on the results and thus 
optimise the parameters.  
 
Initially, the limits of the effect of the ‘Shooter’ method are explored, analysing 
the results of a parameter choice in the low and high parameter range.  
 
6.1. Parameter Optimisation 
 

6.1.1. LiFePO4 
 

The following results concern the application of the ‘Shooter’ method and finite 
temperature MD simulations to LiFePO4. 
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6.1.1.1. Low Shooter Parameters 
 
The subsequent results were produced from a Shooter method simulation using 
the following parameters: 
 

1. Gaussian half-width = 0.00005 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 2 ps 

 
 

 
 

Figure 6.i: Schematic representation of the Li+ ion trajectories throughout the 
3.7 ns MD and ‘Shooter’ simulation. Li+ ions are represented as green spheres, 
Fe2+ ions as red spheres and PO4 as gold and grey tetrahedra. Instantaneous 
position of all 160 Li+ ions shown every 1.25 ps (left). Smoothed trajectory of 

instantaneous positions averaged every 20 ps (right). Relevant crystallographic 
directions are indicated. 

 
As seen from the instantaneous positions of the Li+ ions (Fig. 6.i – left), the 
Shooter method realises a curved trajectory for migration along the [010] 
channels, which represents the principal direction of diffusion within the material. 
The curved diffusion paths within the channels have been observed in single 
particle calculations,1 ab initio calculations,2 and neutron diffraction 
measurements.3 The migration between crystallographic sites, which is better 

[010] 

[001] 
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illustrated by the averaged positions of the Li + ions (Fig. 6.i – right), reveals that 
the majority of diffusive events occur within the [010] channels. However, within 
this simulation, jumps from one [010] channel to another is realised along the 
[001] direction, which were deemed improbable based on static calculations 
only. From single particle calculations,4 it is argued that diffusion along this 
crystallographic direction is less probable due to the high energy barrier 
associated with it. The trajectories of Li+ ions for this Shooter method and MD 
simulation are also represented as splines in Fig. 6.ii. 
 

 
 

Figure 6.ii: Spline representation of the overall Li+ displacements throughout 
the 3.7 ns simulation. View of the [010] channels (vertical direction, left), view 
along the [010] channels (right side). Relevant crystallographic directions are 

indicated. 
 
When examined more closely, the atomistic details of the diffusion mechanism 
reveal a repeated sequence of events, which is collective in character. An 
example of a typical sequence of diffusive events is illustrated as a series of 
snapshots in Fig. 6.iii. The sequence of events is initiated by the formation of a 
Frenkel defect. Four Li+ ion jumps combine to result in the formation of a double-
occupied Li+ site and a vacancy (Fig 6.iii, snapshot a). The formation of a Frenkel 
defect creates local disorder within the channel, from its creation there is 
momentary excess charge in the locality of the double-occupied site and a 
deficiency of charge in the locality of the vacancy. Due to the initial combination 
of several Li+ ion jumps, the newly created Frenkel pair are separated by three 
lithium cages and therefore screened from each other.  

[010] 

[001] [001] 

[100] 
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The metastable double-occupancy is illustrated by pink and light blue Li+ ions, 
and the vacancy is represented as a white square with a black outline (Fig. 6.iii, 
snapshot-b). The Li+ ions within the double-occupancy position themselves off-
centre within a cage and with respect to the [001] axis and are therefore 
distinguishable. The general, single-particle hopping Kröger-Vink equation of 
defect formation is as follows: 
 

!"#$
% → '#$

( + !"$
∙ 						(Eq	6.1) 

 
which for the situation of interest, can be rewritten as: 
 

!"#$
% + !"#$

%,4$5 → '#$
( + 6!"$

∙
7; !"$,4$5

∙
7 9						(Eq	6.2) 

 
where bis indicates that the Li+ ions are distinguishable – where one atom 
occupies the right side of the cage and one the left. The bracketing on the right 
refers to the particle localisation within the same cage. After the initial separation, 
the double-occupancy migrates along the channel. This migration is illustrated 
by an arrow showing the direction of movement of the pink atom (Fig. 6.iii, 
snapshot b). This jump results in a new double occupancy which is represented 
by the pink and green Li+ ions (Fig. 6.iii, snapshot c). This event is then followed 
by an equivalent event, except this time the green Li+ ion migrates to the next 
site to form a new double-occupancy represented by the green and orange Li+ 

ions (Fig. 6.iii, snapshot c). The recombination of Frenkel pair occurs only when 
the double-occupancy encounters a vacancy from the matching periodic 
boundary conditions. The recombination is the result of the combination of two 
correlated Li+ ion migrations (Fig. 6.iii, snapshot d). The recombination occurs 
when the green Li+ ion jumps to the neighbouring site, which in turn pushes the 
orange Li+ ion into the site containing the vacancy. This sequence of diffusive 
events results in the column of Li+ ions moving one cage down in the [010] 
channels, i.e. all Li+ ions have migrated one crystallographic site along the 
channel. Over the course of the simulation, due to the recombination of a Frenkel 
pair, the drift of charged particles is compensated. However, the ‘Shooter’ 
method reveals atomistic details of the short-term time evolution of 
disorder/Frenkel pairs within the channels. 
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Figure 6.iii: Snapshots of a typical diffusion mechanism within the [010] 
channel. All Li+ are individually coloured. Identical colours represent the 

periodic image of the atom within the channel. The channel is first activated by 
the formation of a Frenkel defect (a), which occurs via the combination of 

multiple Li+ ion jumps. The Frenkel pair are separated and the double-
occupancy begins to migrate down the channel via single Li+ ion jumps (b, c). 

As the Frenkel pair approach each other they recombine via of two single-
particle events (d). As a result, the column of Li+ ions have moved down one 

crystallographic site (e). 
 

a) 0 ps b) 0.35 ps  c) 3.55 ps 

d) 4.65 ps e) 4.80 ps 
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The sequence of events illustrated in Fig. 6.iii describes the mechanism of 
diffusion within the [010] channels in LiFePO4. Diffusion is realised as the sum of 
a collection of different, discrete Li+ ion migration events. The formation of the 
Frenkel defect differs from the migration of the Frenkel pair, which in turn differs 
to the recombination of the Frenkel pair. The full mechanism of diffusion cannot 
be fully represented by any of the observed single particle events alone. One 
single particle event, in isolation, fails to capture the many-atom contributions 
that are present in a many-atom configuration. In order to fully capture all the 
details of the mechanism, one must apply a method that appreciates the 
collective dynamics present in a many-particle scenario. The jump from channel 
to channel along the [001] direction represents one diffusive event amongst a 
large number. Its effect, however, is very intriguing. The cross-channel jump, 
and the subsequent evolution of disorder transpires comparably to the 
mechanism of diffusion within the channels.  
 
Fig. 6.iv illustrates the occurrence of a cross-channel jump and the subsequent 
events in a series of snapshots. After an initial migration of an Li+ ion from one 
channel to another, represented by the yellow Li+ ion, a Frenkel defect is created 
(Fig. 6.iv, snapshot a). The metastable Frenkel pair exists in separate channels 
and, due to the rare nature of the cross-channel event, have a finite chance of 
recombining. As a result, there is local disorder within both channels. The 
Frenkel pair is represented by yellow and pink Li+ ions in a Li+-Li+ site and a 
vacancy represented by a white square with a black outline (Fig. 6.iv, snapshot 
b). The disorder arises from the accumulation of excess charge within the right 
channel, manifested as a double-occupancy, and a deficiency of charge in the 
left channel, manifested as a vacancy. In the case of a cross-channel jump, the 
drift of charged particles is not compensated unless an equivalent cross-
channel jump is realised to recombine the Frenkel pair. This event, although 
significant, occurs much less frequently compared to the main translocation 
events along [010]. After the creation of the Frenkel pair, the Li+ pair 
characterising the double-occupancy shows enhance mobility and begin to 
migrate with the respective channel. Initially, the yellow Li+ ion jumps to the 
neighbouring Li+ cage, forming a new double-occupancy (Fig. 6.iv, snapshot b). 
The new metastable double-occupancy, depicted as green and pink Li+ ions 
(Fig. 6.iv, snapshot c), exists as long as 0.45 ps before the pink Li+ ion jumps 
back to form the previous double occupancy (Figure 6.iv, snapshot d).  
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Figure 6.iv: Snapshots of the cross-channel migration and subsequent events. 
In each individual channel, all Li+ are individually coloured. Identical colours 
represent the periodic image of the atom within the channel. After the initial 
cross-channel jump (a), a Frenkel defect is formed across channels (b). An 

additional Li+ ion in the right channel facilitates multiple jumps (b, c, d, f and g), 
which occur as the result of single Li+ ion jumps. The presence of a vacancy in 
the left channel also facilitates diffusion (h) and migrates away from the double 

occupied site resulting in the maintained separation of the Frenkel pair (i). 
 

a)  0 ps b)  0.15 ps c) 0.60 ps 

d) 1.30 ps e) 9.65 ps f) 10.90 ps 

g) 13.50 ps h) 20.40 ps i) 21.15 ps 
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The metastable double-occupancy continues to migrate within the channel via 
the combination of correlated single particle jumps, such that that the 
combination of Li+ ions within the double occupancy changes with each event 
(Fig. 6.iv, snapshots e, f, g). The vacancy also migrates within its own channel. 
A single event is realised where the vacancy migrates from one cage to the other 
(Fig. 6.iv, snapshot h). Taken in isolation, this particular single particle jump is 
representative of the single particle calculations seen in the literature.4 However, 
the ‘Shooter’ method shows than this type of event is simply one of many that 
contribute to the collective Li+ ion diffusion dynamics. After creation, Frenkel pair 
recombination is not observed over the rest of simulation, for as long as 2 ns. It 
can therefore be considered that the cross-channel jump, due the low chance 
of Frenkel pair recombination, activates the [010] channels towards enhanced 
Li+ mobility, due to the local charge imbalance. The latter can exist for a long 
time, given that any re-crossing probability is vanishingly small. This shows that 
despite it being rarely encountered, [010] channel crossing events are an 
important part of the mechanism, which the ‘Shooter’ method can discover. 
Introducing disorder that is not compensated in the long-time therefore 
facilitates the diffusion within the channels. Although single particle calculations 
imply a large activation for [001] diffusion paths and while the same energetic 
landscape remains valid in a many-particle configuration, different 
configurations may realise what single particles cannot do in isolation. The 
‘Shooter’ method facilitates the exploration of such configurations, in essence 
searching the complex energy landscape associated with diffusion for 
alternative paths of lower energy due to many-particle dynamics. 
 
The diffusivity of a material can be measured by evaluating a self-diffusion 
coefficient. Using Eq. 5.7, it can be extracted from a plot of the MSD over time.  
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Figure 6.v: Mean squared displacement of Li+ ions throughout the whole 

trajectory. The first frame was used as the reference frame (t0). Time of cross-
jump (1.72 ns) indicated by dashed blue line. 

 
From Fig. 6.v, the MSD of the Li+ ions increases over time, indicative of diffusion. 
The profile of Fig. 6.v is extremely stepwise to begin with which indicates 
isolated, discrete events. After approximately 2 ns, the profile begins to display 
a more monotonous growth over time. Interestingly, the cross-channel jump 
occurs at 1.72 ns. It is clear from Fig. 6.v that there are two diffusive regimes.  
 
For a long trajectory with a significant amount of displacements one can average 
the MSD value by utilising more than one reference frame. The standard 
definition of the MSD is as follows. 
 

;<=(>) ≡ 〈(AB − AD)7〉						(Eq	6.3) 
 
An average can be constructed over multiple time origins as well as all positions. 
By changing GD, the MSD is calculated from a different reference configuration. 

For an interval HIJ …ILM, one can compute an average, for computational 

efficiency, with a stride I5 via: 
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Figure 6.vi: A plot of MSD vs time for all Li+ ions. Averaged over multiple time 
origins. IJ = 0 ns, IL = 3.7 ns and I5 = 75 ps. 

 
Averaging over multiple time origins naturally results in a more linear profile of 
the MSD over time, which better represents the diffusive process (Fig. 6.vi). This 
process can now be fitted to Eq. 5.7. During this stage of parameter optimisation, 
it is not the primary goal to obtain accurate self-diffusion coefficients but to 
evaluate the mechanistic details of diffusion discovered by the application of the 
method. Nevertheless, the self-diffusion coefficient calculated from the gradient 
is 3.491	 ×	10Xd	ef7gXU. In comparison to the study of Boulfelfel et al.,5 the value 
calculated within this work is lower by an order of magnitude 
(10Xd	hg. 10Xief7gXU). This is in better agreement with other theoretical 
studies,6,7 which predict self-diffusion coefficients to be in the order of 10Xd −
10Xjef7gXU. This is still a large overestimation in comparison to experimental 
studies which predict values in the range of 10XUU − 10XUief7gXU.8–11 
 
To get an indication of the effect on the cross-channel jump on diffusion, the 
MSD of the Li+ ions were calculated before and after the event of interest at 1.73 
ns (Fig. 6.vii). 
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Figure 6.vii: MSD vs time for all Li+ ions before the cross-jump event at 1.72 ns 
(left) and after (right). 

 
Before the cross-jump, the approximated self diffusion coefficent equals 
1.178	 ×	10Xd	ef7gXU. After the cross-jump, the value increases to 6.237	 ×
	10Xd	ef7gXU. A five-fold increase in the self-diffusion coefficent is thus observed 
after the cross-channel jump.  
 
It is possible that this increase can not be solely attributed to the effects of the 
cross-jump. As the simulation progresses the Gaussian width used to generate 
new velocity distributions is broadened. Although the smearing factor set for this 
simulation was extremely small (1.0001), this could also be a factor in the marked 
increase in diffusion. Nonetheless, the cross-channel jump is deemed to play a 
mojor role here, given the charge segreagation it provokes.  
 
The spline representation of the Li+ ion trajectories before and after the cross-
jump, depicted in Fig. 6.viii, displays a noticeable increase in diffusive events 
within the [010] channels involved in the cross-jump, but also within the channels 
not involved. 
 
Evidently, the migration along the [001] direction markedly activates the [010] 
channels, increasing the degree of relative displacement and in turn, the self-
diffusion coefficient.  
 

Before cross-jump  After cross-jump  
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Figure 6.viii: Spline representation of the overall Li+ displacements throughout 
the simulation. Li+ trajectories before the cross-jump event, time 0 to 1.72 ns 

(left), Li+ trajectories after cross-jump event, time 1.72-3.73 ns (right). Relevant 
crystallographic directions are indicated. 

 
Evidently, the migration along the [001] direction activates the [010] channels, 
increasing the degree of diffusion and in turn, the self-diffusion coefficient.  
 

6.1.1.2. High Shooter Parameters 
 
The subsequent results were produced from a ‘Shooter’ method simulation using 
the following parameters: 
 

1. Gaussian half-width = 0.1 Å 2 fs-1 
2. Smearing factor = 1.01 
3. Rate of ‘Shooting’ = 2 ps 

 
This second set of evaluations of the upper range of the ‘Shooter’ parameter was 
conducted in order to ascertain the impact of the magnitude on the mechanistic 
details and the overall self-diffusion coefficients. Despite the different parameter 
choice, the overall translocation mechanism appeared identical to the results 
seen for a set of low ‘Shooter’ parameters. In fact, a curved trajectory along the 
[010] channels is again realised, as illustrated by the instantaneous Li+ ion 

[010] 

[001] 

Before cross-jump After cross-jump 
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positions in Fig. 6.ix. This time, however, the only pathway of diffusion observed 
is along the [010] channels. No jumps are realised along the [001] direction, 
even after broadening the Gaussian width choosing a larger smearing factor. 
On an accelerated timescale like the one induced by this specific parameter 
choice, a bias is systematically introduced, which affects the momenta 
distribution. Fig. 6.ix (right) shows that in this particular case, mobility along the 
easy [010] channels is still favoured, whilst translocations along [001] are 
absent. 
 

 
 
Figure 6.ix: Schematic representation of the Li+ ion trajectories throughout the 4 
ns MD and Shooter simulation. Li+ ions are represented as green spheres, Fe2+ 

ions as red spheres and PO4 as gold and grey tetrahedra. Instantaneous 
position of all 160 Li+ ions every 0.5 ps (left). Smoothed trajectory of 

instantaneous positions, positions averaged every 20 ps (right). Relevant 
crystallographic directions are indicated. 

 
A short time analysis of the dynamics involved in the mechanic of diffusion 
reveals a similar sequence of events seen for a set of low ‘Shooting’ parameters. 
This sequence of events is illustrated as a series of snapshots within Fig. 6.x.  
 
 

[001] 

[010] 
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Figure 6.x: Snapshots of a typical diffusion mechanism within the [010] 
channel. All Li+ ions are individually coloured. Identical colours represent the 

periodic image of the atom within the channel. The channel is first activated by 
the formation of a Frenkel defect (a), which occurs via the combination of 

multiple single Li+ ion jumps. The vacancy then migrates via a single event (b). 
Due to the metastable nature of the double-occupancy, this also migrates 
along the channel through a series of coupled jumps (c, d, e). Finally, the 

Frenkel pair recombine resulting in the columns of Li+ ions shifting one 
crystallographic site up.  

a) 0 ps  b) 0.05 ps  c) 4.85 ps  

d) 6.00 ps e) 23.90 ps f) 25.00 ps  
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Initially, four single Li+ ion jumps occur simultaneously (Fig. 6.x, snapshot a). The 
result of the combination of these jumps is, again, the formation of a Frenkel 
defect. The resulting Frenkel defect (Fig. 6.x, snapshot b) is represented by a 
double-occupied site (orange and yellow Li+ ions) and a vacancy (white square 
with a black outline). The Frenkel pair represents a momentary increase of 
disorder within the channel. Excess charge accumulating in the vicinity of the 
double-occupied site and a deficiency of charge in the vicinity of the vacancy. 
The metastable Frenkel pair are screened by three network cages, occupied by 
Li+. The initial formation of the Frenkel is immediately followed (0.05 ps) by the 
migration of the vacancy along the channel. This migration is realised as the 
single purple Li+ ion jumps into the vacant cage (Fig. 6.x, snapshot b), which is 
followed by the migration of the double occupancy by two Li+ cages. This event 
is realised as the result of a combination of two correlated Li+ ion jumps (Fig. 6.x, 
snapshot c). Interestingly, the subsequent event involves the simultaneous 
migration of the double-occupancy and the vacancy (Fig. 6.x, snapshot d). This 
joint migration is achieved by the combination of three correlated Li+ ion jumps. 
The double-occupancy migrates two Li+ cages within a channel via the 
combination of two single Li+ ion jumps, whilst the vacancy migrates by one Li+ 
cage thanks to one single Li+ ion jump. The Frenkel pair recombines as the result 
of two single Li+ ion jumps (Fig. 6.x, snapshot e). The consequence of this train 
of events as it is mapped out in Fig. 6.x, is that the whole column of Li+ ions has 
migrated up one Li+ cage within the [010] channel. Similar to the results seen for 
a set of low ‘Shooting’ parameters, the full mechanism of diffusion with the [010] 
channels of LiFePO4 cannot be sufficiently described by one single Li+ ion 
migration. There are various different diffusive events that depend on the 
instantaneous many-particle configuration. A dedicated approach is therefore 
required to follow the short-time dynamics of a many particle situation and to 
capture the collective dynamics of a many-Li+ ions. 
 
The extent of diffusion within the system is determined by monitoring the MSD of 
the Li+ ions over time. 
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Figure 6.xi: Mean-square displacement of Li+ ions throughout the 4 ns 
trajectory. The first frame is used as the reference frame (t0). 

 
The profile of the MSD against time for the Li+ ions, shown in Fig. 6.xi, indicates 
diffusive behaviour. There is a fairly monotone growth over time but still a step-
wise nature to the profile. 

 
 

Figure 6.xii: MSD vs time, all Li+ ions averaged over multiple time origins. 
 IJ = 0 ns, IL = 4.12 and I5 = 75 ps. 

 
A more linear profile is obtained (Figure 6.xii) by averaging over multiple time 
origins. Utilising Einstein’s equation (Eq. 5.7), the resulting self-diffusion 
coefficient is 3.927	 ×	10Xdef7gXU. A very similar value seen for the simulation 
using a lower set of ‘Shooting’ parameters (3.491	 ×	10Xd	ef7gXU).  
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Using more aggressive ‘Shooter’ parameters has resulted in a marginally larger 
self-diffusion coefficient. The ‘Shooting’ values simply dictate the magnitude of 
thermal fluctuations away from ensemble averages. As illustrated, this does not 
significant alter the mechanistic details of the system. However, controlling the 
magnitude of thermal fluctuations is extremely important as too large 
perturbations of the system could induce over-expression of trajectories which 
cannot be expected to be energetically relevant.  
 
In this simulation for instance, a cross-channel jump in the [001] direction is not 
realised (or less frequently so), but a jump across [010] channels along the [100] 
direction is observed. The activation energy for such a jump (3.36 eV)4 is known 
to be far too high for it to be energetically feasible. Although this diffusive event 
is unlikely to materialise, it is interesting that the ‘Shooter’ method can realise 
such rare events. Clearly, controlling the parameter range and the consequent 
momenta bias is key to accessing different mechanistic regimes, which are 
penalised by lower probability in unbiased simulations. Therefore, fully exploring 
the landscape of rare events could perhaps yield important information about 
the material, which would otherwise remain undisclosed.  
 
It is evident from the spline representation of the Li+ ion trajectories, in Fig. 6.xiii, 
that the majority of diffusive events still occur within the [010] channels, whilst 
the [100] jump only represents one event. However, it is important to analyse 
and understand the effects of this one event. 
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Figure 6.xiii: Spline representation of the overall Li+ displacements throughout 
the 4 ns simulation. View of the [010] channels parallel to the page (left), view 
of the [010] channels perpendicular to page (right). Relevant crystallographic 

directions are indicated. 
 

The effect of the cross-channel jump along [100] is similar to the effect of the 
analogous event along the [001] direction. Monitoring the MSD of the Li+ ions 
before and after the event, illustrated in Fig. 6.xiv, confirms an increase in the 
self-diffusion coefficient. Before the event the self-diffusion coefficient equals 
2.662	 ×	10Xdef7gXU and after 5.163	 ×	10Xdef7gXU.  
 
A jump from one [010] channel to another along the [100] direction involves the 
formation of a Frenkel defect across channels. Unlike the formation of a Frenkel 
defect within a [010] channel, the drift of charged particles is not compensated 
in the long time due to the rare nature of the intitating event. In principle, a cross-
channel jump activates the corresponding [010] channels, increasing the extent 
of diffusion within the channels and resulting in a higher self-diffsuion coefficient.  
 
As mentioned previously, although it is apparent the cross-channel jump has a 
positive effect on the diffusive ability of the material, the increase in the self-
diffusion coefficient cannot be entirely attributed to the event due to the 
broadening of the Gaussian half-width throughout the simulation.  

[001] [001] 

[010] [100] 
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Figure 6.xiv: MSD vs time for all Li+ ions before the cross-jump ([100]) event at 
3.05 ns (left) and after (right). 

 
The effect of a cross-channel jump is exemplified in Fig 6.xv. It can be seen from 
the spline trajectory density of the Li+ ions, before and after the cross-channel 
jump, that there is a significant increase in diffusive trajectories within the 
corresponding channel.  
 

 
Figure 6.xv: Spline representation of the overall Li+ displacements throughout 
the simulation. Li+ trajectories before the cross-jump event, time 0 to 3.05 ns 

(left), Li+ trajectories after cross-jump event, time 3.05 - 4.12 ns (right). 
Relevant crystallographic directions are indicated. 

Before cross-jump [100] After cross-jump [100] 

[010] 

Before cross-jump [100] After cross-jump [100] 

[001] 
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6.1.1.3. Summary 
 
Through the use ‘Shooter’ method, Li+ ion diffusion is observed within LiFePO4 
on a reasonable MD timescale. Transferring a variable amount of kinetic energy 
to the Li+ ions within the system, internally warms up the mobile Li+ ions and cools 
down the slow non-diffusive framework. This maintains the nominal system 
temperature close to experimental values. The rates of escaping local energy 
minima within the diffusive regime are enhanced. The principal mechanism of 
diffusion is realised as a curved trajectory up and down the [010] channels. This 
result has been observed in both experimental8-11 and computational studies.6,7 
Propagating the different many-Li+ ion configurations within finite temperature 
MD allows for the observation of the short-term time evolution of the dynamics of 
the diffusive events. It is observed that the mechanism of diffusion proceeds as 
a combination of different single particle events. The overall mechanism of 
diffusion cannot be described in full by one individual single particle event, 
suggesting that the collective dynamics of many-particle events must be taken 
into consideration. The ‘Shooter’ method addresses the collective diffusion 
dynamics under consideration in all degrees of freedom.  
 
The atomistic details of diffusion within the [010] channels have been found to 
occur via a distinct sequence of events: 
 

• The sequence of diffusive events is initiated by the formation of a Frenkel 
defect within a channel; 

• The Frenkel defect introduces local disorder within the channel. The 
disorder manifests as an accumulation of charge within a double-
occupied Li+ cage, and as a deficiency of charge within the 
corresponding vacancy; 

• The Frenkel pairs are metastable, mobile species that can migrate as the 
result of a single particle event or a combination of events; 

• Within the finite size of the simulation systems, the drift of these charged 
species is compensated by the recombination of the corresponding 
Frenkel pair, or the recombination of the matching periodic image. 

 
The ‘Shooter’ method also captures distinct translocation events along the [001] 
direction. Such events are rare in comparison to the diffusive events within the 
[010] channels, but nonetheless represents a component of the reaction 
coordinate of Li+ ion diffusion within LiFePO4, which should not be disregarded. 



Chapter 6 – ‘Shooter’ Method and MD Simulations on Lithiated Olivine Phosphates 
 

 143 

Single particle calculations4 find a large activation energy for [001] migration. 
This energetic profile remains valid in a many-particle configuration. However, 
different Li configurations may achieve what a single particle cannot. The 
‘Shooter’ method allows for the exploration of the complex energy landscape for 
alternative paths of lower energy, which are facilitated by many-particle 
dynamics. Due to the detailed analysis of the dynamics elucidated by the 
‘Shooter’ method, it is found that migrations across the [001] channel have a 
profound effect on the total diffusion, as they can induce disorder and 
consequently further activate mobility along the easy axis. The atomistic details 
of migration along the [001] direction is as follows: 
 

• The migration across channels results in the formation of a Frenkel defect 
across channels; 

• Local disorder has been introduced into both channels. In one channel 
there is an excess of charge which is represented as a double 
occupancy. In the other there is a deficiency of charge, represented by a 
vacancy; 

• Due to the rare nature of the initiating event, recombination is unlikely. The 
mobile, charged species activate the corresponding channels. The end 
result in an overall increase in the number of diffusive events within the 
channels.  

 
6.1.2. LiMnPO4 

 
6.1.2.1. Low ‘Shooter’ Parameters 

 
The same approach was applied to the isostructural LiMnPO4 compound, in 
order to understand to what extent the mechanistic details depend on the 
constituent elements, particularly with respect to the role of rare events in the 
overall mechanistic picture. The subsequent results were produced from a 
‘Shooter’ method simulation using the following parameters: 
 

1. Gaussian half-width = 0.00005 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 2 ps 

 
As it was done for LiFePO4, representing the instantaneous positions (Fig. 6.xvi, 
left) of the Li+ ions proves that the principal pathway of diffusion features a curved 
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trajectory along the [010] channels within the LiMnPO4 olivine scaffolding. Again, 
as it is illustrated by the averaged Li+ ion positions, one cross-channel jump is 
realised along the [001] direction (Fig. 6.xvi, right). 
 

 
 

Figure 6.xvi: Schematic representation of the Li+ ion trajectories throughout the 
3.25 ns MD and Shooter simulation. Li+ ions are represented as green spheres, 

Mn2+ ions as purple spheres and PO4 as gold and grey tetrahedra. 
Instantaneous position of all 160 lithium ions every 0.5 ps (left). Smoothed 

trajectory of instantaneous positions, positions averaged every 20 ps (right). 
Relevant crystallographic directions are indicated. 

 
The cross-channel jump represents one diffusive event amongst a larger 
number of displacements along the ‘easy’ axis. This correlates with a 
significantly higher activation energy for such a jump, compared to the 
corresponding jump within the channel (2.83 vs 0.62 eV).4 This rare event, 
elusive to other approaches, is captured by the ‘Shooter’ method as a 
component of the reaction coordinate of diffusion. A calculation of the splines of 
the trajectories of Li+ throughout the simulation displays the predisposition 
towards diffusion within channels but also highlights the realisation of the single 
cross-channel jump (Fig. 6.xvii). 
 

[010] 

[001] 
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Figure 6.xvii: Spline representation of the overall Li+ displacements throughout 

the 3.25 ns simulation. View of the [010] channels parallel to the page (left), 
view of the [010] channels perpendicular to page (right). Relevant 

crystallographic directions are indicated. 
 
An in-depth analysis of the mechanism of diffusion within the [010] channels, 
illustrated as a series of snapshots within Fig. 6.xviii, yields comparable results 
to the scenario seen for LiFePO4.  
 
The sequence of diffusive events is initiated by the formation of a Frenkel defect. 
A double-occupied site and a vacancy are formed (Fig. 6.xviii, snapshot a). 
Differently from the formation of Frenkel defects seen within LiFePO4 (Fig. 6.iii 
and 6.x), the Frenkel defect formed within LiMnPO4 is the result of a single Li+ 
ion jump, rather than originating from the combination of multiple jumps. This 
results in the formation of a vacancy and double-occupancy in neighbouring Li+ 

cages. In for LiFePO4, Frenkel pairs were screened by multiple Li+ cages. 
Throughout this simulation, Frenkel defects form in neighbouring Li+ cages but 
subsequently rapidly recombine. In order to realise a protracted sequence of 
diffusive events, one of the metastable Frenkel pair species must migrate away 
from the other (Fig. xviii, snapshot b). The double occupancy, represented by 
orange and yellow Li+ ions, migrates away from the vacancy as the result of a 
single Li+ ion jump. The double-occupancy proceeds to migrate further away 
from the vacancy, again as the result of a single Li+ jump (Fig. 6.xviii, snapshot 
c). The metastable double-occupancy continues to migrate within the channel 
as a result of single Li+ ion jumps (Fig. 6.xviii, snapshots d, e). The Frenkel pair 
still remains separated after 41.6 ps (Fig. 6.xviii, snapshot f).  
 

[010] 

[001] 

[100] 
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Figure 6.xviii: Snapshots of a typical diffusion mechanism within the [010] 

channel. All Li+ are individually coloured with the same colour representing the 
periodic image of the atom. After the activation of the Frenkel defect, the 

double occupancy begins to migrate down the channel and away from the 
vacancy, minimising the chance of recombining (a). The column of Li+ atom 
remain activated by this separated Frenkel pair, with single hopping events 

occurring sporadically (b, c, d, e). After 41.6 ps, the Frenkel pair still remains 
separated (f). 

a) 0 ps b) 5.65 ps c) 16.40 ps 

d) 28.55 ps  e) 33.90 ps  f) 41.55 ps 
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In comparison to the trajectories shown for LiFePO4, entire columns of Li+ ions 
migrate one crystallographic site in 4.8 (Fig. 6.iii) and 25 ps (Fig. 6.iii). The rate 
at which the double-occupancy and vacancy migrate within the channel 
appears less frequent within LiMnPO4 than within LiFePO4. The recombination of 
the Frenkel pair is observed after 266.6 ps from the initial formation. Double-
occupancies within LiMnPO4 appear to be more metastable and exist for more 
prolonged periods of time in comparison to the iron analogue.  
 
Once again, the full mechanism of diffusion cannot be described, in full, based 
on single particle events only. The entire mechanism proceeds as the interplay 
of many different single-particle events. The ‘Shooter’ method captures the 
contribution of the dynamics of many particles and addresses the collective Li+ 
diffusion dynamics.  
 
The corresponding mechanistic analysis of the cross-channel jump, and the 
resulting effects are shown as a series of snapshots in Fig. 6.xix. A cross-channel 
jump is realised as a single Li+ ion jump. This results in the formation of a Frenkel 
defect across channels which has a limited chance of recombining. This causes 
local disorder within the corresponding channels which is expressed as excess 
of charge in the vicinity of the double-occupancy and a deficiency in charge due 
to the formed vacancy. The double occupancy is represented by yellow and 
pink Li+ ions, and the vacancy by a white square with a black outline (Fig. 6.xix, 
snapshot a). Unlike diffusion purely within the [010] channels, the drift of these 
charged particles is not compensated in the long run as they have such a 
restricted chance of recombination. Once activated, the double-occupancy 
migrates within the channel as a result of single particle jumps where the Li+ ions 
within the double-occupancy are getting replaced along the process (Fig. 6.xix, 
snapshot b), changing from the pink and yellow Li+ ions to the yellow and light 
blue Li+ ions. The double-occupied site can migrate as the result of a single-
particle event (Fig. 6.xix, snapshot c), or as a combination of events (Fig. 6.xix, 
snapshot d). 
 
Likewise, the vacancy can migrate within its channel. Within this simulation, the 
migration of the vacancy is realised due to single particle jumps. After a cross-
channel jump within LiMnPO4, the [010] channel is further activated. However, 
corresponding diffusive events seem to occur at a slower rate in comparison to 
LiFePO4. A similar sequence of diffusive events in LiFePO4 occurs over 20.4 ps, 
whereas they occur over 62.8 ps within LiMnPO4. 
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Figure 6.xix: Snapshots of the cross-jump and subsequent events. In each 

individual channel, all Li+ are individually coloured with the same colour 
representing the periodic image of the atom. Channels are not colour 

coordinated. An identical situation to LiFePO4. After an initial cross-jump (a), 
the channels are consequently activated, enabling diffusion due to the 

presence of a vacancy in one channel and a double-occupancy in another (b-
h) (Frenkel defect).  

a) 0 ps  b) 0.15 ps  c) 4.05 ps 

d) 21.45 ps  e) 52.25 ps  f) 58.70 ps  

g) 62.80 ps  h) 66.15 ps  
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As it was found for LiFePO4, the ‘Shooter’ method realises the rare event of a 
cross-channel jump as part of the total reaction coordinate. Indicating, again, 
that whilst activation barriers are material intrinsic properties, alternative paths 
of lower energy can be explored in many-particle dynamics.  
 
As seen in the review of the surrounding literature (see Chapter 4), LiMnPO4 
displays inferior ionic conductivity in comparison to LiFePO4. Energy barriers 
calculated for Li+ ion migration along the [010] direction are higher in LiMnPO4 
in comparison to LiFePO4 (0.63 vs. 0.55 eV),4 which may imply an overall lower 
self-diffusion coefficient. To extract a diffusion coefficient from MD simulations, 
the displacement of Li+ ions within LiMnPO4 is cumulatively examined by 
monitoring the MSD over time. The slower rate of diffusive events witnessed in 
the mechanistic analysis is reflected in the MSD profiles for the Li+ ions within 
LiMnPO4 (Figure 6.xx). In a similar timeframe, using the same ‘Shooter’ 
parameters, the Li+ ions have averagely travelled further within LiFePO4 (~4 Å vs. 
~9Å).  

 

 
 

Figure 6.xx: Mean squared displacement of Li+ ions throughout the whole 
trajectory. Using the first frame as the reference frame. 

 
Comparable to the MSD profile for LiFePO4 using low ‘Shooting’ parameters, the 
MSD profile in Fig. 6.xx displays a pronounced step wise shape. A profile of this 
nature is indicative of isolated discrete events. As time progresses multiple 
different diffusive regimes occur making it difficult to obtain an accurate diffusion 
coefficient. 
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Figure 6.xxi: MSD vs time all Li+ ions averaged over multiple time origins. IJ = 

0 ns, IL =	3.25 ns and I5 = 75 ps. 
 

In order to obtain a better estimate of the self-diffusion coefficient, the MSD was 
averaged over multiple time origins. The resulting profile in Fig. 6.xxi displays a 
linear profile from which the self-diffusion coefficient can be evaluated. The 
resulting overall self-diffusion coefficient is 1.373	 ×	10Xdef7gXU. A lower value 
in comparison to LiFePO4, which consistently reflects reduced rate of diffusive 
events and lower MSD values. However, this value is still overestimated by at 
least two orders of magnitude. According to another theoretical study,12 the 
diffusion coefficient is in the order of 10XUnef7gXU, whilst experimental studies13 
on LiMnPO4 nanoparticles predict diffusion coefficients in order of 10XU7 −
10XUDef7gXU. 
 
The overestimation is likely the product of the bias introduced into the system by 
the ‘Shooter’ method. Velocity distributions not typical of the ensemble average 
are needed to accelerate the occurrence of diffusive events in order to realise 
them in a workable MD simulation timeframe.  
 
The effect of the cross-channel jump can be analysed by monitoring the MSD of 
the Li+ ions before and after the jump. Fig. 6.xxii illustrates a twofold increase the 
self-diffusion coefficient in the immediate aftermath of the cross-channel jumps. 
The self-diffusion coefficient rises from 6.108	 ×	10Xjef7gXU to 1.219	 ×
	10Xdef7gXU. Although the absolute values of the self-diffusion coefficient are 
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overestimated with respect to the literature values, it is the relative increase 
witnessed as a result of the cross-channel migration which is important. 
 
 

 
 
Figure 6.xxii: MSD vs time for all Li+ ions before the cross-jump event at 1.72 ns 

(left) and after (right). 
 
The spline representations in Fig. 6.xxiii illustrate how the [010] channel is 
activated following a cross-jump along [001].  
 

 
Figure 6.xxiii: Spline representation of the overall Li+ displacements throughout 
the simulation. View of the [010] channels parallel to the page (left), view along 

the [010] channels (right). 
 

Before cross-jump After cross-jump 

[010] 

[001] 

Before cross-jump After cross-jump 
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A significant increase in diffusive trajectories, within the [010] channels of 
interest, are realised post cross-channel migration.  
 

6.1.2.2. High Shooter Parameters 
 
As for LiFePO4, the impact of a different range of ‘Shooter’ parameters is 
investigated. As for the iron compound, elucidating the impact on the 
mechanism by a more pronounced perturbation of particle momenta is of 
interest. In the following, results produced from a Shooter method simulation are 
presented, for which the parameter choice was: 
 

1. Gaussian half-width = 0.01 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 2 ps 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.xxiv: Averaged representation of the Li+ ion trajectories throughout the 
3.5 ns MD and Shooter simulation. Li+ ions are represented as green spheres, 

Mn2+ ions as purple spheres and PO4 as gold and grey tetrahedra. 
Instantaneous position of all 160 lithium ions every 0.5 ps (left). Smoothed 

trajectory of instantaneous positions, positions averaged every 20 ps (right). 
Relevant crystallographic directions are indicated. 

[001] 

[010] 
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Irrespective of the magnitude of the Shooter parameters, the Shooter method 
indicates that the principal mode of diffusion is a curved trajectory along the 
[010] channels, which is consistent with other computational studies.4 Again, 
amongst a significant number of diffusive events within the [010] channels, 
sporadic (here, only one) migrations between channels along the [001] direction 
is observed. The trajectories of Li+ ions throughout the 3.5 ns simulation are 
illustrated as splines within Fig. 6.xxv.  
 

 
 

Figure 6.xxv: Spline representation of the overall Li+ displacements throughout 
the simulation. View of the [010] channels parallel to the page (left), view of the 

[010] channels perpendicular to page (right). Relevant crystallographic 
directions are shown. 

 
Within the [010] channels, a sequence of diffusive events is initiated by the 
formation of a Frenkel defect, as previously discussed. The formation of this 
defect is the result of either single Li+ jumps or a small collection of correlated 
events. The defect introduces local disorder into the channel and if double-
occupied Li+-Li+ sites and corresponding the vacancy are sufficiently separated, 
then the metastable charged species migrate within the channel. Eventually, the 
drift of the charged species is compensated in the long-term via recombination 
of the double-occupancy with the corresponding vacancy or the vacancy on the 
matching periodic image.  
 
The cross-channel migration is also initiated the formation of a Frenkel defect, 
but in this case, it takes place across channels. The chance of recombination is 

[010] [100] 

[001] [001] 
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therefore very limited due to the low probability of channel crossing events. The 
Frenkel pair introduces disorder into the channels, accumulating charge in the 
channel in which the Li+ ion jumped, and a deficiency in the vacancy left behind. 
Metastable, mobile Frenkel pairs are able to migrate within the channels and the 
charge imbalance is unlikely to be compensated. The mechanistic details of the 
cross-channel jump and the subsequent events are illustrated as a series of 
snapshots in Fig. 6.xxvi. 
 
Cross-channel events result from the translocation of a single Li+ ion across 
channel boundaries. The resulting double-occupancy is represented by green 
and yellow Li+ ions and the associated vacancy as a white square with a black 
outline (Fig. 6.xxvi, snapshot a). Once the channels are activated, the mobile 
charged species migrate within the channels via singular Li+ ion jumps. Initially, 
the double-occupancy migrates within the channel as the result of a single-
particle event (Figure 6.xxvi, snapshot b). The Li+-Li+ pair continue to migrate, 
returning to the previous double-occupancy configuration represented by the 
green and yellow Li+ ions (Fig. 6.xxvi, snapshot c). Then the vacancy begins to 
migrate by one Li+ cage as the result of a single-particle translocation (Fig. 
6.xxvi, snapshot d). At this stage it is clear that diffusion has been facilitated in 
both channels as the result of a cross-channel migration.  
 
The simultaneous migration of both the double-occupancy and vacancy is also 
observed (Fig. 6.xxvi, snapshot f). After 30.3 ps, the Frenkel pair remain 
separated (Figure 6.xxvi, snapshot g). Within the time limits of the simulation, the 
Frenkel pair remain separated, and thus the channels activated for the 
remainder of the simulation. 
 
Once again, the ‘Shooter’ method is able to accelerate rare event rates and 
capture the atomistic details governing Li+ ion diffusion within LiMnPO4. The 
mechanism of diffusion can only be fully described by the collective 
contributions of many-particles and cannot be reduced to a single particle event. 
A dedicated approach such as the ‘Shooter’ method is necessary to capture the 
many-particle dynamics, in which particle displacements are highly correlated.  
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Figure 6.xxvi: Snapshots of the cross-jump and subsequent events. In each 

individual channel, all Li+ are individually coloured with the same colour 
representing the periodic image of the atom. Channels are not colour 

coordinated. Adjacent channels are activated by formation of Frenkel defect 
via a cross-jump event (a). Diffusion occurs via the migration of both the 

vacancy and double occupancy in each channel (b, c, d, e, f). The Frenkel 
defect remains separated after 30.3 ps (g). 

a) 0 ps b) 0.35 ps c) 4.20 ps 

d) 12.25 ps e) 18.15 ps f) 20.15 ps  

g) 20.30 ps 
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The diffusive behaviour of Li+ ions within LiMnPO4 is examined by monitoring the 
MSD over time. The resulting profile (Fig. 6.xxvii), is qualitatively is similar to the 
MSD profiles already discussed. An initial disjointed and step-wise profile is 
observed, followed by a more pronounced diffusive regime (after 1.8 ns), 
indicated by the gradual increase of the MSD over time.  
 

 

 
 

Figure 6.xxvii: Mean-square displacement of Li+ ions throughout the whole 
trajectory. The first frame is used as the reference frame (t0). Time of cross-

channel migration (1.8 ns) indicated by dashed blue line. 
 

Interestingly, the switch between diffusive regimes within the MSD profile 
corresponds closely to the realisation of the cross-channel jump at 1.8 ns. For 
the first 1.8 – 1.9 ns of the simulation, the pre-cross-channel jump phase, the 
system is not particularly diffusive. This is illustrated by the extremely disjointed 
and step-wise nature of the MSD over time. Post-cross-channel jump, the MSD 
starts to grow more consistently with time, indicative of diffusive behaviour. To 
obtain an average self-diffusion coefficient for the entire simulation, the MSD of 
the Li+ ions were calculated using multiple time-origins in order to obtain a more 
linear profile and fitted to Eq. 5.7. 
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Figure 6.xxviii: MSD vs time for all Li+ ions. Averaged over multiple time origins. 

 IJ = 0 ns, IL = 3 ns and I5 = 75 ps. 
 
Using multiple time-origins and averaging, the resulting overall self-diffusion 
coefficient can be evaluated to 3.178	 ×	10Xdef7gXU. Not unexpectedly, the use 
of broader Gaussian width has resulted in a larger self-diffusion coefficient for 
the simulation with a narrower Gaussian half-width 1.373	 ×	10Xdef7gXU, albeit 
marginally. The cross-channel jump has, once again, been shown to activate the 
[010] channels and increased the ionic conduction within the material. In this 
case, the self-diffusion coefficient increases by almost an order of magnitude in 
the aftermath of the event, rising from 9.081	 ×	10Xjef7gXU to 8.973	 ×
	10Xdef7gXU. The corresponding MSD profiles are shown in Figure 6.xxix. 
 

 
Figure 6.xxix: MSD vs time for all Li+ ions before the cross-jump event at 1.87 

ns (left) and after (right). 

Before cross-jump After cross-jump 
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The effect of the cross-channel jump is epitomised in the spline representation 
of the Li+ ion trajectories pre and post event. The spline represenations, 
illustrated in Fig. 6.xxx, display a substantial increase in diffusive trajectories 
within the [010] channels affected by the cross-jump. However, there is also a 
marked increase in the diffusion within [010] channels not involved in the cross-
jump, which also contribute to the overall diffusion and self-diffusion coefficient. 
This is likely attributed to the progressive broadening of the Gaussian half-width 
as the simulation proceeds. 
 
The mechanism of diffusion within the [010] channels of LiMnPO4 follows the 
same sequence of events seen for LiFePO4. 
 

 
 

Figure 6.xxx: Spline representation of the overall Li+ ion displacements 
throughout the simulation. View of the [010] channels parallel to the page (left), 

view of the [010] channels perpendicular to page (right).  
 

 
 6.1.2.3 Summary 
 
Using a combination of the ‘Shooter’ method and finite temperature molecular 
dynamics, the full picture of Li+ ion diffusion can be achieved. Using the ‘Shooter’ 
method to generate velocity distributions that are not typical for the ensemble, 
the number of diffusive events is enhanced. This results in shorter simulation 
times, lower simulation temperatures, and improved sampling efficiency. Within 

[001] 

[010] 

Before cross jump After cross jump 
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LiMnPO4, the ‘Shooter’ method shows the principal pathway of diffusion to be a 
curved trajectory along the [010] channels. This is the same result seen in other 
computational studies.4 The level of atomistic detail that results from the 
combination of the ‘Shooter’ method and MD reveals a diffusion mechanism 
which is substantially the same as in LiFePO4. The mechanism of diffusion results 
from the combination of a many different single particle events and displays a 
high degree of correlation in the particle movement. Thereby, the whole 
mechanism of diffusion cannot be entirely described by one individual single 
particle event and the collective dynamics of many particles must be taken into 
consideration. This underpins the need for an enhanced sampling method such 
as the ‘Shooter’ method, which was able to account for the complexity of the 
diffusive process. In general, the underlying mechanism of diffusion in these 
olivine phosphates consists of the following elements: 
 

• The sequence of diffusive events is initiated by the formation of a Frenkel 
defect within the [010] channel; 

• The Frenkel defect introduces local disorder within the channel. The 
disorder manifests as an accumulation of charge within a double-
occupied Li+ cage, and the deficiency of charge within the corresponding 
vacancy; 

• The Frenkel pairs are metastable charged species that can migrate as 
the result of a single particle displacements (i.e. they do not travel as a 
pair), which can be more or less concerted; 

 
In comparison with LiFePO4, the frequency of diffusive events within LiMnPO4 
appears to be lower which is reflected in the calculated self-diffusion 
coefficients. This agrees with the single particle calculations that reveal the 
energy barrier for diffusion within the [010] channels to be greater in LiMnPO4 
than LiFePO4 (0.63 vs. 0.55 eV).4  
 
 
6.2. Optimised Shooter Simulations 
 
In order to obtain as accurate self-diffusion coefficients as possible the 
‘Shooting’ parameters were optimised so that the perturbation utilised is the 
minimum required to promote diffusion. Initially ‘Shooting’ events were 
introduced to the system every 2 ps. Regardless of ‘Shooting’ parameters the 
resulting MSD vs. time plots for the Li+ ions exhibited rather step-wise and 
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fragmented profiles, often displaying multiple diffusive regimes. In order to 
achieve a more linear growth of MSD over time, a more constant separation 
between the velocities of Li+ ions and the framework was chosen. A ‘Shooting’ 
rate of every 0.5 ps was implemented to achieve this separation (Fig. 5.xxiii).  
 
The optimised parameters are as follows: 
 

1. Gaussian half-width = 0.0001 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 0.5 ps 

 
6.2.1 LiFePO4 

 

 
Figure 6.xxxi: Schematic representation of the Li+ ion trajectories throughout 

the 1 ns MD and Shooter simulation. Li+ ions are represented as green 
spheres, Fe2+ ions as red spheres and PO4 as gold and grey tetrahedra. 
Instantaneous position of all 160 Li+ ions are shown every 0.5 ps (left). 

Smoothed trajectory of instantaneous positions, positions averaged every 7.5 
ps (right). Total simulation time is 1 ns. 

 
From Fig. 6.xxxi it can be seen that diffusion of Li+ ions is indeed reliably 
captured. The only pathway for diffusion seen within this simulation is the curved 
trajectory along the [010] channels. No migrations along the [001] direction are 
realised. The trajectories of Li+ ions throughout the simulation are further 
illustrated in Fig. 6.xxxii. 

[010] 

[001] 
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Figure 6.xxxii: Spline representation of the overall Li+ displacements throughout 
the 1 ns simulation. View of the [010] channels parallel to the page (left), view 
of the [010] channels perpendicular to page (right). Relevant crystallographic 

directions are indicated. 
 

The calculated MSD values for the Li+ ions over time are depicted in Figure 
6.xxxiii. 
 

 
Figure 6.xxxiii: Mean square displacement of Li+ ions throughout the whole 

trajectory. Using the first frame as the reference frame (t0). 
 

The resulting MSD profile shows a rather linear growth of MSD over time, 
although a residual step-wise nature feature is still affecting the profile (Fig. 
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6.xxxiv). Averaging over multiple time origins yields a smoother MSD profile from 
which to extract the self-diffusion coefficient. 
 

 
Figure 6.xxxiv: MSD vs time for all Li+ ions. MSD averaged over multiple time 

origins. IJ = 0 ns, IL = 1 ns and I5 = 50 ps. 
 
The self-diffusion coefficient calculated from Fig. 6.xxxiv is 8.036	 × 10Xdef7gXU. 
The order of magnitude of the calculated self-diffusion coefficient is closer to the 
experimental values (10XUU − 10XUief7gXU)8–11 than the work of Boulfelfel et al. 
(10Xdef7gXU	hg	10Xief7gXU)5 and in the range of other theoretical calculated 
diffusion coefficients (10Xj − 10Xdef7gXU).6, 7 Primarily, the ‘Shooter’ method 
represents a framework used to explore the mechanistic details of the diffusion 
within a material. In combination with MD it is able to reproduce the short-term 
time evolution of the many-particle contributions seen in diffusion of a many-
particle system. In order to do so at a reasonable temperature and timescale, 
velocity distributions are generated that are not typical for the ensemble 
average. The ‘Shooter’ method introduces a bias in order to accelerate the rate 
of otherwise rare events. The overestimation of the diffusion coefficient is likely 
to be attributed to the bias introduced. However, being able to reproduce the 
correct trends, corresponding to observed self-diffusion coefficients when 
comparing different materials is a valuable aspect of the method. In the optimal 
choice of parameters, the shooter mechanism can be controlled in such a way 
that just the right amount of bias is introduced. Given this, standard equilibrium 
measurements can be performed, despite a non-equilibrium momenta 
distribution is enforced. Given that is allows to probe diffuse behaviour on a 
computationally short timescale, the ‘Shooter’ method can be used to screen 
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potential materials and benchmark them against known values, as part of a 
sophisticated high-throughput protocol for battery materials discovery. 
 

6.2.2. LiMnPO4 
 
In order to make a direct comparison between materials, the same optimised 
‘Shooter’ parameters for LiFePO4 were used.  
 
The optimised parameters are as follows: 
 

1. Gaussian half-width = 0.0001 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 0.5 ps 
 

Fig. 6.xxxv displays the instantaneous positions of the Li+ ion throughout the 
simulation. Visually, it is clear that much less diffusion has been realised in 
comparison to LiFePO4, on the same timescale and using the same ‘Shooter’ 
parameters (Fig. 6.xxxi). The averaged positions of the Li+ ions, also depicted in 
Figure 6.xxxv, show that diffusion realised is only realised along the [010] 
channels. No migrations along the [001] direction are observed.  

 
Figure 6.xxxv: Schematic representation of the Li+ ion trajectories throughout 
the MD and Shooter simulation. Li+ ions are represented as green spheres, 

Mn2+ ions as purple spheres and PO4 as gold and grey tetrahedra. 
Instantaneous position of all 160 Li+ ions every 0.5 ps (left). Smoothed 

trajectory of instantaneous positions, positions averaged every 7.5 ps (right). 
Total simulation time is 1 ns. Relevant crystallographic directions are shown. 
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The trajectories of the Li+ ions throughout the simulation are further illustrated by 
the spline representations within Fig. 6.xxxvi. Although clear jumps are 
witnessed along the [010] channel throughout the simulation, not many are 
observed. LiMnPO4 is widely reported to exhibit poorer Li+ ion diffusion kinetics 
and as a result lower electronic and ionic conductivities14, 15 than LiFePO4. This 
is consistent with the ‘Shooter’ results.  
 

 
Figure 6.xxxvi: Spline representation of the overall Li+ ion displacements 

throughout the simulation. View of the [010] channels parallel to the page (left), 
view of the [010] channels perpendicular to page (right). Relevant 

crystallographic directions are indicated. 
 

Single-particle (potential energy) calculations have also revealed larger energy 
barriers for diffusion within the [010] channel in LiMnPO4 compared to LiFePO4.4 
The resulting MSD values for the Li+ ions over time, shown in Fig. 6.xxxvii, further 
illustrate the reduced Li+ ion diffusion within LiMnPO4.  
 
As a result, the MSD profile exhibits a very step-wise outline with little cumulative 
progress over time. Regardless of ‘Shooter’ parameters, a constant growth of 
the MSD with time in not achievable unless significant perturbations are 
introduced to the system. To obtain an approximate self-diffusion coefficient the 
MSD is calculated using multiple time origins from 0.5 ns to 1 ns. This results in 
a more linear profile, shown in Fig. 6.xxxviii, which can be fitted to Eq. 5.7. 
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Figure 6.xxxvii: Mean square displacement of Li+ ions throughout the whole 
trajectory. Using the first frame as the reference frame. 

 
The self-diffusion coefficient calculated from Figure 6.xxxviii is 9.138 ×
10Xjef7gXU. The calculated self-diffusion coefficient is lower than calculated for 
LiFePO4 (8.036	 × 10Xdef7gXU). However, an overestimation still persists. An 
experimental study13 on nanoparticle LiMnPO4 estimate the diffusion coefficient 
to be in the range 10XUD − 10XU7ef7gXU and some theoretical studies on bulk 
LiMnPO4 calculate it to be in the range of 10XUnef7gXU.12 

 

 
Figure 6.xxxviii: MSD vs time for all Li+ ions. MSD averaged over multiple time 

origins. IJ = 0.5 ns, IL = 1 ns and I5 = 25 ps. 
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The overestimation of the ‘Shooter’ value is likely attributed to the bias 
introduced. However, this bias will be present in all materials studied using the 
‘Shooter’ method and therefore makes the comparison of values relevant. The 
‘Shooter’ method has shown LiMnPO4 to display poor Li+ ion diffusion in 
comparison to LiFePO4. Self-diffusion coefficients calculated from the ‘Shooter’ 
method can be benchmarked against materials already studied.  
 
The ‘Shooter’ method has revealed the intricate atomistic details of the 
mechanism of diffusion within a many-Li+ ion, stoichiometric LiMnPO4 system. 
Although no major mechanistic differences are observed between LiFePO4 and 
LiMnPO4, it was shown that migration along the [001] can be realised by a many 
particle system and in turn drive diffusion up within the channels.  
 
 
6.3 MD and Shooter and MD Simulations on LiMPO4 with Li/M Antisite Defects 
(M = Fe/Mn) 
 
The application of the ‘Shooter’ method to investigate diffusion within LiFePO4 
and LiMnPO4 frequently realised migrations along the [001]. Following the 
analysis of the mechanism, coupled with a comparison of diffusive activity 
before and after a cross-channel jump, it has been shown that [001] migrations 
can activate the corresponding [010] channels and have an overall positive 
effect on the overall diffusion. As a battery material design principle, it would 
therefore be beneficial to facilitate migrations along the [001] direction.  
 
The role of disorder plays a significant factor in the mechanism of diffusion within 
LiFePO4 and LiMnPO4. In the case of these materials, the disorder driving the 
diffusion is created by the formation of Frenkel defects. Introducing even more 
disorder into the material could be a pathway to increasing diffusion. One way 
to introduce disorder is through the aliovalent doping of a new metal, such as 
Mg, Ti, Zr and Nb.16 Alternatively, computational studies4,17 have shown that the 
most energetical favourable defect within LiFePO4 and LiMnPO4 is an Li+/M2+ (M 
= Fe2+/Mn2+) antisite defect. For LiFePO4, computational studies2,5,18 have shown 
that Li+/Fe2+ antisite defects can open up new diffusion pathways between [010] 
channels. DFT studies2 showed that the energy barrier for cross-channel 
migration is lower in the presence of the antisite defect. 
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In order to investigate the effect of Li+/M2+ (M = Fe/Mn) antisites on the migration 
along the [001] direction and the underlying mechanisms, a set of ‘Shooter’ 
method and MD simulations were carried out on both LiFePO4 and LiMnPO4. In 
accordance with experimental values,19,20 four Li+/M2+ antisite defects were 
introduced to the system, corresponding to a 2.5% degree of antisite disorder 
(160 Li atoms). The defects were introduced by randomly selecting an Li+ ion, 
locating the nearest M2+ neighbour and swapping their positions. MD simulations 
were run for a total of 1 ns and the ‘Shooter’ algorithm was implemented every 
0.5 ps. The Gaussian half width used was 0.0001 Å2 fs-1, and a smearing factor 
of 1.0001.  
 

6.3.1. LiFePO4 
 
Figure 6.xxxix is a schematic representation of the model used, which included 
four antisite defects randomly distributed within the system (green and red 
pairs).  
 

 
 

Figure 6.xxxix: Schematic representation of the Li+/Fe2+ antisite defects 
randomly introduced into the olivine scaffolding. Li+ ions occupying the M2 site 
within the FePO4 lattice are represented as green spheres. Fe2+ ions occupying 
the M1 site within the [010] channels are represented as red spheres. The PO4 

tetrahedra are represented by black and gold tetrahedra. View of the [010] 
channels parallel to the page (left), view of the [010] channels perpendicular to 

page (right). Relevant crystallographic directions are indicated. 
 

 

[010] 

[001] 

[100] 
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Throughout the MD and ‘Shooter’ method simulation, diffusion is observed. The 
instantaneous and averaged positions of the Li+ ions throughout the 1 ns 
simulation are illustrated in Fig. 6.xl to highlight the trajectories paths of the Li+ 
ions.  
 

 
Figure 6.xl: Schematic representation of the Li+ ion trajectories throughout the 
MD and Shooter simulation. Li+ ions are represented as green spheres, Fe2+ 

ions as red spheres and PO4 as gold and grey tetrahedra. Instantaneous 
position of all 160 lithium ions every 0.5 ps (left). Smoothed trajectory of 
instantaneous positions, positions averaged every 7.5 ps (right). Total 

simulation time is 1 ns. 
 

From Figure 6.xl, it can be seen that the principle diffusion pathway is down the 
[010] channels. However, there is an increase in migrations along the [001] 
direction in direct correspondence with the antisite Li+ ions. Antisite Fe2+ ions are 
shown the block diffusion within channels, an example of this is illustrated in Fig. 
6.xli. 
 

[010] 

[001] 
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Figure 6.xli: A schematic representation of an antisite Fe2+ ions blocking 
diffusion within the [010] channel. Antisite Fe2+ is represented by a red sphere. 
Li+ ions a represented by green spheres. PO4 tetrahedra are represented by 

gold and black tetrahedra. 
 

The spline representations of the Li+ ion trajectories within Figure 6.xlii highlights 
the now two-dimensional diffusion pattern that emerges as a result of the 
introduction of the Li+/Fe2+ antisite defects. The migration along the [001] 
direction is solely located in the region of the antisite defects.  

 
Figure 6.xlii: Spline representation of the overall Li+ ion displacements 

throughout the 1 ns simulation. Relevant crystallographic directions are 
indicated.  

 

[010] 

[001] 
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The mechanism of diffusion along the [001] direction occurs in two possible 
ways. The first, depicted as a series of snapshots in Fig. 6.xliii, involves the 
swapping of a channel Li+ ion with an antisite Li+ ion.  
 
The resultant [001] migration is the result of a combination of multiple correlated 
single Li+ ion jumps (Fig. 6.xliii, snapshot a). The blue Li+ ion displaces the 
original green antisite Li+ ion. Simultaneously the red Li+ ion moves down into the 
next Li+ cage forcing the orange Li+ ion into a double-occupied site with the 
yellow Li+ ion. The combination of multiple Li+ ion migrations results in the 
swapping of the antisite Li+ ion defect and the formation of a Frenkel defect. 
Identical to the diffusion mechanism within the [010] channels, the activation 
step of the diffusive sequence of events involves the formation of Frenkel 
defects. Frenkel pair are characterised by double-occupied site, illustrated as 
orange and yellow Li+ ions, in combination with a vacancy, illustrated by a white 
square with a black outline (Fig. 6.xliii, snapshot b). As previously mentioned, a 
Frenkel pair introduces disorder into the local environment and represents a 
metastable, (highly) mobile species. The Frenkel pair migrate within their 
associated channels as the result of correlated single particle events (Fig. 6.xliii, 
snapshots b, c, d). The Frenkel pair remain separated, which leaves channels 
activated (Fig. 6.xliii, snapshot e). In order to capture the short-time dynamics of 
the full diffusion mechanism, the collective Li+ ion dynamics must be explored. 
This mechanism cannot be expressed solely as the result of a single particle 
event.  
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Figure 6.xliii: Snapshots of the cross-jump and subsequent events. Li+ are 
individually coloured with the original antisite Li+ appearing larger. [001] 

migration is realised through the swapping of a channel Li+ ion (blue) and the 
antisite Li+ (green) (a). The resulting Frenkel pair activate each individual 

channel. The double-occupied site within the left channel migrates as the result 
of single particle jumps (b, d). The vacancy within the right channel also 

migrates as the result of single particle jumps (c). The Frenkel pair remain 
separated after 4 ps (e). 

 
 

a) 0 ps b) 0.30 ps c) 3.05 ps 

d) 3.50 ps e) 4.00 ps 
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The other mechanism of migration seen along the [001] direction involves a 
channel Li+ ion by-passing an antisite Li+ ion and migrating directly into the next 
channel. This migration is analogous to the [001] migration seen in LiFePO4 
without antisite defects, where a Li+ ion directly passes an Fe2+ ion directly into 
another channel.  
 
A combination of both [001] migration mechanisms is illustrated as a series of 
snapshots within Fig. 6.xliv. A Li+ ion jump from channel to channel occurs via 
combination of translocation events, whereby the red antisite Li+ ion is replaced 
by the blue channel Li+ ion (Fig. 6.xliv, snapshot a). The overall result of this 
combination of diffusive events is the formation of a Frenkel defect, which is 
represented by red and yellow Li+ ions in a double-occupied site, and a related 
vacancy depicted as a white square with a black outline. Disorder is 
consequently introduced into the two affected, adjacent channels. The double-
occupied site migrates within the right channel as the result of a single particle 
jumps or a combination of correlated jumps (Figure 6.xliv, snapshots b-f). The 
channel remains active for as long as 34.5 ps and then the red Li+ ion, as part of 
the double-occupancy, migrates past the blue antisite Li+ ion and into the next 
channel (Figure 6.xliv, snapshot g). In this sequence of diffusive events, the red 
antisite Li+ ion is replaced, it then migrates within the right [010] channel and 
then proceeds to further migrate over to the next channel bypassing the new 
blue antisite Li+ ion.  
 
This sequence of events highlights the extra degrees of freedom available as a 
direct consequence of the antisite defects. The presence of antisite defects 
seemingly couples the two channels; Li+ ion diffusion becomes much more two 
dimensional as lower energy migration paths between channels are provided by 
the replacement of Fe2+ ions with Li+ ions.  
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Figure 6.xliv: Snapshots of the cross-jump and subsequent events. Li+ are 
individually coloured with the original antisite Li+ appearing larger. [001] 

migration is realised through the swapping of a channel Li+ ion (blue) and the 
antisite Li+ (red) (a). The resulting Frenkel pair activates each individual 

channel. The double-occupied site within the right channel migrates as the 
result of single particle jumps (b-f). A second mechanism of [001] migration is 
realised when the red Li+ ion migrates past the blue antisite Li+ ion and into the 

next channel (g). 

h) 42.20 ps g) 41.70 ps 

f) 25.85 ps e) 8.10 ps d) 7.20 ps 

c) 1.20 ps b) 0.20 ps a) 0 ps 
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The overall effect of the antisite defects can be assessed by using Einstein’s 
equation (Eq. 5.7) to approximate a self-diffusion coefficient from the MSD of Li+ 
ions over time. The resulting values can be compared to the optimised ‘Shooter’ 
value obtained for LiFePO4 without antisites.  
 
Five simulations were performed using different random positions of the antisite 
defects. The resulting five MSD profiles are illustrated in Fig. 6.xlvi. All 
consistently display a growth of the MSD value over time indicating diffusion has 
been realised in all five simulations. Subsequently, the MSD over time was 
calculated using multiple time origins and averaged using Eq. 6.4. The resulting 
MSD profiles are illustrated in Fig. 6.xlv. 
 

 
 

Figure 6.xlv: MSD vs time for all Li+ ions in all five simulations. MSD averaged 
over multiple time origins. IJ = 0, IL = 1 ns and I5 = 50 ps. Profiles are colour 

coordinated to the corresponding MSD profile within Figure 6.xlvi. 
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Figure 6.xlvi: Mean-square displacement of Li+ ions throughout the whole 
trajectory for all five simulations of 1 ns. Simulations are colour coded. First 

frame used as the reference frame. 
 

The self-diffusion coefficients are calculated for each simulation from the 
corresponding profiles within Fig. 6.xlv. The resulting values are summarised in 
Table 6.i. All values calculated show an overall increase in diffusion in 
comparison to LiFePO4 without antisites. There is a slight variance in the self-
diffusion coefficients calculated for the five antisite structures. The standard 
error calculated for the five values is 5.423 × 10Xdef7gXU.  

1. 2. 

3. 4. 

5. 
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 Self-diffusion coefficient / opqrXs 
Simulation 1 9.891 × 10Xd 
Simulation 2 1.656 × 10Xi 
Simulation 3 1.692 × 10Xi 
Simulation 4 1.886 × 10Xi 
Simulation 5 4.163 × 10Xi 

Stoichiometric LiFePO4 8.036 × 10Xd 
 
Table 6.i: Self-diffusion coefficients for the 5 ‘Shooter’ MD method simulations. 

The colour indicates the corresponding curves in Figs. 6.xlv and 6.xlvi. 
 

The enhanced coupling between channels that is introduced by the inclusion of 
Li+/Fe2+ antisites is exemplified in the increase in diffusion coefficient seen along 
the [001] axis. A comparison of resulting MSD profiles using the same ‘Shooter’ 
parameters on LiFePO4 without antisites and LiFePO4 with antisite defects is 
depicted in Fig. 6.xlvii. 
 

 
 

Figure 6.xlvii: MSD vs time of Li+ ions in a Shooter Method and MD simulation 
for LiFePO4 (left) without antisites and LiFePO4 with antisite defects (right). MSD 

for x, y and z shown in red, y-only in green and x-only in blue. 
 

The inclusion of Li+/Fe+ antisites increases the overall self-diffusion coefficient. 
An increase in the self-diffusion coefficient is seen in both the [001] and [100] 
directions. Interestingly, there is an increase in the [010] direction even though 
antisite Fe2+ ions now block the channels. The increase seen along the [001] 
direction is due to the presence of antisite Li+ ions act that as ‘gateways’ for 
migration across channels. Displacing an Fe2+ ion with a Li+ ion results in a lower 
energy path for diffusion across the channels which is in agreement with other 



Chapter 6 – ‘Shooter’ Method and MD Simulations on Lithiated Olivine Phosphates 
 

 177 

theoretical studies.2,18 The corresponding self-diffusion coefficients are shown in 
Table 6.ii. 

 Self-diffusion coefficient / opqrXs 
 LiFePO4 without antisites LiFePO4 with antisites 

D 8.036 × 10Xd 1.343 × 10Xi 
D [010] 7.770 × 10Xd 9.892 × 10Xd 
D [001] 1.278 × 10XUD 2.507 × 10Xj 

 
Table 6.ii: Self-diffusion coefficients for MD and ‘Shooter’ method calculations 

for LiFePO4 without antisites and with antisite defects.  
 
Regardless of whether diffusion occurs within channels or across channels, with 
antisites or without antisites, the mechanism always involves the formation a 
Frenkel pair. A sequence of diffusive events within the channels always ends in 
the recombination of the Frenkel pair. Across channels, this recombination is 
much less likely to happen due to the relative difficulty in migration between 
channels in comparison to migrating within channels. Although [001] migration 
is enhanced by the introduction of antisite defects, it still represents the higher 
energy path of diffusion. Once a Frenkel defect is formed across channels, the 
metastable mobile species remain separated, activating the channels. This 
could be the reason for an overall increase in diffusion as seen after the 
introduction of antisite defects. 
 
As stated previously, there is a bias introduced by the ‘Shooter’ method that is 
necessary in order to enhance the rate of diffusive events. The bias will therefore 
likely lead to an overestimation of the calculated self-diffusion coefficients. Within 
the ‘Shooter’ method and MD simulations for LiFePO4 containing antisite defects, 
the antisite Li+ ions were also included in the ‘Shooting’ algorithm (i.e. they were 
selectively ‘warmed-up’ by correspondingly cooling down heavier framework 
elements). As Li+ ions bind more strongly at the M1 site between channels in 
comparison to the M2 site within channels,18 neglecting them from the algorithm 
would perhaps have yielded a lower diffusion coefficient.  
 
 

6.3.2 LiMnPO4 
 
As for LiFePO4, four random Li+/Mn2+ antisite defects were introduced to the 
system. Five different structures were generated. Figure 6.xlviii depicts an 
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example of one of the generated structures, highlighting the antisite defects 
(green and purple pairs). 
 
 

 
 

Figure 6.xlviii: Schematic representation of the Li+/Mn2+ randomly introduced 
into LiMnPO4. Li+ ions occupying the M2 site within the MnPO4 lattice are 

represented as green spheres. Mn2+ ions occupying the M1 site within the 
[010] channels are represented as purple spheres. For reference, the PO4 
tetrahedra are represented by black and gold polyhedral. View of the [010] 

channels parallel to the page (left), view of the [010] channels perpendicular to 
page (right). Relevant crystallographic directions are indicated. 

 
 
Throughout the 1 ns simulation, diffusion is observed within LiMnPO4. The 
instantaneous and averaged positions of the Li+ ions during the simulation are 
illustrated in Fig. 6.xlix and shows the principal direction of diffusion to occur 
down the [010] channels. Fig. 6.xlix also shows an increase in Li+ ion occupation 
between the channels in the locality of the antisite Li+ ion. The illustration in Fig. 
6.xlix is very similar to that seen for LiFePO4 (Fig. 6.xl). There appears to be 
increased mobility in the [001] direction as a result of the introduction of Li+/Mn2+ 
antisites.  
 
 
 
 

[001] 

[010] [100] 
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Figure 6.xlix: Schematic representation of the Li+ ion trajectories throughout the 
MD and Shooter simulation. Li+ ions are represented as green spheres, Mn2+ 
ions as purple spheres and PO4 as gold and grey tetrahedra. Instantaneous 

position of all 160 lithium ions every 0.5 ps (left). Smoothed trajectory of 
instantaneous positions, positions averaged every 7.5 ps (right). Total 

simulation time is 1 ns. Relevant crystallographic directions are highlighted. 
 

The trajectories of the Li+ ions throughout the simulation are also illustrated as 
spline representations within Fig. 6.l. The splines of the Li+ trajectories further 
show evidence of the increased mobility in the [001] direction. From Figs. 6.xlix 
and 6.l, it can be seen that the principal diffusion pathway is along the [010] 
channels. 
 

[010] 

[001] 
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Figure 6.l: Spline representation of the overall Li+ displacements throughout the 

simulation. Relevant crystallographic directions are indicated. 
 
Antisite Mn2+ ions are shown the block diffusion within their respective channels, 
an example of which is illustrated in Fig. 6.li. 
 

 
 

Figure 6.li: A schematic representation of an antisite Mn2+ ions blocking 
diffusion within the [010] channel. Antisite Mn2+ is represented by a purple 

sphere. Li+ ions a represented by green spheres. PO4 tetrahedra are 
represented by gold and black tetrahedra. 

 
A mechanistic analysis of the Li+ ion trajectories yields the same results seen for 
LiFePO4. Li+ ions migrate from channel to channel via the new ‘gateway’ 
available due to the antisite Li+ ion.  
 

[010] 

[001] 
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The migration from channel to channel via the antisite Li+ ion occurs in one of 
two possible ways. The first involves the replacement of the antisite Li+ ion by a 
channel Li+ ion. The second involves the direct by-passing of the antisite Li+ ion 
by a channel Li+ ion. Fig. 6.lii illustrates a sequence of diffusive events in a series 
of snapshots, which captures both mechanisms of [001] migration.  
 
The sequence of diffusive events is initiated as the result of the combination of 
two correlated Li+ ion jumps. The two jumps are depicted as the migration of the 
blue and orange Li+ ions (Fig. 6.lii, snapshot a). The result of this combination is, 
expectedly, the formation of a Frenkel defect. The latter is represented by an 
orange and green Li+ ion double-occupancy and a vacancy depicted as a white 
square with a black outline (Fig. 6.lii, snapshot b) and creates local disorder 
within the channel. Due to the off-centre nature of the double occupancy, the 
green Li+ ion is distinguishable from the orange Li+ ion. A scenario evolves where 
the green Li+ ion is close to the red antisite Li+ ion (Fig. 6.lii, snapshot b). A 
simultaneous migration of the green Li+ ion and red antisite Li+ ion is realised, 
resulting in the antisite red Li+ ion becoming a channel Li+ ion and the green Li+ 
ion becoming an antisite Li+ ion (Fig. 6.lii, snapshot b). At this the point the 
Frenkel pair exists in separate channels as the double-occupancy has migrated 
channels, now the double-occupancy consists of the red and yellow Li+ ions (Fig. 
6.lii, snapshot c). The metastable double-occupied site continues to migrate 
within the left channel, displacing by one site (Fig. 6.lii, snapshot c) before 
returning by migrating back down a site (Fig. 6.lii, snapshot d). Again, a situation 
is realised where due to a double-occupancy a Li+ ion is close to the antisite Li+ 
ion. This time, however, cross channel migration is realised via a direct by-
passing of the green antisite Li+ ion by the red Li+ ion (Fig. 6.lii, snapshot e). The 
result of this [001] migration is that the red Li+ ion enters a different channel to 
which the original Frenkel defect was formed (Fig. 6.lii, snapshot f). The positions 
of the Li+ atoms are clarified further by showing the view down the [010] channels 
(Fig. 6.lii, snapshot g), the vacancy is omitted in order to clarify the position of 
the atoms. This sequence of events exemplifies the added coupling between 
the channels that is introduced by the inclusion of Li+/Mn2+ antisites.  
 
After the sequence of diffusive events within Fig. 6.lii, the Frenkel pair have not 
recombined. The drift of these charged species has not been compensated and 
will therefore drive diffusion up within the channels.  
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Figure 6.lii: Snapshots of the two mechanisms of [001] cross-jump migration. 
Li+ are individually coloured with the original antisite Li+ appearing larger. The 
sequence of diffusive events is imitated by the combination of two single Li+ 

jumps (a). The first example of [001] migration is realised through the 
swapping of a channel Li+ ion (green) and the antisite Li+ (red) (b). The double-

occupied site, from the existing Frenkel pair, migrates as the result of single 
particle jumps (c, d). A second mechanism of [001] migration is realised when 

a Li+ ion (ref) migrates past the antisite Li+ ion (green) (e). The second [001] 
migration is into a different channel to the original migration (f). A view down 

the [010] channels highlights the different [010] channels (g).  

 

g) 20.80 ps 

f) 20.80 ps e) 19.70 ps a) 15.70 ps 

a) 0 ps c) 12.75 ps b) 2.75 ps 
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The overall effect of the antisite defects can be assessed by using Einstein’s 
equation (Eq. 5.7) to calculate a self-diffusion coefficient from the MSD of Li+ 
ions over time. The results are compared to the optimised ‘Shooter’ value 
obtained for LiMnPO4 without defects. Five simulations were again performed 
using different random positions of the antisite defects. The resulting five MSD 
profiles are illustrated in Fig. 6.liii. All simulations display a growth of the MSD 
value over time, indicating diffusion. Subsequently, the MSD over time was 
calculated using multiple time origins and averaged using Eq. 6.4. The resulting 
MSD profiles are illustrated in Fig. 6.liii. 
 

 
 

Figure 6.liii: MSD vs time for all Li+ ions in all five simulations. MSD averaged 
over multiple time origins. IJ = 0, IL = 1 ns and I5 = 50 ps. Profiles are colour 

coordinated to the corresponding MSD profile within Figure 6.liv. 
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Figure 6.liv: Mean-square displacement of Li+ ions throughout the whole 
trajectory for all five simulations. Simulations are colour coded. First frame as 

the only reference frame (t0). 
 
 
The self-diffusion coefficients are calculated for each the corresponding profiles 
within Fig. 6.liii. The resulting values are summarised in Table 6.iii.  
 
 

1. 2. 

3. 4. 

5. 
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 Self-diffusion coefficient / opqrXs 
Simulation 1 1.079 × 10Xi 
Simulation 2 8.327 × 10Xd 
Simulation 3 6.363 × 10Xd 
Simulation 4 8.870 × 10Xd 
Simulation 5 1.073 × 10Xi 

LiMnPO4 without antisite defects 1.435 × 10Xd 
 
 

Table 6.iii: Self-diffusion coefficients for the 5 ‘Shooter’ MD simulations. Colours 
corresponding to the matching profiles in Figures 6.xliii and 6.xliv. 

 
All values calculated show an overall increase in diffusion in comparison to 
LiMnPO4 without antisites. There is a slight variance in the self-diffusion 
coefficients calculated for the five antisite structures. The standard error 
calculated for the five values is 8.252 × 10−9ef2g−1.  
 
In comparison to calculated self-diffusion coefficients for LiFePO4 with antisites, 
LiMnPO4 exhibits, on average, a lower value. Further indicating that LiMnPO4 
exhibits inferior Li+ ion diffusion. As for LiFePO4, coupling between channels is 
enhanced upon the inclusion of Li+/Mn2+ antisites. A comparison of resulting 
MSD profiles using the same ‘Shooter’ parameters on LiMnPO4 without antisite 
defects and with antisite defects, depicted in Figure 6.lv, demonstrates the 
increase seen in [001] diffusion. 
 

 
 

Figure 6.lv: MSD vs time of Li+ ions in a Shooter Method and MD simulation for 
LiMnPO4 without antisite defects (left) and with antisite defects (right). Total 
MSD shown in red, y-coordinate only in green and x-coordinate only in blue. 
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The inclusion of Li+/Mn+ antisites results in an increase in self-diffusion coefficient 
for [010] and [001] migration.. The corresponding self-diffusion coefficients are 
shown in Table 6.iv. The increase in the [100] diffusion is attributed to a [100] 
migration between channels that occurred separately and irrespective of the 
antisite defects. 

 
 Self-diffusion coefficient / opqrXs 
 LiFePO4 without antisite 

defects 
LiFePO4 with antisite 

defects 
D 1.459 × 10Xd 8.327 × 10Xd 

D [010] 1.450 × 10Xd 5.781 × 10Xd 
D [001] 9.500 × 10XUU 1.299 × 10Xj 

 
 

Table 6.iv: Self-diffusion coefficients for MD and ‘Shooter’ method calculations 
for stoichiometric LiFePO4 and LiFePO4 with antisite defects.  

 
The absolute values of the self-diffusion coefficients calculated from the 
‘Shooter’ method again appear to be overestimated and the ability of the 
‘Shooter’ method to provide accurate diffusion constants is questionable. 
However, the ‘Shooter’ method in combination with MD has provided unique 
insight into the mechanism of diffusion along the [001] direction in the presences 
of a Li+/Mn2+ anitsite.  
 
 
 
6.4. Conclusions and Future Work 
 
Using the novel enhanced sampling technique, the ‘Shooter’ Method, in 
combination with finite temperature molecular dynamics simulations, Li+ ion 
diffusion was realised within the olivine phosphates LiFePO4 and LiMnPO4 on a 
workable MD timeframe and at a temperature closer to operational 
temperatures.  
 
Li+ ion diffusion was achieved by enhancing the rates of escaping the local 
energy minima associated with a diffusive process. This was accomplished by 
selectively warming the mobile Li+ ions within the olivine framework by 
transferring a variable amount of kinetic energy from the slow diffusive 
framework. Strict conservation of the total linear and angular momentum was 
adhered to.  
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‘Shooter’ method and MD simulations of LiFePO4 and LiMnPO4 found the 
principle pathway of diffusion to be a curved trajectory along the [001] channels. 
Migration along the [001] axis for both materials was also observed but 
represented a very small fraction of the reaction coordinate.  
 
Unprecedented and detailed mechanistic analysis of Li+ ion diffusion was 
accessible due to the nature of the method. Using a combination of the ‘Shooter’ 
method and MD allowed for the short-term time evolution of the dynamics of 
diffusive trajectories to be followed. Using this approach, the collective 
dynamics of a many-Li+ ion system are analysed under consideration of all 
degrees of freedom whilst explicitly allowing for local structure changes and 
lattice dynamics. The main objective is to elucidate the atomistic details 
governing Li+ ion diffusion within olivine phosphates and connect single-particle 
events into a general diffusion pattern. 
 
The investigation laid out in this work has shown that, regardless of the severity 
of the ‘Shooter’ parameters used, the overall mechanism for diffusion remains 
unaffected. Following this observation, a general mechanism for diffusion was 
found for both LiFePO4 and LiMnPO4. The general mechanism for diffusion along 
the [010] direction develops as follows: 
 

• Diffusion is initiated by the formation of a Frenkel defect within the 
channel; 

• The Frenkel defect introduces local disorder within the channel. The 
disorder manifests as an aggregation of charge within a double-occupied 
Li+ cage, and the deficiency of charge within the corresponding vacancy; 

• The Frenkel pair are metastable mobile species that can migrate as the 
result of a single particle event or a combination of events; 

• In the long-time the drift of these charged species is compensated by the 
recombination of the original Frenkel pair, or the recombination of the 
matching periodic image. 

 
Single-particle potential energy calculations4 have shown diffusion between 
channels to have a significantly higher activation energy in comparison to 
diffusion within channels. The ‘Shooter’ method has showed that a many-particle 
system can realise, albeit rarely, what a single particle cannot. This includes 
accounting for both, main and rarer translocation events, which together 
contribute to the mechanism. Although migration along the [001] direction 
represents a small fraction of the reaction coordinate, it is part of it nonetheless. 
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There is indeed experimental evidence that also suggests the [001] direction to 
be an active direction of diffusion within LiFePO4.21 To the best of my knowledge, 
no evidence has surfaced to suggest that [001] migration is part of the reaction 
coordinate of Li+ diffusion within LiMnPO4. Although, for both materials, diffusion 
across channels is realised very rarely, the effect is large and consequent 
impact on the diffusion can be more pronounced. 
 
Migration along the [001] direction also follows, in general, the same pattern as 
diffusion within [010] channels, but with a subtle difference. The result of a cross 
channel jump is the formation of a Frenkel defect across channels. One channel 
possesses an excess of charge, manifested a double-occupied site, and one 
channel hosts a corresponding charge deficiency, manifested as a vacancy. It 
has already been established that the Frenkel pair are more mobile and migrate 
within channels. Once they begin to migrate within their respective channels, the 
Frenkel pair has a very finite chance of recombination. Until recombination, 
which was not observed, the channels remain activated and diffusion is 
increased.  
 
While evidence of this can be further sought, a strategy towards to materials with 
increased ionic mobility can be suggested, one that promotes the frequency of 
cross-jumps, in order to perturb charge distribution. Whether this can be 
achieved by native defect incorporation, or by other means, cannot be decided 
here. 
 
Self-diffusion coefficients were estimated for both materials using by calculating 
the MSD of the Li+ ions throughout the trajectory using multiple time origins and 
then fitting to Einstein’s equation (Eq. 5.7). With respect to other theoretical 
studies,5–7 values for LiFePO4 were in agreement. Although, there is still a clear 
discrepancy between experimental and theoretical values. Values calculated for 
LiMnPO4 were lower than for LiFePO4, which is in agreement with the 
literature.12,13 

 
The overestimation of self-diffusion coefficients calculated from the ‘Shooter’ 
method is likely down to the bias introduced into the system. The bias is 
necessary to accelerate the rate of diffusive events in a suitable timeframe and 
nominal temperature. Importantly the level of bias introduced into the system has 
shown not to alter the mechanism of Li+ ion diffusion, but simply magnitude of 
perturbation introduced to the system. The ‘Shooter’ method is therefore not a 
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method designed to reproduce accurate self-diffusion coefficients but does 
show that LiMnPO4 demonstrates inferior Li+ ion diffusion in comparison to 
LiFePO4.  
 
The ‘Shooter’ MD method was used to analyse the effect of Li+/M2+ (M = 
Fe2+/Mn2+) antisites on the Li+ ion diffusion within LiFePO4 and LiMnPO4. Previous 
theoretical studies2,18,22 have shown antisite defects to provide alternative 
pathways for diffusion between channels. Antisite defects have also been found 
in experimental synthesised olivine phosphates. The inclusion of antisite defects 
did provide a new pathway for diffusion between channels in both materials. 
Again the ‘Shooter’ method, in combination with MD simulations, provided 
atomistic details into the many-particle dynamics involved in the new mechanism 
for [001] diffusion. Two distinct mechanism for cross-channel diffusion were 
found: 
 

1. Diffusion across the channels occurs via the replacement of the antisite 
Li+ ion with a channel Li+ ion.  

2. Diffusion across the channels occurs via the direct passing of an antisite 
Li+ ion by a channel Li+ ion. 

 
The calculated self-diffusion coefficients reveal an overall increase in diffusion, 
including an increase in both the [010] and [001] direction. The increase in the 
[001] direction can be attributed to the new pathway for diffusion introduced by 
the antisites. The increase in the [010] direction is interesting as the antisite Fe2+ 
ions are shown to inhibit diffusion within the channels. The increase could be 
attributed to that fact that the drift of charged species (The Frenkel pairs) is not 
often compensated when diffusion occurs along the [001] direction, driving up 
diffusion within channels.  
 
In summary, the ‘Shooter’ method provides an enhanced sampling method to 
accelerate the rate of diffusive events on a workable MD timescale and nominal 
temperature. In combination with finite temperature MD simulations, the short-
term dynamics of the many-particle contributions to a complex diffusion can be 
followed. The full mechanism of diffusion of Li+ ions within the olivine phosphates 
cannot be fully described from the view of only single-particle calculations. This 
method provides a way to analyse the collective contributions of many-Li+ ions 
and connect correlated Li+ ion jumps into a general mechanism for diffusion. The 
‘Shooter’ method can also be used to approximate self-diffusion coefficients. 
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Although the self-diffusion coefficients are overestimated, the correct trend of 
diffusivity is reproduced.  
 
In the future, more materials can be studied using a combination of the ‘Shooter’ 
method and MD simulations. The principal diffusion paths, the possibility of 
alternative routes and the atomistic details governing the mechanism of Li+ ion 
diffusion can be established. Any self-diffusion coefficients calculated can be 
benchmarked against values calculated for other materials.  
 
Using the mechanistic details discovered from the ‘Shooter’ method, it is 
possible to construct a coarse-grain model using the different scenarios 
captured within the mechanism. The mechanism of diffusion can be represented 
by four different events. 
 
 

1. The formation of a Frenkel defect. Denoted a single-to-single jump (S-S). 
2. The migration of a vacancy. Denoted a single-to-empty jump (S-E). 
3. The migration of a double-occupied site. Denoted a double-to-single 

jump (D-S). 
4. A cross-channel migration (C-C). 

 
Using Umbrella Sampling (US) (see Chapter 3, section 3.4.2.), the free energy 
profile for each event can be constructed. Using a harmonic bias potential, the 
Li+ ion under migration can be restrained in the chosen space of the reaction 
coordinate to ensure sufficient sampling. A reaction coordinate provides a 
distinction between two thermodynamic states. In this case, all four jumps can 
be distinguished on geometrical grounds. By defining a plane made up of M2+ 
(M = Fe/Mn) ions, the harmonic bias can be applied as a function of the distance 
from that plane. Fig. 6.lvi illustrates the four distinct jumps and the corresponding 
reference planes.  
 
Using the Weighted Histogram Analysis Method (WHAM) (see Chapter 3, 
section 3.4.2.), the unbiased free energy profiles for individual jump can be 
calculated. Using the unbiased free energy profiles from US, the corresponding 
rate constants can be calculated using Transition State Theory TST, which can 
then be dynamically corrected using the Bennett-Chandler approach.23,24 Similar 
studies have been conducted to accurately calculate the self-diffusion 
coefficients of hydrocarbons in nanoporous zeolites.25–27  
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Using the rates, one can construct a kinetic Monte Carlo (kMC) (see Chapter 3, 
section 3.5.1.) algorithm to design a stochastic procedure to propagate the 
system in time. The rationale behind this body of work is produce unbiased self-
diffusion coefficients. The ‘Shooter’ method reveals the details of all the 
trajectories that can occur within a given configuration of atoms. US and the 
WHAM method calculate the unbiased free energy for each individual trajectory, 
dynamically corrected TST yields the rate constants, and kMC can produced a 
trajectory where a random event is chosen consistent with its rate.  
 
The preliminary work of the US simulations is underway. A kMC algorithm, 
specifically designed with the olivine phosphate materials in mind is being 
written.  
 

 
 

Figure 6.lvi: Schematic representation of the four different events that make up 
the Li+ ion diffusion mechanism within LiMPO4 (M =Fe/Mn). Li+ ions are 

represented as green spheres and PO4 tetrahedra as red and gold polyhedral. 
For clarity the M2+ ions are only present in the close-up of the events. M2+ ions 

are represented by red spheres and provide the reference plane from which to 
apply the harmonic bias.  

 
 
 

D-S S-S 

C-C S-E 
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Chapter 7 
‘Shooter’ Method and MD Simulations on Sodiated Olivine Phosphates 
 
The following results pertain to the application of a combination of the ‘Shooter’ 
method and finite temperature molecular dynamics simulations to the olivine 
phosphates NaMnPO4 and NaFePO4. The computational details and 
methodology for the subsequent results are outlined in Chapter 5 (sections 5.1. 
and 5.3.3.). 
 
7.1. Parameter Optimisation 
 

7.1.1. NaMnPO4 

 
The following results concern the application of the ‘Shooter’ method and finite 
temperature MD simulations to NaMnPO4. As for the lithiated materials, the 
‘Shooting’ algorithm was initially implemented every 2 ps and a variety of 
Gaussian half-widths and smearing factors applied in order evaluate the effect 
on the results and thus optimise the parameters.  
 

7.1.1.1. Low Shooter Parameters 
 
The subsequent results were produced from a Shooter method and MD 
simulation using the following parameters: 
 

1. Gaussian half-width = 0.00005 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 2 ps 

 
The combination of the ‘Shooter’ method and finite temperature MD realises the 
principal pathway of diffusion for Na+ ions within NaMnPO4 to be a curved 
trajectory along the [010] channels, corroborating results seen in other 
computational studies.1 Fig. 7.i (left) shows a schematic representation of the 
instantaneous positions of the Na+ ions throughout the simulation which 
highlights the curved trajectory within the [010] channels. The average Na+ ion 
positions throughout the simulation, also within Fig. 7.i (right), highlight two 
cross-channel jumps along the [001] direction. 
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Interestingly, analogous to the results seen for Li+ ion diffusion, jumps across the 
[001] direction, from channel to channel are realised. In the case of this 
simulation, two cross-channel events are realised. However, considering the 
number of diffusive events realised within the [010] channels, the cross-channel 
migrations represents a minority translocation mode. 
 

 
 
Figure 7.i: Schematic representation of the Na+ ion trajectories throughout the 4 
ns MD and Shooter simulation. Na+ are represented as blue spheres, Mn2+ ions 

as purple spheres and PO4 as gold and grey tetrahedra. Instantaneous 
positions of all 160 Na+ shown every 1.25 ps (left). Smoothed trajectory of 
instantaneous positions, positions averaged every 20 ps (right). Relevant 

crystallographic directions are illustrated. 
 
The Na+ ion trajectories within NaMnPO4 are further illustrated as spline 
representations within Fig. 7.ii. Activation energies calculated using single 
particle approaches reveal energies (>1.5 eV) for migration along the [001] 
direction.1 As a result, such events are assumed to be unfavourable for Na+ ion 
migration and not part of the overall reaction coordinate. 
 
 

[001] 

[010] 
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Figure 7.ii: Spline representation of the overall Na+ ion displacements 
throughout the 4 ns simulation. View of the [010] channels parallel to the page 
(left), view of the [010] channels perpendicular to page (right). View is offset in 

order to observe both cross-jumps. Relevant crystallographic directions are 
illustrated. 

 
A closer look at the atomistic details of diffusion within the [010] channels of 
NaMnPO4 reveals similarities with Li+ ion diffusion in the analogous olivine 
phosphates, but also, subtle differences. Identical to Li+ ion diffusion, a 
sequence of diffusive events is initialised by the formation of a Frenkel defect. 
The Frenkel defect is represented as a double-occupied Na+ cage and a 
corresponding vacancy. The Frenkel defects introduce local disorder into the 
channels and exist as mobile metastable species. The disorder within the 
channel is expressed as an accumulation of charge in the vicinity of the double-
occupancy, and a deficiency of charge in the vicinity of the vacancy. In the 
simulation, the long-time drift of these charged particles is compensated when 
the Na+-Na+ site recombines with the corresponding vacancy or with a matching 
vacancy on a periodic image. It is clear it is the existence of Frenkel defects 
which drives the mechanism of diffusion. The two Na+ ions within double-
occupied site exist off-centre with respect to the centre of the cage and [001] 
axis, and are therefore distinguishable. For this situation, the general, single-
particle hopping Kröger-Vink equation of defect formation: 
 

!"#$% → '#$( + !"*∙  
can be rewritten as: 
 

[010] 

[001] 

[100] 
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!"#$% + !"#$
%,-*. → '#$( + /!"*

∙
0; !"*,-*.

∙
0 2 

 
where the bis indicates that the Na+ ions are distinguishable within the Na+ cage. 
The sequence of diffusive events, depicted in Fig. 7.iii, is initiated by the 
momentary formation of two Frenkel defects (Fig. 7.iii, snapshot a). The two 
double-occupancies are represented by green and pink Na+ ions, and red and 
dark blue Na+ ions respectively. The vacancies are represented by white boxes 
with black outlines (Fig. 7.iii, snapshot b). The two double occupancies and 
vacancies exist very transiently. Two correlated translocation events result in the 
recombination of the Frenkel pairs with a matching periodic image. The 
existence of the two Frenkel pairs is so brief (0.25 ps) that the upon their creation 
the light blue and orange Na+ are already in mid-transition (Fig. 7.liii, snapshot 
b). As a result of this sequence of diffusive events, the whole column of Na+ ions 
within the [010] channel have migrated one crystallographic site. 
 

 
 

Figure 7.iii: Snapshots of a sequence of diffusive events within a [010] channel. 
A frame corresponds to 0.05 ps. All Na+ are individually coloured with the 

same colour representing the periodic image of the atom. Two distinct Frenkel 
defects form very briefly (a). In very quick succession (0.25 ps), a combination 
of a single-particle events results in the recombination of both Frenkel pairs (b). 
After 0.45 ps the column of Na+ ions have moved on crystallographic site within 

the channel (c). 
 

a) 0 ps b) 0.20 ps c) 0.45 ps 
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This sequence of events occurs very rapidly, with the whole column of Na+ ions 
migrating one Na+ cage in 0.45 ps. There are other sequences of diffusive events 
within the [010] channels that don’t occur as rapidly as those seen in Figure 7.iii. 
However, on average, migrations within the [010] channels do appear to occur 
at a faster rate in comparison to Li+ ion diffusion. This result is indicative of the 
lower activation energies seen for Na+ ion migration in comparison to Li+ ion 
migration along the [010] direction.1 But interestingly, formation energies for Na+ 
ion Frenkel defects were calculated to be larger than for Li+ ions within the same 
olivine phosphate.  
 

 Energy / eV 
Disorder type Fe Mn 

Li Frenkel 2.15 1.97 
Na Frenkel 2.25 2.35 

 
Table 7.i: Energies for Frenkel defect formation within Li/NaMPO4 (M = Fe/Mn). 

 
The mechanism of diffusion between channels, along the [001] direction, also 
occurs identically to Li+ ion diffusion. Fig. 7.iv illustrates the mechanism as a 
series of snapshots.  
 
The cross-channel jump is realised as the result of a single Na+ ion jump (Fig. 
7.iv, snapshot a). This migration results in the formation of a Frenkel defect 
across channels. The Frenkel defect is represented by the pink and black Na+ 
ions within a double-occupied site and a vacancy depicted by white square with 
a black outline (Fig. 7.iv, snapshot b). The Frenkel defect has introduced 
disorder into both channels. The disorder is expressed as a charge imbalance 
between channels. There is an accumulation of charge, manifested as a double-
occupancy within the right channel, and a deficiency of charge, manifested as 
a vacancy within the left channel.  
 
Comparable to Li+ ion diffusion, the Na+-Na+/vacancy pair are metastable mobile 
species that can migrate within the channels. Immediately after the formation of 
the Frenkel defect across channels (0.2 ps), the double-occupancy begins to 
migrate within the right channel (Fig. 7.iv, snapshot b). The migration is a result 
of single Na+ ion jump, when the black Na+ ion jumps to the next Na+ ion cage 
to form a double-occupancy with the green Na+ ion. Subsequently, the vacancy 
begins to migrate within the left channel as a result of a single-particle 
translocation (Fig. 7.iv, snapshot c). This is realised when the green Na+ ion 
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migrates down into the next Na+ cage. A simultaneous migration of both the 
double-occupancy and the vacancy is realised. The vacancy migrates two Na+ 
cages as the result of a combination of two correlated Na+ ion jumps, and the 
double-occupancy migrates one Na+ cage as the result of a single-particle 
translocation (Fig. 7.iv, snapshot d). After 6.4 ps the Frenkel pair remain 
separated (Fig. 7.iv, snapshot e). The mechanisms of both Na+ ion migration 
cannot be fully represented by individual single-particle events. The ‘Shooter’ 
method is required to capture the collective dynamics of a many-Na+ ion 
configuration. Using the ‘Shooter’ method in combination with MD, one can 
follow the short-term time evolution of disorder within the system and determine 
atomistic details governing Na+ ion diffusion. 
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Figure 7.iv: Snapshots of the cross-jump and subsequent events. In each 

channel, all Na+ are individually coloured with the same colour representing the 
periodic image of the atom. An initial Frenkel defect forms via a cross-jump 

event in the [001] direction (a). As a direct consequence diffusion is enhanced 
from the presence of a vacancy and a double-occupied Na+ site. Both 

channels are actively diffusive and experience a variety of diffusive events (b-
e). Frenkel pair remain separated (f).  

 

a) 0 ps b)   0.20 ps 

c) 1.75 ps  d) 2.70 ps 

e) 6.90 ps 
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Identical to Li+ ion diffusion with the olivine phosphates, when diffusion along the 
[001] direction occurs, the drift of charged species is not compensated in the 
long term. Due to the rare nature of [001] migration, recombination of the Frenkel 
defect is very unlikely. However, within this simulation recombination across 
channels is realised. The two [010] channels within Fig. 7.iv are activated for 
1.58 ns before recombination across channels is realised. The recombination of 
the Frenkel pair is illustrated in Fig. 7.v. Recombination is realised as the result 
of a single Na+ ion jump, where the dark blue Na+ ion within a double-occupied 
site jumps from one channel to another and fills the vacancy (Fig. 7.v, snapshot 
a). The result is the annihilation of disorder within the two channels, i.e. the 
charge imbalance across channels that was created by the first cross-channel 
jump is removed by the second (Fig. 7.v, snapshot b). 

 

 
Figure 7.v: Snapshots of the recombination of the cross-channel Frenkel pair. 

Recombination is realised as the result of a single Na+ ion jump (a). The 
resulting Na+ columns contain no disorder (b). 

 
The diffusivity of Na+ ions within NaMnPO4 can be measured by following the 
MSD of the Na+ ions over time.  
 

a) 0 ps b) 0.70 ps 
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Figure 7.vi: Mean square displacement of Na+ ions throughout whole trajectory. 

First frame used as the only reference frame. 
 

From 0-1.3 ns, the MSD profile displays a pronounced step-wise and disjointed 
shape, indicative of isolated diffusive events. After approximately 1.3 ns, 
coincidently the same time as the initial cross-channel migration, a more 
diffusive behaviour pattern is observed. To obtain an approximate self-diffusion 
coefficient for the entire simulation, the MSD was calculated using multiple time-
origins (Eq. 6.4) and averaged.  

 

 
 

Figure 7.vii: MSD vs time for all Na+ ions averaged over multiple time origins. 
34 = 0 ns, 35 = 2.5 ns and 3. = 75 ps. 

 
The resulting profile within Fig. 7.vii is more linear and using Eq. 6.4 the self-
diffusion coefficient is estimated to be 1.210	 ×	10<=>?0@<A. In comparison to 
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similar simulations done on LiFePO4 (Fig. 6.vi) and LiMnPO4 (Fig. 6.xxi), Na+ ions 
within NaMnPO4 appear to be more mobile in comparison to Li+ ions within the 
olivine framework, displaying a self-diffusion coefficient of roughly one order of 
magnitude larger than LiFePO4 (10<B>?0@<A) and two orders of magnitude larger 
than LiMnPO4 (10<C>?0@<A). This result reflects the lower migration energy 
calculated for [010] migration for particle diffusion within the NaMnPO4 in 
comparison to LiFePO4 and LiMnPO4 (0.46 vs. 0.55 vs. 0.63 eV).1 
 
To assess the effect of the cross-channel jump and the subsequent 
recombination of the resulting Frenkel pair, the MSD of the Na+ ions was 
calculated before the migration, after the cross-channel jump and up until 
recombination, and after recombination.  
 

 
 

Figure 7.viii: Mean squared displacement of Na+ ions before the cross-channel 
migration (A), after the cross-channel jump and up until recombination (B), and 
after the recombination of the Frenkel pair (C). Using multiple time-origins and 

averaging using Eq. 6.4. 
 

The Na+ ion migration along the [001] direction within NaMnPO4 appears to have 
the same effect seen for the analogous Li+ ion within LiMPO4 (M = Fe/Mn). An 

A B

C



Chapter 7 - ‘Shooter’ Method and MD Simulations on Sodiated Olivine Phosphates 
 

 204 

increase in the self-diffusion coefficient is measured in the immediate aftermath 
of the [001] migration. The approximated self-diffusion coefficient increases from 
3.278	 ×	10<B>?0@<A to 2.477	 ×	10<=>?0@<A, corresponding to an order of 
magnitude increase. Throughout the simulation, the Gaussian half-width used to 
generate new velocity distributions is progressively increased. Even with a low 
smearing values (1.0001) this could have a positive effect on the acceleration of 
translocation events. However, within this simulation the resultant Frenkel pair 
from the cross-channel migration recombines. It can be measured that the self-
diffusion coefficient decreases as a direct result of the double-occupancy and 
vacancy recombining across channels. Post recombination the self-diffusion 
coefficient is calculated to be 3.062	 ×	10<B>?0@<A, providing further evidence 
that the migrations along the [001] direction activate the [010] channels. The 
spline representation of the Na+ ion trajectories before the cross-channel 
migration, after and up until recombination, and after recombination are 
illustrated in Fig. 7.ix. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 7.ix: Spline representation of Na+ ion trajectories before the cross-jump 
migration (A), after the cross-jump and up until recombination (B) and after the 

recombination of the Frenkel pair (C). 
 

A B C
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From the spline representations it is clear that after the cross-channel jump the 
number of diffusive trajectories within the corresponding channels significantly 
increases. After the recombination of the resulting Frenkel pair the amount 
decreases.  
 
 7.1.1.2. High Shooter Parameters 
 
This second set of evaluations of the upper range of the ‘Shooter’ parameter was 
conducted in order to ascertain the impact of the magnitude on the mechanistic 
details and the overall self-diffusion coefficient. The subsequent results were 
produced from a Shooter method simulation using the following parameters: 
 

1. Gaussian half-width = 0.1 Å2 fs-1 
2. Smearing factor = 1.01 
3. Rate of ‘Shooting’ = 2 ps 

 
 

 
 

Figure 7.x: Schematic representation of the Na+ ion trajectories throughout the 
3.6 ns MD and Shooter simulation. Na+ ions are represented as blue spheres, 

Mn2+ ions as purple spheres and PO4 as gold and grey tetrahedra. 
Instantaneous positions of all 160 Na+ ions shown every 1.25 ps (left). 

Smoothed trajectory of instantaneous positions, positions averaged every 20 
ps (right).  

[010] 

[001] 
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Using the ‘Shooter’ parameters to apply more severe perturbations still realises 
the principal path of diffusion as a curved trajectory within the [010] channels. 
In this simulation, no cross-channel migrations are realised along the [001] 
direction. The trajectories of the Na+ ions throughout the simulation are further 
illustrated in the spline representations in Fig. 7.xi. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 7.xi: Spline representation of the overall Na+ ion displacements 

throughout the 3.6 ns simulation. View of the [010] channels parallel to the 
page (left), view of the [010] channels perpendicular to page (right). Relevant 

crystallographic directions are illustrated. 
 

From the spline representations it is clear that the only diffusion of Na+ ion 
realised is confined to within the channels.  
 
An in-depth analysis of the mechanism of diffusion within the channels yields the 
same results seen of a set of low ‘Shooting’ parameters. A sequence of diffusive 
events is initiated by the formation of a Frenkel defect. The Frenkel defect is 
represented by a double-occupied Na+ cage and a corresponding vacancy. The 
Frenkel pair introduce disorder to the local environment and are mobile species 
that can migrate within the channel. The subsequent migration of both the 
double-occupancy and the vacancy is ended by the recombination of the 
Frenkel pair.  
 

[010] 

[001] [001] 

[010] 
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Figure 7.xii:  Snapshots of Na+ diffusion within a [010] channel. In each 
channel Na+ ions are coloured separately, with the same colour representing 

the periodic image of the atom. A combination of correlated Na+ ion migrations 
form a Frenkel defect (a). Both the double occupancy and vacancy 

subsequently migrate within the channel (b, c) until the recombination of the 
Frenkel pair via a combination of singular Na+ migrations (d). The result is the 

column of Na+ ions have moved down one crystallographic site within the [010] 
channel (f). 

a) 0 ps  b) 0.85 ps  c) 2.55 ps 

d) 4.90 ps  e) 5.65 ps  
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An example of a sequence of diffusive events within a [010] channel is illustrated 
in Fig. 7.xii as a series of snapshots. The initial formation of a Frenkel defect is 
created as the result of three correlated Na+ ion translocations (Fig. 7.xii, 
snapshot a). The red Na+ ion migrates down one network cage, which in turn 
forces the orange Na+ ion into the next cage, the yellow Na+ ion into the next 
cage, which creates a double-occupancy with the green Na+ ion. After 0.35 ps, 
the resulting vacancy migrates one Na+ cage (Fig. 7.xii, snapshot b). The 
migration is the result of the dark blue Na+ ion jumping one Na+ cage down. After 
1.7 ps, the double-occupied site begins to migrate as the result of a single-
particle event (Fig. 7.xii, snapshot c). The green Na+ ion migrates one network 
cage to form a new double-occupancy with the pink Na+ ion. Recombination 
occurs when the double-occupancy meets the periodic matching image of a 
vacancy (Fig. 7.xii, snapshot c). This is realised by the combination of multiple 
correlated Na+ ion translocations, the pink Na+ ion jumps to the next cage forcing 
the light blue Na+ ion into the next cage and finally the purple Na+ to fill the 
vacancy. The result is that within 5.65 ps, the entire column of Na+ ions have 
migrated one crystallographic site.  
 
Once again, the ‘Shooter’ method captures the short-term time evolution of the 
many-Na+ ion dynamics involved in diffusion. The sequence of diffusive events 
illustrated in Fig. 7.xii cannot be effectively described by an isolated single 
particle event. A more dedicated approach is required to connect the different 
translocation events into a general mechanism for diffusion. 
 
Regardless of the ‘Shooter’ parameters used, the dynamics and mechanism of 
diffusion found within NaMnPO4 does not change. The amount of diffusion seen 
within a simulation may vary according to the parameters used.  
 
The amount of diffusion can be assessed by monitoring the MSD of the Na+ ions 
over time. For this simulation, the Na+ ions display a very fragmented and step-
wise MSD profile which is depicted in Fig. 7.xiii. The outline of the MSD profile 
indicates the need optimise the ‘Shooter’ parameters further in order to obtain a 
more accurate self-diffusion coefficient. 
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Figure 7.xiii: Mean squared displacement of the Na+ ions throughout trajectory. 
First frame used as the reference frame (t0). 

 
In order to obtain an estimated self-diffusion coefficient for this simulation, the 
MSD for the Na+ ions are calculated using multiple time-origins and averaged 
using Eq. 6.4. This results in a more linear profile, shown in Fig. 7.xiv, from which 
the self-diffusion coefficient can be extrapolated from using Eq. 5.7. 
 

 
Figure 7.xiv: MSD vs time for all Na+ ions. Averaged over multiple time origins. 

34 = 0 ns, 35 = 3.64 ns and 3. = 75 ps. 
 

The different diffusive regimes within the step-wise MSD profile make it difficult 
to estimate a self-diffusion coefficient for the entire simulation. Nevertheless, the 
estimated self-diffusion coefficient is calculated to be 4.782	 ×	10<B>?0@<A. 
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Using a broader Gaussian half-width and larger smearing factor has not resulted 
in an increase in the estimated self-diffusion coefficient. This is likely due to the 
fact that no diffusion along the [001] has been realised within this simulation.  
 

7.1.1.3. Summary  
 
It is apparent that through the application of a combination of the ‘Shooter’ 
method and finite temperature MD simulations that Na+ ion diffusion is observed 
on a reasonable MD timescale. Using the same approach used on the lithiated 
olivine phosphates, Na+ ion diffusion is accelerated by transferring a variable 
amount of kinetic energy from the slow non-diffusive framework (MnPO4) to the 
fast, mobile cations. Adhering to strict conservation of both angular and linear 
momentum, temperature values are maintained at 700 K. 
 
The principal pathway for diffusion within NaMnPO4 is found to be a curved 
trajectory along the [010] channels. This is in agreement with other theoretical 
studies.1 Similar to the Li+ ion analogues, diffusion is also realised along the [001] 
direction. Migrations along the [001] direction are very rare in comparison to 
migration within the [010] channels but have a profound effect.  
 
The mechanism of diffusion in both the [010] and [001] direction is found to 
occur via the same sequence of events seen for Li+ ion diffusion. Na+ ion 
diffusion is also driven by the formation of Frenkel defects and the consequent 
charge segregation invoked by the defect. The sequence of events can be 
summarised as: 
 

• Diffusion is initiated by the formation of a Frenkel defect within the 
channel; 

• The Frenkel defect introduces local disorder within the channel. The 
disorder manifests as an excess of charge within a double-occupied Na+ 

cage, and the deficiency of charge within the corresponding vacancy; 
• The Frenkel pair are metastable mobile species that can migrate as the 

result of a single particle event or a correlated set of translocation events; 
 
When diffusion occurs solely within the [010] channels the drift of charge is 
compensated in the long-term, the resulting double-occupancies and vacancies 
recombine with themselves or with a matching periodic image. When diffusion 
occurs along the [001] direction, the Frenkel defect is formed across channels. 
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Recombination is therefore very unlikely due to the low probability of [001] 
migration. In this case the separate [010] channels are activated as charge 
segregation invoked by the Frenkel defects is sustained.  
 
Single-particle potential energy calculations predict energy barriers for [001] 
migration to be high.1 Similarly, to activation energies for Li+ ion migration, these 
energy profiles remain valid in many-Na+ ion configuration. The ‘Shooter’ method 
is a framework to explore the corrugated energy surface associated with a 
diffusive process and search for alternative paths of lower energy which are 
available due to many-particle dynamics.  
 

7.1.2. NaFePO4 
 

7.1.2.1. Low Shooter Parameters 
 
An investigation consistent with that seen for the previous materials was applied 
to NaFePO4, in order to understand to what extent the mechanistic details 
depend on the constituent elements of the material. The subsequent results were 
produced from a Shooter method simulation using the following parameters: 
 

1. Gaussian half-width = 0.00005 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 2 ps 

 
Using the ‘Shooter’ method in combination with finite temperature MD 
simulations, Na+ ion diffusion was observed within NaFePO4. The illustration of 
the Na+ ion instantaneous positions, in Fig. 7.xv (left), shows the principal 
pathway for diffusion was found to be a curved trajectory within the [010] 
channels. The same diffusion pathway was found using single particle potential 
energy calculations.1 Similar to LiFePO4, LiMnPO4 and NaMnPO4, diffusion along 
the [001] direction is preferred. Also similar to all the other materials studied is 
that diffusion along the [001] direction represents a small part of the reaction 
coordinate. Only one [001] migration is realised amongst of sea of events within 
the [010] channels, it is a rare event. The singular [001] migration is highlighted 
in the averaged Na+ ion positions, also depicted in Fig. 7.xv (right). 
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Figure 7.xv: Schematic representation of the Na+ ion trajectories throughout the 
3.5 ns MD and Shooter simulation. Na+ ions are represented as blue spheres, 

Fe2+ ions as purple spheres and PO4 as gold and grey tetrahedra. 
Instantaneous positions of all 160 Na+ shown every 1.25 ps (left). Smoothed 
trajectory of instantaneous positions, positions averaged every 20 ps (right). 

Relevant crystallographic directions are indicated.  
 

It can be noticed immediately from Fig. 7.xv that the Na+ ions appear to be very 
diffusive within NaFePO4. The diffusive Na+ ion trajectories are further illustrated 
by the spline representations in Fig. 7.xvi. The volume of splines within the [010] 
channels is significant, whereas one [001] migration can be seen. 
 
The diffusive Na+ ion trajectories are further illustrated by the spline 
representations in Fig. 7.xvi. The volume of splines within the [010] channels is 
significant, whereas one [001] migration can be seen. 
 
 
 
 

[010] 

[001] 
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Figure 7.xvi: Spline representation of the overall Na+ ion displacements 

throughout the simulation. View of the [010] channels parallel to the page (left), 
view of the [010] channels perpendicular to page (right). Relevant axes are 

indicated. 
 

An analysis of the atomistic details governing diffusion reveals the same pattern 
seen for all the previous materials. Diffusion is driven by the formation of Frenkel 
defects. The defects create disorder in the local channel environment which is 
expressed in the form of a charge imbalance. Excess charge is located at a 
double-occupied Na+ cage and a deficiency of charge in a corresponding 
vacant Na+ cage. The Frenkel pair are mobile species which migrate within the 
[010] channels. The drift of these charged particles is compensated through 
recombination with themselves or a matching periodic image.  
 
Fig. 7.xvii illustrates a sequence of diffusive events within a [010] channel as a 
series of snapshots. The sequence of events is initiated by formation of a Frenkel 
defect (Fig. 7.xvii, snapshot a). The formation of the Frenkel pair is realised as 
the result of multiple Na+ ion migrations. The red Na+ ion jumps one 
crystallographic site, which in turn enables the orange Na+ ion to migrate one 
Na+ cage. After 0.15 ps, a situation occurs where the yellow and green Na+ are 
located between Na+ cages. A vacancy has been realised, represented by a 
white square and black outline, but not a double-occupied site. After another 0.4 
ps, the yellow and green Na+ ions have fully migrated to the next Na+ cages. The 
double-occupied site now exists and is represented by the green and pink Na+ 
ions (Fig. 7.xvii, snapshot b). The resulting Frenkel pair are screened by three 
network Na+ cages. After formation, the Frenkel pair begin to migrate within the 

[010
] 

[001
] 

[010
] 
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channel. Firstly, the vacancy migrates one Na+ cage as a result of a single Na+ 
ion jump, when dark blue Na+ ion moves along one Na+ cage (Fig. 7.xvii, 
snapshot c). After 0.9 ps an identical migration occurs, the vacancy migrates 
one Na+ cage as the result of a single (purple) Na+ ion translocation (Fig. 7.xvii, 
snapshot d). Recombination of the Frenkel pair occurs when the migrating 
vacancy meets the periodic image of the double-occupancy (Fig. 7.xvii, 
snapshot e). The overall result of this sequence of diffusive events is the total 
migration of the Na+ column by one crystallographic site (Fig. 7.xvii, snapshot 
e). The sequence of diffusive events described by Fig. 7.xvii occur over 3.05 ps. 
The rate at which Na+ ion diffusion occurs within NaFePO4 appears to be much 
more rapid in comparison to Li+ ion diffusion within LiFePO4 and LiMnPO4. 
Trajectories of a similar nature within LiFePO4 (Fig. 6.x) and LiMnPO4 (Fig. 6.xviii) 
occur over 25 and 41.6 ps, respectively. A similar trajectory within NaMnPO4 (Fig 
7xii) occurs over 5.65 ps, indicating that Na+ ion diffusion could be more facile 
within an iron-based framework. An identical mechanism for diffusion has been 
found for Na+ and Li+ ions within the olivine phosphates (MPO4, M = Fe/Mn). 
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Figure 7.xvii: Snapshots of Na+ diffusion within a [010] channel. In each 

channel all Na+ ions are coloured separately, with the same colour 
representing the periodic image of the atom. A combination of multiple 

correlated Na+ ion translocations provide the partial formation of a Frenkel 
defect (a). Briefly, the green and yellow Na+ ions reside between Na + cages 
until, after 0.4 ps, the formation of the Frenkel defect is realised (b). After the 
formation of the Frenkel defect the Frenkel pair are able to migrate within the 

channel (c, d). Recombination of the Frenkel pair is realised via the 
combination of two Na+ ion migrations (e). The result is the column of Na+ ions 

have migrated one crystallographic site within the [010] channel (f). 

a) 0 ps b) 0.15 ps c) 0.45 ps  

d) 1.95 ps  e) 2.85 ps  f) 3.05 ps  
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Although migration along the [010] channels represents the principal pathway 
for diffusion within NaFePO4, diffusion is also realised along the [001] direction.  
 
The migration and subsequent effects are illustrated as a series of snapshots 
within Fig. 7.xviii. A cross-channel jump is realised as the result of a single Na+ 
ion jump (Fig. 7.xviii, snapshot a). The dark blue Na+ ion within the left channel 
migrates into the Na+ cage of the dark blue Na+ within the right channel. The 
result is the formation of a Frenkel defect across channels. The Frenkel pair 
consists of a double-occupied Na+ cage, represented by the two dark blue Na+ 
ions in the right channel, and a vacancy, represented by a white square with a 
black outline in the left channel. The resulting Frenkel pair introduces disorder 
into the separate channels. The disorder is expressed as a local charge 
imbalance. An accumulation of charge exists within the right channel due to the 
double-occupancy, and a deficiency of charge exists within the left channel due 
to the vacancy. Consequently, the Frenkel pair begins to migrate within its 
respective channels. The vacancy begins to migrate as the result of a single Na+ 
ion jump (Fig. 7.xviii, snapshot b), where the red Na+ ion in the left channel 
migrates to another Na+ cage. The double-occupied site also begins to migrate 
as the result of a single Na+ ion translocations. The dark blue Na+ ion within the 
right channel migrates to another Na+ cage, forming a new double-occupancy 
(Fig. 7.xviii, snapshot c). Followed by the migration of the purple Na+ ion to 
another Na+ cage, forming another new double-occupancy (Fig. 7.xviii, 
snapshot d). The vacancy also migrates as the result of the combination of two 
correlated Na+ ion jumps (Fig. 7.xviii, snapshots e, f). The double-occupancy 
continues to migrate as the result of single Na+ ion jumps (Fig. 7.xviii, snapshots 
f, h). After 4.3 ps the Frenkel pair still remain separated (Fig. 7.xviii, snapshot i) 
and this remains the case for another 2.5 ns, until the end of the simulation. 
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Figure 7.xviii: Snapshots of cross-channel jump and the subsequent effects. In 

each individual channel, all Na+ ions are individually coloured with the same 
colour representing the periodic image of the atom. A cross-channel jump is 

realised as the result of a single Na+ ion jump (a). The resulting separated 
Frenkel pair are able to migrate within their respective channels as the 

consequence of individual or a set of correlated Na+ ion jumps (b-h). After 4.3 
ps the Frenkel pair remain separated and thus the channels still activated (i).  

a) 0 ps  b) 0.20 ps c) 0.35 ps  

e) 0.90 ps  d) 0.70 ps  f) 2.85 ps  

g) 3.55 ps  h) 4.15 ps  i) 4.30 ps  
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Identical to the corresponding migration within NaMnPO4, LiFePO4 and LiMnPO4, 
the low chance of recombination associated with [001] migration means that 
[010] channels remain activated for extended periods of time.  
 
As is the case with the other materials studied, the overall mechanism of diffusion 
within NaFePO4 cannot be described in full by a single particle event. The 
presence of different Na+ ion translocation events that are correlated in nature 
further suggests that the collective dynamics of many-particle events must be 
taken into consideration. The ‘Shooter’ method has uniquely been able to 
connect single Na+ ion translocations into a general particle diffusion pattern. 
This can only be achieved by following the short-term time evolution of the 
dynamics of many-particles. 
 
The extent of Na+ ion diffusion within the material is evaluated by monitoring the 
MSD over time.  

 

 
Figure 7.xix: Mean squared displacement of Na+ ion throughout trajectory. The 

first frame used as the reference frame (t0). 
 

The resulting MSD profile depicted in Fi. 7.xix shows a growth of the MSD over 
time which is indicative of diffusion. The graph is initially very step-wise but 
gradually displays a more diffusive behaviour pattern. There are clearly two 
different diffusive regimes which makes it difficult to estimate a self-diffusion 
coefficient and highlights the needs to optimise the ‘Shooting’ parameters. In 
order to obtain a better estimate of the self-diffusion coefficient, the MSD was 
calculated using multiple time origins (t0) and averaged (Eq. 6.4). Fitting Eq. 5.7 
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to the resulting profile in Fig. 7.xx still remains problematic (highlighted by the 
poor fitting of the linear regression analysis). Regardless, the estimated self-
diffusion is calculated to be 1.846 × 10<=>?0@<A.  

 
 

Figure 7.xx: A plot of MSD vs time all Na+ ions averaged over multiple time 
origins. 34 = 0, 35 = 2.5 ns and 3. = 75 ps. 

 
In comparison to the identical simulation of NaMnPO4, NaFePO4 yields a 
marginally higher self-diffusion coefficient (1.846 × 10<=>?0@<A	I@.		1.210	 ×

	10<=>?0@<A). This pattern reflects the activation energy barriers calculated for 
[010] diffusion within NaFePO4 and NaMnPO4 (0.32	J'	I@. 0.46	J').1  
 
In order to assess the overall effect of the cross-channel jump on diffusion within 
NaFePO4, the MSD of the Na+ ions are calculated before and after the event at 
1.36 ns. The resulting MSD profiles, depicted within Fig. 7.xxi, show a significant 
increase in the self-diffusion coefficient. Before the cross-channel jump, the 
estimated self-diffusion coefficient is calculated to be 6.833 ×	10<B>?0@<A. After 
the cross-channel jump, the estimated self-diffusion coefficient is calculated to 
be 7.722	 ×	10<=>?0@<A. An order of magnitude increase is thus calculated in 
the direct aftermath of the [001] migration.  
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Figure 7.xxi: Plot of MSD vs time for all Na+ ions before the cross-jump event at 
1.35 ns (left) and after (right). 

 
Due to the charge segregation activated by the cross-channel migration and the 
previous evidence of the corresponding jump within NaMnPO4 (Fig. 7.viii), the 
cross-channel migration is considered to have a positive role. The splines of the 
Na+ ion trajectories, depicted in Fig. 7.xxii, illustrate the positive effect of the 
[001] migration on [010] migration. 

 

 
Figure 7.xxii: Spline representation of the Na+ ion displacements before the 

cross-jump event at 1.35 ns (left) and after (right). The relevant axes are 
shown. 

 

Before cross-jump After cross-jump 

Before cross-jump After cross-jump 

[010] 

[001] 
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A comparison of the Na+ ion trajectories before and after the cross-channel event 
(Fig. 7.xxii) shows a significant increase of diffusive trajectories within the 
channels involved in the cross-channel migration and the channels that were 
not. Therefore, the increase in diffusion cannot be solely attributed to the cross-
channel event but certainly has a pivotal role. 

 
7.1.2.2. High Shooter Parameters 

 
As for NaMnPO4, the impact of the ‘Shooter’ parameters is investigated in order 
to ascertain any impact on the mechanism as the result of a more pronounced 
perturbation of particle momenta. The subsequent results were produced from 
a Shooter method simulation using the following parameters: 
 

1. Gaussian half-width = 0.1 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 2 ps 

 
Identical to the previous results, using a different set of ‘Shooting’ parameters, 
the principal mode of diffusion realised within NaFePO4 is a curved trajectory 
along the [010] channels, as illustrated by the sequence of instantaneous Na+ 
positions within Fig. 7.xxiii (left).  
 
Using this set of ‘Shooting’ parameters, the systematic bias introduced to the 
system favours diffusion along main [010] axis, whilst migration along [001] is 
not realised. The absence of [001] migrations is highlighted by the averaged 
Na+ ion positions within Fig. 7.xxiii (right). 
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Figure 7.xxiii: Schematic representation of the Na+ ion trajectories throughout 
the 3.4 ns MD and Shooter simulation. Na+ are represented as blue spheres, 
Fe2+ ions as red spheres and PO4 as gold and grey tetrahedra. Instantaneous 

positions of all 160 Na+ shown every 1.25 ps (left). Smoothed trajectory of 
instantaneous positions, positions averaged every 20 ps (right). 

 
The diffusive Na+ ion trajectories within this simulation are highlighted by the 
calculated splines in Fig. 7.xxiv. 

 
Figure 7.xxiv: Spline representation of the overall Na+ displacements 

throughout the simulation. View of the [010] channels parallel to the page (left), 
view of the [010] channels perpendicular to page (right). The relevant axes are 

indicated. 
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A detailed study of the atomistic details governing Na+ ion diffusion reveals the 
same mechanistic pattern seen in the simulation using low ‘Shooter’ parameters. 
Diffusion is initiated by the formation of a Frenkel defect. The resulting double-
occupied Na+-Na+ site and corresponding vacancy characterise a local charge 
imbalance within the channel. The metastable Frenkel pair is able to migrate 
within the channel. The drift of these charged species is compensated in the 
long-term due to the recombination of the Frenkel pair with itself or with a 
matching periodic image.  
 
Two sequences of diffusive events are illustrated as a series of snapshots within 
Fig. 7.xxv. The first sequence is initiated by the formation of a Frenkel defect as 
the result of a single Na+ ion translocation (Fig. 7.xxv, snapshot a). The green 
Na+ ion migrates one Na+ cage to form a Na+-Na+ double-occupied site, thus 
leaving a vacancy in the neighbouring site. The diffusive process is extended 
due to the double-occupancy migrating away from the corresponding vacancy 
(Fig. 7.xxv, snapshot b), maintaining the local charge imbalance within the 
channel. A simultaneous migration of both the vacancy and double-occupancy 
is realised (Fig. 7.xxv, snapshot c) when the vacancy migrates away from the 
double-occupancy as the result of a combination of two correlated Na+ ion 
jumps. The red Na+ ion migrates to the next network cage causing the orange 
Na+ ion to migrate into the vacant site. This is proceeded by the migration of the 
double-occupancy as the result of a combination of two correlated Na+ ion 
jumps. The double-occupancy also migrates as the result of the combination of 
two correlated Na+ ion jumps. The pink Na+ ion within the Na+-Na+ site migrates 
to the next cage causing the light blue Na+ to jump to the next cage and form a 
new Na+-Na+ double-occupancy with the purple Na+ ion. The drift of charged 
particles is compensated after another set of correlated Na+ ion jumps is realised 
(Fig. 7.xxv, snapshot d) when the purple Na+ ion within the Na+-Na+ site jumps 
to the next cage causing the dark blue Na+ ion to recombine with the vacancy 
on a matching periodic image. As a result of this sequence of diffusive events 
(Fig. 7.xxv, snapshots a-d), the entire column of Na+ ions within the [010] have 
migrated one crystallographic site in 0.65 ps. Thereafter, no Na+ migrations are 
observed for 14 ps. The second sequence of diffusive events is initiated by the 
combination of five correlated Na+ ion jumps (Fig. 7.xxv, snapshot e). In contrast 
to the first sequence, the resulting Frenkel defect is screened by five framework 
cages. Sequences of diffusive events are observed to occur through either 
individual Na+ ion translocations or through various combinations of correlated 
Na+ ion jumps, all of which results in the formation of a Frenkel defect and a local 
charge imbalance within the channel. The drift of charged species is 
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compensated merely 1.75 ps after the initial formation (Fig. 7.xxv, snapshot f). 
Recombination is observed when two correlated Na+ ion jumps are realised. The 
purple Na+ ion within the Na+-Na+ site migrates into the next cage causing the 
dark blue Na+ ion to fill the vacancy on the matching periodic image. As a result 
of this sequence of events (Fig. 7.xxv, snapshots e-g) the entire column of Na+ 

ions have, once again, migrated one crystallographic site. 
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Figure 7.xxv: Snapshots of two sequences diffusive events within a [010] 
channel. In each channel Na+ ions are coloured separately, with the same 
colour representing the periodic image of the atom. The first sequence of 
events is initiated by the formation of a Frenkel defect (a). The subsequent 
disorder and charge imbalance within the system are characterised by the 
Frenkel pair. The Frenkel pair are able to migrate within the channel (b, c). 
Recombination is realised as the result of two correlated Na+ ion jumps (d). 
After 14 ps the second sequence of events is initiated by the formation of a 

second Frenkel defect (e). Recombination is swiftly achieved by another 
correlated set of two Na+ jumps (f). After both sequences of diffusive events 
the column of Na+ ions have migrated two crystallographic sites within the 

[010] channel. 

a) 0 ps b) 0.10 ps  c) 0.20 ps d) 0.65 ps 

e) 14.00 ps  f) 14.65 ps g) 15.25 ps  
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Irrespective of the parameters chosen within the ‘Shooter’ method, the same 
overall mechanism for diffusion is observed for NaFePO4. Diffusion is driven by 
the formation of Frenkel defects as the result of either single Na+ ion 
translocations or a set of correlated Na+ ion jumps. The Na+ ion diffusion within 
NaFePO4 cannot be characterised by single particle jumps alone. The ‘Shooter’ 
method is necessary to follow the short-term time evolution of the many-particle 
dynamics and connect the single Na+ ion translocations into a general diffusion 
mechanism. 
 
The extent of diffusivity of the Na+ ions within NaFePO4 is evaluated by monitoring 
the MSD of the Na+ ions over time.  

 
Figure 7.xxvi: Mean squared displacement of Na+ ion throughout trajectory. 

First frame used as the only reference frame (t0). 
 

The MSD profile of the Na+ ions depicted in Fig. 7.xxvi displays a growth over 
time, indicating diffusion. Although there is a fairly linear growth over time the 
profile still possesses a step-wise feature. Averaging over multiple time origins 
(t0) naturally yields a more linear MSD profile from which the self-diffusion 
coefficient can be evaluated.  
 
From Fig. 7.xxvii the estimated self-diffusion is 1.307 × 10<=>?0@<A. The 
estimated self-diffusion coefficient for this set of ‘Shooter’ parameters is similar, 
but marginally smaller than the one calculated for low ‘Shooter’ parameters 
(1.307 × 10<=>?0@<A	I@. 1.846 × 10<=>?0@<A). Using higher ‘Shooter’ 
parameters has resulted in a lower estimated self-diffusion coefficient. This 
could be attributed to the fact that the momenta bias within this simulation has 
not realised [001] migration which has been shown to positively affect diffusion. 
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Figure 7.xxvii: MSD of Na+ ions over averaged over multiple time origins. 34 = 

0 ns, 35 = 2.475 ns and 3. = 75 ps. 
 

7.1.2.3. Summary 
 
Through the application of a combination of the ‘Shooter’ method and finite 
temperature MD simulations Na+ ion diffusion is observed within NaFePO4 on a 
reasonable MD timescale. By transferring a variable amount of kinetic energy 
from the slow non-diffusive framework (FePO4) to the fast, mobile Na+ ions, rare 
diffusive events are accelerated, and MD simulation temperatures are 
maintained at 700 K.  
 
The principal mode of diffusion was found to be a curved trajectory down the 
[010] channels, which agrees with other theoretical studies.1 Similar to all the 
other materials studied, diffusion along the [001] direction is realised. So far, 
within the literature1,2 the [001] direction has been disregarded as a viable 
pathway for diffusion as single-particle calculations predict high energy barriers. 
Using the ‘Shooter’ method to explore the energy landscape of a complex many-
particle diffusive process can realise alternative pathways of lower energy due 
to many-particle dynamics. The ‘Shooter’ method shows that although migration 
along the [001] direction is a rare event, it still remains an important part of the 
reaction coordinate. Viewing diffusion within NaFePO4 through the lens of 
individual single particle migrations will obscure relevant details that a dedicated 
approach like the ‘Shooter’ method are able to uncover.  
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The mechanism of diffusion in both the [010] and [001] direction is found to 
occur via the same general sequence of events seen for Na+ ion diffusion within 
NaMnPO4 and Li+ ion diffusion within the olivine phosphates. The distinct 
sequence of events can be summarised as: 
 

• Diffusion is initiated by the formation of a Frenkel defect within the 
channel; 

• The Frenkel defects introduce local disorder within the channel. The 
disorder manifests as an excess of charge within a double-occupied Na+-
Na+ cage, and the deficiency of charge within the corresponding 
vacancy; 

• The Frenkel pair is a metastable mobile species that can migrate as the 
result of a single particle displacements or as a combination of correlated 
Na+ ion jumps. 

 
7.2. Optimised Shooter Calculations 
 
In order to obtain as accurate a self-diffusion coefficient as possible and 
compare with the relative magnitudes of the self-diffusion coefficients calculated 
for Li+ ion diffusion, optimised ‘Shooter’ parameters were calculated and 
applied. Similar to Li+ ion diffusion, regardless of the Gaussian half-width and 
smearing factor deployed during a ‘Shooter’ simulation, applying the ‘Shooting’ 
every 2 ps resulted in relatively step-wise and disjointed MSD profiles. The 
‘Shooting’ rate was increased to every 0.5 ps in order to maintain the separation 
in velocities between the Na+ ions and the framework (Fig. 5.xxv and 5.xxvi). A 
narrower Gaussian half-width was necessary to promote diffusion in comparison 
the Li+ ion calculations, further indication of the lower energy barriers seen for 
Na+ ion migration. 
 
The following results were produced from a ‘Shooter’ method and MD simulation 
using the following parameters: 
 

1. Gaussian half-width = 0.00001 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 0.5 ps 
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7.2.1. NaMnPO4 

 
Using the aforementioned ‘Shooter’ parameters, diffusion is achieved. The 
successive instantaneous Na+ ion positions in Fig. 7.xxviii (left) highlight the 
curved trajectory along [010] channels. Diffusive trajectories can be seen in all 
channels, emphasised by the averaged Na+ ion positions depicted in Fig 7.xxviii 
(right). 
 

 
 

Figure 7.xxviii: Schematic representation of the Na+ ion trajectories throughout 
the 1 ns MD and Shooter simulation. Na+ are represented as blue spheres, 

Mn2+ ions as purple spheres and PO4 as gold and grey tetrahedra. 
Instantaneous positions of all 160 Na+ shown every 1.25 ps (left). Smoothed 
trajectory of instantaneous positions, positions averaged every 20 ps (right). 

Relevant crystallographic directions are indicated.  
 
During the 1 ns simulation, no diffusion is realised along the [001] axis. The 
absence of such migrations can is exemplified in Fig. 7.xxix. 
 

[001] 

[010] 
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Figure 7.xxix: Spline representation of the overall Na+ ion displacements 
throughout the 1 ns simulation. View of the [010] channels parallel to the page 

(left), view of the [010] channels perpendicular to page (right). 
 
Evaluating the MSD of the Na+ ions over time yields the profile depicted in Fig. 
7.xxx. Although there is a clear growth of the Na+ ions over time, the profile is 
still afflicted by a step-wise form. 
 

 
Figure 7.xxvi: MSD vs time of the Na+ ions throughout the 1 ns trajectory. First 

frame used as the only reference frame (t0). 
 
Using multiple time origins (t0) and averaging, results in a much smoother MSD 
profile from which to evaluate a self-diffusion coefficient. 

[100] [010] 

[001] 
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Figure 7.xxx: MSD of Na+ ions over. Averaged over multiple time origins. 34 = 

0 ns, 35 = 1 ns and 3. = 50 ps. 
 
Using Eq. 5.7 and fitting to the MSD profile in Fig. 7.xxx, the self-diffusion 
coefficient is calculated to be 2.893 × 10<=>?0@<A. The self-diffusion coefficient 
value calculated for NaMnPO4 is higher than that for Li+ ion diffusion within 
LiFePO4 and LiMnPO4 (8.036	 × 10<B>?0@<A	and 1.435 × 10<B>?0@<A 
respectively).  
 
Energy barriers for Na+ ion diffusion along the [010] channels within the olivine 
framework have, using the same forcefield, been shown to be smaller than for 
Li+ ion diffusion within the same olivine framework. Therefore, a larger diffusion 
coefficient for NaMnPO4 can be expected.  
 
 Activation Energy / eV 
 NaMnPO4 LiFePO4 LiMnPO4 

[010] migration 0.46 0.55 0.62 
 

 
Table 7.i: Summary of activation energies involved in [010] migration and 

Li+/Na+ ion migration with the olivine phosphates. The same forcefield 
parameters used in this body of work.1,3  
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7.2.2. NaFePO4 

 
The same optimised ‘Shooter’ parameters used for NaMnPO4 were used for 
NaFePO4. The minimum perturbation required to promote diffusion was the 
same.  
 
The optimised parameters are as follows: 
 

1. Gaussian half-width = 0.0001 Å2 fs-1 
2. Smearing factor = 1.0001 
3. Rate of ‘Shooting’ = 0.5 ps 

 

 
 
Figure 7.xxxi: Schematic representation of the Na+ ion trajectories throughout 

the 1 ns MD and Shooter simulation. Na+ are represented as blue spheres, Fe2+ 
ions as red spheres and PO4 as gold and grey tetrahedra. Instantaneous 
positions of all 160 Na+ shown every 1.25 ps (left). Smoothed trajectory of 
instantaneous positions, positions averaged every 20 ps (right). Relevant 

crystallographic directions are indicated. 
 

Using the optimised ‘Shooter’ parameters, diffusion is observed throughout the 
1 ns simulation. All [010] channels display the known curved trajectory. Over the 
simulation, no migrations along the [001] axis are observed. All diffusion is 
confined within the [010] channels. The diffusive trajectories are highlighted in 
Fig. 7.xxxii. 
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Figure 7.xxxii: Spline representation of the overall Na+ ion displacements 
throughout the 1 ns simulation. View of the [010] channels parallel to the page 

(left), view of the [010] channels perpendicular to page (right). 
 

The standard approach of calculating the self-diffusion coefficient was adopted. 
The self-diffusion coefficient is evaluated from the MSD of the Na+ ions 
throughout the trajectory. 
 

 
Figure 7.xxxiii: MSD vs time of the Na+ ions throughout the 1 ns trajectory. First 

frame used as the only reference frame (t0). 
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The MSD profile of the Na+ ions shows a significant growth over time, indicative 
of the diffusive behaviour highlighted within Fig. 7.xxxi and 7. xxxii. The MSD 
profile displays the most linear progression over time seen for all four materials. 
To maintain consistency the MSD was calculated using multiple time origins (t0) 
and averaged to obtain a smooth MSD profile.  
 

 
Figure 7.xxxiv: MSD of Na+ ions over. Averaged over multiple time origins. 34 = 

0 ns, 35 = 1 ns and 3. = 50 ps. 
 

The calculated self-diffusion coefficient for NaFePO4 is 6.004 × 10<=>?0@<A. 
Using the ‘Shooter’ method in combination with MD simulations shows NaFePO4 
to have the highest self-diffusion coefficient of all the four materials studied (see 
Table 7.i). Similar to Li+ ion diffusion, the iron olivine framework allows for more 
diffusion compared to their manganese counterparts.   
 
 Activation Energy / eV 
 NaFePO4 NaMnPO4 

[010] migration 0.32 0.46 
 

Table 7.ii: Comparison of activation energies for [010] migration within 
NaFePO4 and NaMnPO4.1 

 
Experimental studies2 have calculated diffusion coefficients for NaxFePO4 during 
the charge/discharge process. The calculated values were extremely low 
(10<A=>?0@<A). However, upon the charge/discharge process a large volume 
change (17 %) is witnessed for NaFePO4. This volume change induces strain on 
the material affecting the kinetics. It is very difficult to compare the equilibrium 
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value calculated from the ‘Shooter’ method to experimentally calculated diffusion 
coefficients in the presence of a chemical potential gradient.  
 

7.3. MD Shooter Simulations on NaMPO4 with Li/M Antisite Defects 
 
Within the ‘Shooter’ method and MD simulations on NaMnPO4 and NaFePO4, 
migrations along the [001] were realised. The consequent mechanistic analysis 
and comparison of self-diffusion coefficients before and after a cross-channel 
jumps also revealed the same results seen for Li+ diffusion. [001] migrations 
activate the corresponding [010] channels and have an overall positive effect 
on the overall diffusion. It has been shown that for LiFePO4, the prevalence of 
Li+/Fe2+ antisite is approximately 1-3% at room temperature.4,5 Li+ and Fe2+ have 
similar atomic radii, 0.74 and 0.78 Å respectively. Na+ however is considerably 
larger, with an atomic radius of 1.02 Å. One would expect Na+/Fe2+ antisites to 
be less frequent, classical atomistic simulations predict that the formation 
energy for Na+/Fe2+ and Na+/Mn2+ is in fact lower than for Li+/Fe2+ and Li+/Mn2+ 
antisite defects (Table 7.iii), which is consistent with the fact that upon heat 
treatment, olivine NaFePO4 readily transforms to the more thermodynamically 
stable maricite phase.6  
 
 Activation Energy / eV 

 LiFePO4 LiMnPO4 NaMnPO4 NaFePO4 
Li+/Na+/M antisite 1.13 1.48 1.06 0.86 

 
 

Table 7.iii: Comparison of the formation energy of antisite defects within all four 
materials studied. Energies calculated from classical atomistic simulations.1,3 

 
A Monte Carlo simulation of NaxFePO4 (x = 0.66)7 indicated that the introduction 
of Na+/Fe2+ antisites, although blocked diffusion within the [010] channels, 
opened up a migration pathway between channels.  
 
Identical to the study of antisite defects within LiFePO4/LiMnPO4, four Na+/M2+ 
antisite defects were introduced to the system of 160 Na/Fe atoms, 
corresponding to a 2.5% degree of antisite disorder. Four different systems were 
generated by introducing four random antisite defects into each system. MD 
simulations were run for a total of 1 ns and the ‘Shooter’ algorithm was 
implemented every 0.5 ps. A Gaussian half width of 0.00001 Å2 fs-1 was used, 
and a smearing factor of 1.0001. 
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7.3.1. NaMnPO4 

 

Fig. 7.xxxv depicts an example of the antisite model used. Four Na+/Mn2+ 
antisites (blue and purple pairs) have been randomly introduced into the olivine 
framework. 
 

 
 

Figure 7.xxxv: Schematic representation of the Na+/Mn2+ antisite defects 
randomly introduced into the olivine framework. Na+ ions occupying the M2 site 
within the MnPO4 lattice are represented as blue spheres. Mn2+ ions occupying 
the M1 site within the [010] channels are represented as purple spheres. PO4 

tetrahedra are represented by black and gold tetrahedra. Relevant 
crystallographic directions are indicated. 

 
Throughout the 1 ns simulation diffusion is achieved. Whist the [010] channels 
still represent the principal direction of diffusion, the introduction of antisite 
defects results in an increase in channel-to-channel diffusion. The extent of 
diffusion is highlighted by the time evolution of the instantaneous and averaged 
positions of the Na+ ions in Fig. 7.xxxvi. The replacement of Fe2+ ions between 
channels with Na+ ions facilitates the diffusion between channels, providing a 
new ‘gateway’ for cross-channel migration. The diffusive trajectories of the Na+ 
ions are illustrated as splines in Fig. 7.xxxvii and emphasise the new improved 
coupling between channels. 
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Figure 7.xxxvi: Schematic representation of extent of diffusion throughout the 1 
ns MD and Shooter simulation. Na+ are represented as blue spheres, Mn2+ ions 

as purple spheres and PO4 as gold and grey tetrahedra. Instantaneous 
positions of all 160 Na+ shown every 1.25 ps (left). Smoothed trajectory of 
instantaneous positions, positions averaged every 20 ps (right). Relevant 

crystallographic directions are indicated.  
 

 
Figure 7.xxxvii: Splines of the Na+ ion displacements between 0-0.5 ns. View of 

the [010] channels parallel to the page (left), view of the [010] channels 
perpendicular to page (right). Applicable axes are highlighted. 
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Although the [010] channels remain the principal mode of Na+ ion diffusion, it 
can be seen that the antisite Mn2+ ions impede diffusion within their respective 
channels.  
 

 
 

Figure 7.xxxviii: An example of an anitsite Mn2+ ions blocking diffusion within 
the [010] channel. The antisite Mn2+ is represented by a purple sphere. Na+ 
ions a represented by blue spheres. PO4 are represented by gold and black 

tetrahedra. 
 
A closer look into the dynamics of the simulation reveals that Na+/Mn+ antisite 
defects have a slightly different effect on the diffusion in comparison to Li+/M2+ 
(M = Fe/Mn) antisites. Within NaMnPO4, the introduction of antisite defects not 
only facilitates diffusion between channels along the [001] direction but also in 
the [100] direction. Two diffusion mechanisms are observed for cross-channel 
migration within LiMPO4 (M = Fe/Mn) after the introduction of antisite defects. 
Both mechanisms of diffusion for cross-channel migration are observed in the 
[001] direction but only one observed for [100] migration.  
 
All diffusion follows the pattern of Frenkel pair formation and recombination that 
has been shown throughout this work. An example of cross-channel migration 
along the [001] direction is illustrated in Fig 7.xxxix. A situation emerges where 
a double-occupied Na+ (red and blue Na+ ions) site is positioned next to the 
antisite Na+ ion (orange) and the corresponding vacancy within the 
neighbouring channel (white square with a black outline). The [001] migration is 
realised when the red Na+ ion within the double-occupied Na+ site migrates into 
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the antisite M2 position. This causes the original orange antisite Na+ ion to move 
into the neighbouring the [010] and into the vacant site.  
 

 
Figure 7.xxxix: Snapshots of the ‘replacement’ mechanism of cross-channel 

migration along the [001] direction. All Na+ ions are individually coloured. PO4 
are represented by gold and grey tetrahedra. The relevant crystallographic 
directions are indicated. The red Na+ ion from the double-occupied Na+ site 

jumps into the antisite position, causing the original orange Na+ antisite ion to 
fill the vacancy present in the neighbouring channel (left). The result is cross-
channel migration along the [001] direction via the replacement of an antisite 

Na+ ion (right). 
 

 
 

Figure 7.xl: Snapshots of the ‘passing’ mechanism of cross-channel migration 
along the [001] direction. All Na+ ions are individually coloured. PO4 are 
represented by gold and grey tetrahedra. The relevant crystallographic 

directions are indicated.  
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The second mechanism of [001] migration can be seen in Fig. 7.xl. A cross-
channel jump ensues as the result of a channel Na+ ion directly by-passing an 
antisite Na+ ion. In this case, the orange Na+ ion bypasses the red antisite Na+ 
ion (Fig. 7.xl, left). A Frenkel defect forms across channels, with the 
corresponding Na+-Na+/vacancy pair is expressed as the yellow and orange Na+ 
ion and a white square with a black outline respectively. 
 
Cross-channel migration along the [100] is observed only to follow the 
‘replacement’ mechanism. An example is depicted within Fig. 7.xli. The cross-
channel migration occurs when the blue Na+ ion jumps towards the blue antisite 
Na+ ion (Fig 7.xli, left). The blue Na+ ion replaces the red antisite Na+ ion forcing 
it into the next channel. This results in the creation of a new Frenkel defect. The 
Frenkel pair is expressed as a double-occupied Na+ site, represented by the red 
and yellow Na+ ions, and a corresponding vacancy represented by a white 
square with a black outline (Fig. 7.xli, right). 
 
 

 
 

Figure 7.xli: Snapshots of the mechanism of cross-channel migration along the 
[100] direction. All Na+ ions are individually coloured. PO4 are represented by 

gold and grey tetrahedra. The relevant crystallographic directions are 
indicated. [100] migration across channels is realised when the blue Na+ ion 
replaces the red antisite Na+ ion (left). The result is the formation of a Frenkel 

defect across [010] channels. The Frenkel pair is characterised by the double-
occupied Na+ cage (yellow and red Na+ ions) and a corresponding vacancy 

(white square black outline) (right).   

[100] 

[001] 



Chapter 7 - ‘Shooter’ Method and MD Simulations on Sodiated Olivine Phosphates 
 

 241 

 
The introduction of Na+/Mn2+ antisite defects facilitates three-dimensional 
diffusion within NaMnPO4. Although Mn2+ block [010] diffusion within their 
respective channels, the antisite Na+ couple the channels in two extra 
dimensions, enabling diffusion along the [100] and [001] direction. The effect on 
the overall diffusion is monitored by calculating the MSD of the Na+ ions over 
time, evaluating a self-diffusion coefficient and comparing with the optimised 
calculation without antisite defects.  
 
The resulting MSD profiles of the Na+ ions within the four simulations are depicted 
in Fig. 7.xlii. 
 

 
 
 

Figure 7.xlii: Mean-square displacement of Li+ ions throughout the whole 
trajectory for all four simulations of 1 ns. First frame used as only reference 

frame (t0). 
 

All four simulations show a growth of the MSD over time. In order to obtain 
smoother MSD profiles, the MSD was calculated using multiple time origins (t0) 

1. 2. 

3. 4. 
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and averaged. From the resulting profiles, depicted in Fig. 7.xliv, a self-diffusion 
coefficient was calculated for each simulation.  

 
Figure 7.xliii: MSD vs time of the Na+ ions in all five simulations. MSD averaged 
over multiple time origins. 34 = 0, 35 = 1 ns and 3. = 50 ps. Profiles are colour 

coordinated to the corresponding MSD profile within Fig. 7.xlii. 
 

All values calculated for the four simulations show an overall increase in diffusion 
within NaMnPO4 after the inclusion of antisite defects. Again, there is a spread 
of values calculated for four simulations. The standard error calculated for the 
five values is 1.081	 × 10<=>?0@<A. The self-diffusion coefficients are summarised 
in Table 7.iv. 

 
 Self-diffusion coefficient / MNOP<Q 

Simulation 1 8.495 × 10<= 
Simulation 2 4.045 × 10<= 
Simulation 3 4.205 × 10<= 
Simulation 4 6.891 × 10<= 

NaMnPO4 without antisite defects 2.893 × 10<= 
 
 

Table 7.iv: Self-diffusion coefficients for the four ‘Shooter’ and MD simulations 
on NaMnPO4 with antisite defects. The colour indicates the corresponding 

curves in Figs. 7.xlii and 7.xliii. 
 
In order to assess the degree of enhanced coupling between channels after the 
introduction of the antisite defects, a comparison between NaMnPO4 without 
antisites and with antisites is made. The corresponding MSD profiles of the Na+ 
ions are compared in Fig. 7.xliv. 
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Figure 7.xliv: MSD v time of Na+ ions in a Shooter Method and MD simulation 
for NaMnPO4 (left) without antisites and NaMnPO4 with antisite defects (right). 
MSD for x, y and z shown in red, y-only in green, x-only in blue and z-only in 

orange. 
 
An overall increase in the self-diffusion coefficient can be seen. Even though 
migration along a few [010] channels is blocked by antisite Mn2+ ions, an 
increase is seen in the overall diffusion and along the [010] direction. An 
increase in diffusion is also seen along both the [001] and [100] directions, this 
is due to the new pathways for diffusion created by the presence of an Na+ ion 
on the M2 site between channels. As discussed, diffusion across channels 
seemingly activates the respective [010] channels due to the diminished chance 
of Frenkel pair recombination. An increase in cross-channel migration, due to 
the presence of Na+/Mn2+ antisites will therefore enhance the overall diffusion 
with corresponding [010] channels. A summary of the self-diffusion coefficients 
is presented in Table 7.v. 
 

 Self-diffusion coefficient / MNOP<Q 
 LiFePO4 without antisites LiFePO4 with antisites 

D 2.907 × 10<= 8.495 × 10<= 
D [010] 2.893 × 10<= 7.587 × 10<= 
D [001] 1.036 × 10<AR 3.961 × 10<B 
D [100] 4.267 × 10<AA 3.527 × 10<B 

 
Table 7.v: Self-diffusion coefficients for MD and ‘Shooter’ method calculations 

for NaMnPO4 without antisite defects and NaMnPO4 with antisite defects. 
 

Using the ‘Shooter’ method has, once again, been able to reveal the atomistic 
details governing diffusion in a many-particle system. It has been found that 
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upon the introduction of Na+/Mn2+ antisites, two new pathways of diffusion 
become available. The mechanisms of diffusion along the [001] direction are 
identical to those seen for Li+ ion diffusion in the presence of antisites. Along the 
[100] direction, only one mechanism for diffusion is observed. A ‘replacement’ 
mechanism is observed, where one channel Na+ ion replaces the antisite Na+ 
ion. Identical to diffusion within the Li+ analogues, the introduction of antisite 
defects enhances the coupling between channels and thus the overall diffusion.  
 

7.3.2. NaFePO4 

 

An equivalent study was conducted with NaFePO4. Four Na+/Fe2+ antisite defects 
were randomly introduced to the system and four different structures were 
generated. 
 
 

 
 

Figure 7.xlv: Schematic representation of the Na+/Fe2+ antisite defects 
randomly introduced into NaFePO4. Na+ ions occupying the M2 sites are 

represented as blue spheres. Fe2+ ions occupying the M1 sites within the [010] 
channels are represented as red spheres. PO4 are represented by black and 

gold tetrahedra. Relevant crystallographic directions are indicated. 
 
During the 1 ns ‘Shooter’ method and MD simulations, diffusion within NaFePO4 
is observed. The main pathway for diffusion is observed to be the curved 
trajectory along the [010] channels. However, cross-channel migration is seen 
at the positions of the antisite Na+ ions. The diffusion pathways and trajectories 
are emphasised within Fig. 7.xlvi and 7.xlvii.  
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Figure 7.xlvi: Schematic representation of diffusion pathways within NaFePO4 
with antisite defects. Na+ are represented as blue spheres, Fe2+ ions as red 
spheres and PO4 as gold and grey tetrahedra. Instantaneous positions of all 

160 Na+ shown every 1.25 ps (left). Smoothed trajectory of instantaneous 
positions, positions averaged every 20 ps (right). Relevant crystallographic 

directions are indicated. 
 

An increased coupling between [010] channels is evident from the surge in 
cross-channel migration seen within the simulation. Due to the atomistic detail 
available from the ‘Shooter’ method, it can be seen that the effect of antisite 
defects within NaFePO4 is the same seen for NaMnPO4. Not only does migration 
between channels along the [001] direction occur, but also along the [100] 
direction. 
 
As for NaMnPO4, migration along the [001] direction can occur via two distinct 
mechanisms. One mechanism involves the direct passing of an antisite Na+ ion 
by a channel Na+ ion. An example of this ‘passing’ mechanism is summarised in 
Fig. 7.xlviii. Cross-channel migration occurs when the green Na+ ion within a 
double occupied Na+ site migrates directly past the yellow antisite Na+ ion and 
into the neighbouring channel (Fig 7.xlviii, left). In this example, a vacancy exists 
in the immediate vicinity of the antisite Na+ ion. The cross-channel migration of 
the green Na+ ion causes the red Na+ ion to jump into the next Na+ cage and fill 
the vacancy (Fig 7.xlviii, right). 
 

[010] 

[001] 
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Figure 7.xlvii: Splines of the Na+ ion displacements between 0-0.5 ns. View of 
the [010] channels parallel to the page (left), view of the [010] channels 

perpendicular to the page (right). Relevant crystallographic directions are 
indicated.  

 

 
 

Figure 7.xlviii: Snapshots of an example of the ‘passing’ mechanism of cross-
channel migration along the [001] direction. All Na+ ions are individually 

coloured. PO4 are represented by gold and grey tetrahedra. The relevant 
crystallographic directions are indicated. The green Na+ ion from the double-
occupied Na+ site migrates past the yellow antisite Na+ ion (left). The cross-

channel migration of the green Na+ ion causes the red Na+ ion to jump into the 
next crystallographic site and fill a vacancy (right).  
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The second mechanism observed involves the replacement of an antisite Na+ 
ion with a channel Na+ ion. An example of this mechanism is summarised in Fig. 
7.xlix. A double-occupied Na+ site is located next to an antisite Na+ ion. The 
green Na+ ion within the double-occupancy moves towards the yellow antisite 
Na+ ion (Fig 7.xlix, left). Rather than by-passing, the yellow antisite Na+ ion is 
replaced by the green channel Na+ ion causing a new double-occupied Na+ site 
in the adjacent [010] channel (Fig. 7.xlix, right). 
 

 

 
 

Figure 7.xlix: Snapshots of an example of the ‘replacement’ mechanism of 
cross-channel migration along the [001] direction. All Na+ ions are individually 

coloured. PO4 are represented by gold and grey tetrahedra. The relevant 
crystallographic directions are indicated. The green Na+ ion from the double-
occupied Na+ site migrates replaces the yellow Na+ ion as the antisite defect 
(left). The yellow Na+ ion migrates into the neighbouring [010] channel to form 

a new double-occupied Na+ site with the purple Na+ ion (right). 
 

As seen for NaMnPO4, migration across channels along the [100] direction 
occurs via the replacement mechanism only. No direct passing of channel Na+ 
ions is observed.  
 
A [001] migration is succinctly illustrated in Fig. 7.l. [001] migration occurs when 
the yellow Na+ ion migrates towards the M2 antisite position occupied by the red 
Na+ ion (Fig. 7.l, left). The yellow Na+ ion replaces the red antisite Na+ ion causing 
the red Na+ ion to relocate to the adjoining [010] channel in the [100] direction. 
The result is the formation of a Frenkel defect across channels. The Frenkel pair 
is expressed as double-occupied Na+ site (blue and red) and the corresponding 
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[001] 
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vacancy (white square with black outline). The metastable pair will be able to 
migrate within their respective [010] channels (Fig. 7.l, right).  
 

 
Figure 7.l: Snapshots of an example of cross-channel migration along the [100] 
direction. All Na+ ions are individually coloured. PO4 are represented by gold 
and grey tetrahedra. The relevant crystallographic directions are indicated. 
The yellow Na+ ion replaces the red Na+ ion in the antisite M2 position (left). 

This causes the red Na+ ion to migrate into the adjacent [010] channel, 
creating a new Frenkel defect. The Frenkel defect is expressed a double-
occupied Na+ cage (red and blue) and the corresponding vacancy (white 

square black outline) (right). 
 

In order to assess the effect of the newly available diffusion pathways on the 
overall diffusion, the MSD of the Na+ ions are monitored throughout the 1 ns 
simulations. The resulting MSD profiles are collectively shown within Fig. 7.lii. All 
profiles show an increase in the MSD over time, indicating the diffusive 
behaviour that’s already been addressed. To obtain smoother profiles to 
estimate the self-diffusion coefficient, the MSD of the Na+ ions are calculated 
using multiple time origins (t0) and averaged.  
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[001] 
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Figure 7.li: MSD vs time of the Na+ ions in all five simulations. MSD averaged 

over multiple time origins. 34 = 0, 35 = 1 ns and 3. = 50 ps. Profiles are colour 
coordinated to the corresponding MSD profile in Fig. 7.lii. 

 

 
 

Figure 7.lii: Mean-square displacement of Li+ ions throughout the whole 
trajectory for all four simulations of 1 ns. First frame used as only reference 

frame (t0). 
 

1. 2. 

3. 4. 



Chapter 7 - ‘Shooter’ Method and MD Simulations on Sodiated Olivine Phosphates 
 

 250 

Using the smoother MSD profiles in Fig. 7.li, self-diffusion coefficients are 
estimated and summarised in Table 7.vi. Interestingly, only one simulation (2) 
sees a significant increase in the overall diffusion in comparison to the optimised 
calculation on NaFePO4 without antisite defects. Two simulations (3 and 4) show 
a very similar value, whilst the other (1) shows a decrease in the self-diffusion 
coefficient. There is a large spread in the self-diffusion coefficients calculated 
for the four simulations (Table 7.vi) and thus a large error (1.168	 × 10<=>?0@<A).  
 
To determine whether the discrepancy is the result of the large variation or the 
values, or an inherent property of the material would require more simulations. 
As the defects are introduced to the system randomly, an in-depth analysis of 
the effect of antisite distribution would likely yield more answers.  
 

 Self-diffusion coefficient / MNOP<Q 
Simulation 1 2.775 × 10<= 
Simulation 2 1.251 × 10<S 
Simulation 3 6.400 × 10<= 
Simulation 4 5.261 × 10<= 

NaFePO4 without antisite defects 6.004 × 10<= 
 

Table 7.vi: Self-diffusion coefficients for the ‘Shooter’ and MD simulations on 
NaFePO4 without antisite defects and with antisites. The colour indicates the 

corresponding curves in Figs. 7.li and 7.lii. 
 

A comparison between the simulation without antisite defects and simulation 2 
with defects is made in Fig.7. liii. It can be seen that there is an overall increase 
in diffusion and there is also an increase in diffusion along the [001] and [100] 
direction. However, the increase in diffusion along the [001] direction is much 
greater than the increase in diffusion along the [100] direction.  
 
The corresponding self-diffusion coefficients are summarised in Table 7.vii. 
Again, it is difficult to ascertain whether this is a material specific result or the 
lack of available simulation results. 
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Figure 7.liii: MSD v time of Na+ for the simulation of NaFePO4 (left) without 
antisites and simulation 2 with antisite defects (right). MSD for x, y and z shown 

in red, y-only in green, x-only in blue and z-only in orange. 
 

 Self-diffusion coefficient / MNOP<Q 
 NaFePO4 without antisites NaFePO4 with antisites 

D 6.004 × 10<= 3.025 × 10<= 
D [010] 5.928 × 10<= 2.594 × 10<= 
D [001] 7.033 × 10<AR 3.885 × 10<B 
D [100] 6.900 × 10<C 1.077 × 10<B 

 
Table 7.vii: Self-diffusion coefficients for MD and ‘Shooter’ method calculations 

for NaFePO4 without antisite defects and simulation 2 with antisite defects. 
 
A comparison between the simulation without antisite defects and simulation 1 
with defects shows a decrease in the overall diffusion.  
 

 
 

Figure 7.liv: MSD v time of Na+ for the simulation of NaFePO4 (left) without 
antisites and simulation 1 with antisite defects (right). MSD for x, y and z shown 

in red, y-only in green, x-only in blue and x only in orange. 
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The corresponding self-diffusion coefficients can be found in Table 7.viii.  
 

 Self-diffusion coefficient / MNOP<Q 
 NaFePO4 without antisites NaFePO4 with antisites 

D 6.004 × 10<= 1.251 × 10<S 
D [010] 5.928 × 10<= 1.178 × 10<S 
D [001] 7.033 × 10<AR 5.098 × 10<B 
D [100] 6.900 × 10<C 1.077 × 10<B 

 
Table 7.viii: Self-diffusion coefficients for MD and ‘Shooter’ method calculations 

for NaFePO4 without antisite defects and simulation  with antisite defects. 
 
An increase in diffusion for both the [001] and [100] direction is seen in 
simulation 1, but it is a relatively smaller increase compared to that seen in 
simulation 2 (Table 7.vii). Overall, less cross-channel migration has been 
realised within simulation 1 compared to simulation 2 and therefore less overall 
diffusion. Within simulation 1, less cross-channel migration occurs and therefore 
less Frenkel defects created across channels driving diffusion up. The Fe2+ ion 
still block their respective channels and the overall decrease in the diffusion 
coefficient is perhaps attributed to this. The reason for the discrepancy between 
simulation 1 and 2 remains unclear. Future efforts could be directed towards 
collating more statistics from more NaFePO4 antisite simulations and analysing 
the effects of the distribution of antisite defects on the overall diffusion.  
 
7.4. Conclusions and Future Work 
 
As with Li+ ion diffusion, through the use of the novel enhanced sampling 
technique, the ‘Shooter’ method, in combination with finite temperature MD 
simulations, Na+ ion diffusion was realised within NaFePO4 and NaMnPO4. 
Diffusion was achieved on a reasonable MD timeframe and a temperature close 
to operational temperatures.  
 
Na+ diffusion was achieved implementing the same method used on the Li+ 
based phosphates. The Na+ ions were selectively warmed up by transferring a 
portion of kinetic energy from the slow non-diffusive olivine framework (MPO4, M 
= Fe/Mn). The energy transfer was made under strict conservation of angular 
and linear momentum.  
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Regardless of the simulation parameters, the ‘Shooter’ method and MD 
simulations found the main pathway of diffusion to be a curved trajectory along 
the [010] channels, which agrees with other theoretical studies.1 Identical to the 
Li+ analogues, migration along the [001] axis was found to be a small but 
significant part of the overall reaction coordinate. Using the ‘Shooter’ methods 
access to the atomistic details governing diffusion, it was shown that Na+ 
diffusion proceeds via the same pattern seen for Li+ ion diffusion. Na+ ion 
diffusion is driven by the formation of Frenkel defects. The Frenkel defects 
introduce a local charge imbalance which is expressed as double-occupied Na+ 
site and a corresponding vacancy. The Frenkel pair are able to migrate as the 
result of single Na+ ion translocations or as a collection of correlated jumps. In 
order to capture all the dynamics of the diffusion of the Frenkel pair, the 
collective dynamics of many Na+ ions must be considered. Viewing diffusion as 
simply a set of unconnected single-particle events misses crucial details the 
‘Shooter’ method is able to uncover.  
 
Diffusion occurs mostly along the [010] channels, due to the lower activation 
barriers, and in this case the resulting Frenkel pairs are compensated in the 
long-term through the recombination of the original pair or with the 
corresponding species on a matching periodic image. Diffusion across 
channels, due to the higher activation barriers, is more rare. Nonetheless, the 
effect is significant. When a Frenkel pair is formed across channels, the chance 
of recombination is very small and becomes vanishingly small if the Frenkel pair 
drift away from each other. The charge segragation caused by the creation of 
Frenkel defect therefore remains separated and the drift of charged species is 
not compensated in the long-term. It has been seen for both NaFePO4 and 
NaMnPO4 that [001] migration has a positive effect on the overall diffusion. It 
would therefore be beneficial from a materials design perspective to develop a 
strategy that promotes cross-channel jumps within these materials.  
 
The self-diffusion coefficients calculated for both NaFePO4 and NaMnPO4 show 
the same trend seen for the Li+ analogues. Na+ diffusion within the iron olivine 
phosphate is higher than in the manganese counterpart, which also concurs with 
the activation energies calculated using the same forcefield.1 The self-diffusion 
coefficients calculated for Na+ diffusion were also higher than the corresponding 
values for Li+ diffusion in the same olivine phosphate, also in agreement with 
activation energies for [010] diffusion.3 All diffusion coefficients will be 
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overestimated due to the inherent bias introduced by the ‘Shooter’. The relative 
magnitudes for different materials are however, an important factor. 
 
On the introduction of antisite defects, both NaMnPO4 and NaFePO4 showed an 
increase in diffusion along both the [001] and [100] direction. Antisite defects 
led to the enhanced coupling of [010] channels providing new pathways for Na+ 
migration. Although antisite M2+ (M = Fe/Mn) ions are shown to block their 
respective [010] channels, antisite Na+ ions offer new ‘entry’ to neighbouring 
channels. Diffusion along the [001] direction occurs via two mechanisms. The 
‘replacement’ mechanism and the ‘passing’ mechanism. Diffusion along the 
[100] direction is observed only to occurs via the ‘replacement’ mechanism. In 
all four simulations, antisite defects were shown to have an overall positive 
impact on diffusion within NaMnPO4. The separation of Frenkel pairs, and thus a 
corresponding charge imbalance, across channels leads to the overall increase 
in diffusion along the [010] channels. In NaFePO4 the antisite defects were 
shown to have a varying effect. The level of [001] and [100] migration varied 
between the four simulations. The overall diffusion coefficient was dependent on 
the amount of [001] and [100] migration. The more cross-channel migration, the 
larger the overall diffusion coefficient.  
 
In summary, the ‘Shooter’ method is an enhanced sampling method to 
accelerate the rate of escaping the local energy minima associated with a 
corrugated energy surface. Diffusion within battery materials can be analysed 
on a workable MD timescale and nominal temperature. The full mechanism of 
particle diffusion for both Na+ ions and Li + ion within the olivine phosphates 
cannot be fully described using only single-particle calculations. This method 
provides a means to analyse the collective dynamics of many particles and 
connect correlated particle translocation events into a general mechanism for 
diffusion. Understanding the intricate details of diffusion within battery materials 
can lead to a deeper understanding of the transport properties that are vital to a 
materials success. 
 
In the future, more Na+ ion based materials can be studied through the use of 
the ‘Shooter’ method. Using the ‘Shooter’ method in combination with ab initio 
MD, one could asses the effect of the inclusion of electronic effects on diffusion.  
 
As previously mentioned for Li+ ion diffusion, in order to obtain accurate self-
diffusion coefficients, one can construct coarse-grain model of diffusion based 
upon the mechanistic details discovered from the ‘Shooter’ method. Using 
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Umbrella Sampling, the free energy can be calculated for all single particle 
events that make up the full general diffusion mechanism. From the free 
energies, dynamically corrected TST can be utilised to calculate the rates for 
each transition. Finally, the catalogue of rates can be used to construct a kMC 
simulation from which the calculation of an unbiased self-diffusion coefficient is 
possible. 
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Chapter 8 
Exploration of the Free Energy Surface of Particle Diffusion within the Olivine 
Phosphates 
 

8.1. Introduction 
 
Metadynamics (see section 3.4.1.)  is an enhanced sampling technique that is 
used to rapidly reconstruct free energy surfaces.1 This is achieved through the 
introduction of a bias potential that acts on a selected number of degrees of 
freedom (also known as Collective Variables (CVs)). In combination with 
standard MD, the bias is introduced as a sum of Gaussian functions that are 
deposited along the system trajectory in the collective variable space. The result 
is the ‘filling’ of energy minima, which in turn reduces the activation barriers 
separating different energy minimum on the energy surface, encouraging the 
system to explore the entirety of the free energy surface.  
 
A typical diffusive process will naturally have a corrugated free energy surface 
associated with it. The existence of long-lived metastable states will enforce long 
MD simulation times in order to simulate a diffusive event. Therefore, 
metadynamics provides a framework to accelerate the frequency of diffusive 
events and rapidly explore the free energy surface associated with a diffusive 
process. To the knowledge of the author, there are no current studies using 
Metadynamics to analyse particle diffusion within battery materials.  
 
The most critical decision involved in the construction of a Metadynamics 
simulation is the choice of collective variable(s) (CVs). A CV is a function of the 
atomic coordinates of the system and must fundamentally distinguish between 
states of interest. Isolating the right CV(s) is a challenging task and an unsuitable 
choice can lead to poor sampling of the phase space as well as the incorrect 
evaluation of energy barriers. To ensure a successful application of 
Metadynamics, the CV must satisfy three criteria: 

 
1. A CV should distinguish between the initial and final state and describe 

all relevant intermediates. 
2. A CV should allow for all relevant events in a transformation pathway, 

including the slow modes. 
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3. The number of CVs should ideally be limited in number otherwise the time 
taken to characterise the underlying free energy surface will reduce the 
calculation efficiency.  

 
The following body of work aims to demonstrate the first use of metadynamics 
to analyse particle diffusion within battery materials. The first critical step is to 
identify a suitable CV. 
 

8.2. Choosing the Collective Variable 
 
As Li+ and Na+ ions essentially behave as liquids hosted within a solid 
framework, typical geometric-based CVs (e.g. distances, angles and dihedrals) 
are inapplicable. For example, to study protein-ligand recognition, 
metadynamics can be performed with the ‘standard’ variables used within 
docking programs, namely the distance between the ligand and the cavity.2 
There are no obvious distances, angles or dihedrals that can be biased that 
provide a distinction between a non-diffusive and a diffusive state. The same 
can be said for typical CVs used to describe solid state systems (e.g. 
coordination number).3, 4  
 
  8.2.1. Using the RMSD as a Collective Variable 
 
It has been shown in Chapter 6 and 7 that a diffusive process can be 
characterised by the Mean Square Displacement (MSD). The Root-Mean-
Square Displacement (RMSD) is simply the square-root of the MSD and has 
been shown in other work to provide a suitable CV for the analysis of proteins.5 
As the RMSD has been shown to be useful when characterising diffusive and 
non-diffusive behaviour, it was decided to utilise the RMSD as a collective 
variable. The RMSD can be calculated from a reference configuration and 
averaged over a set of atoms: 
 

!"#$ = &
1
(
)‖+, − +.‖/
0

,12

						(56	8.1) 

 
where N is the total number of atoms, +, is a set of instantaneous positions and 
+. is the set of reference positions. The RMSD CV implementation in plumed 
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requires that a reference configuration is specified and then calculation of the 
displacements of all atoms is evaluated by the superposition of the current 
configuration (+,) and the reference configuration (+.). A growth in the RMSD 
indicates trajectories that have travelled further from the reference position, i.e. 
diffusive trajectories. Different values/profiles of the RMSD are able to 
differentiate between a non-diffusive and diffusive state.  
 

8.2.2. Using Entropy as a Collective Variable 
 
The results from Chapters 6 and 7 demonstrated that disorder plays a vital role 
in particle diffusion within the olivine phosphates. Particle diffusion was shown 
to proceed primarily by the formation of Frenkel defects which introduces local 
charge disorder into the system. It was also shown that antisite defects have a 
significant effect on the particle diffusion within the olivine phosphates. The 
antisite defects also represent an added degree of disorder within the system. 
Entropy is the thermodynamic measurement of disorder. Therefore, a local 
measure of disorder and its evolution was deemed to represent a suitable 
collective variable.  
 
Piaggi et al.6 recently demonstrated the use of two new collective variables, one 
enthalpic and one entropic. In this case it was used to drive a crystallisation 
process in molecular simulations. Piaggi et al. proposed that although typical 
CVs used to distinguish between one type of local disorder from another (e.g. 
Steinhardt parameters),7, 8 it would beneficial to define a CV that does not 
prejudge any structure factors between an initial and final structure. To achieve 
this, the CV should not be related to crystal structure or a feature of geometry – 
for example, enthalpy and entropy. 
 
Enthalpy H is related to the total energy E via H = E + pV, where p is the pressure 
and V is the volume. For entropy, there is no exact expression. However, liquid 
state theory provides an expression in which the excess entropy per atom is 
expanded in an infinite series of terms involving multiparticle correlation 
functions.9 The first such term includes only two body correlations and is given 
by: 
 

S/ = −2πρkD E[g(r) ln g(r) − g(r) + 1]r/dr

M

.

						(56	8.2) 
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where g(r) is the radial distribution function and r is the density of the system. 
Here a direct measure of entropy associated with instantaneous configurations 
is used. Both H and S/ have proper thermodynamic meaning when averaged 
and their instantaneous values define useful CVs.  The two CVs introduced by 
Piaggi et al., sO and SP, where sO is defined as: 
 

sO =
U(R) + pV

N
						(56	8.3) 

 
where U(R) is the potential energy and N is the number of atoms in the system, 
thus the kinetic energy contribution is not included in the definition of sO. Defining 
an entropy CV is somewhat more complex. To do so, a mollified (smooth) version 
of the radial distribution function is defined as: 
 

gU(r) =
1

4πNρr/
)

1

√2πσ/
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bcd

						(56	8.4) 

 
where rbd is the distance between particles i and j, and s is a broadening 

parameter.  The mollification is necessary to ensure derivatives of gU(r) relative 
to atomic positions are continuous. Eq. 8.4 is inserted into Eq. 8.2 and the 
integral calculated numerically using the trapezoid rule to a cut off distance of 
rmax. The rmax is set appropriately to optimise the frequency of transitions between 
solid and liquid. 
 
Piaggi et al. concluded that the use of a collective variable that couples directly 
to entropy is very promising, specifically when studying processes in which 
entropy changes are large. 
 

8.3. Metadynamics Simulations using RMSD as a Collective Variable  
 

Full details pertaining to the molecular dynamics runs and the description of the 
atoms within the system (forcefield parameters) are described within section 5.1. 
All Metadynamics calculations were carried out using the plumed plug-in, 
coupled with the cp2k software. There are three critical parameters to consider 
when implementing the additional bias in a metadynamics simulation. The 
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Gaussian height (W), the Gaussian width (s) and the rate of deposition (gh). It is 

considered good practice to fix s to mimic approximately the variation seen in 
the CV during an unbiased simulation. 
 

 
Figure 8.i: RMSD of Li+ ions within an unbiased 300 ps MD simulation of 

LiFePO4. 
 
The standard deviation of the RMSD values seen in Fig. 8.i is 0.0253 Å. The value 
of s is therefore set at 0.025 Å and the height at 0.05 Å (2s). The standard 
deviation of the RMSD of Li+/Na+ values for the other materials were of a similar 
value and so the same metadynamics parameters were used for all systems. 
Gaussians were deposited every 100 simulation steps (20 fs). 
 

Material RMSD of Li/Na (Std. dev) / Å 
LiFePO4 0.0253 
LiMnPO4 0.0211 
NaMnPO4 0.0221 
NaFePO4 0.0352 

 
Table 8.i: Standard deviation of RMSD values of Li/Na during an unbiased 300 

ps MD simulation. 
 

Using the RMSD as a CV, Li/Na diffusion was achieved in all simulations. 
Although the CV was calculated and biased over all 160 Li/Na atoms within the 
simulations, initially only one [010] channel displayed diffusion behaviour. The 
diffusive behaviour of the individual channels is illustrated in Fig. 8.ii - 8.iii. 
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Figure 8.ii: Averaged Li+ ion positions over 2 ns of the metadynamics 

simulations of LiFePO4 and LiMnPO4. Li+ positions calculated every 10 ps. Li+ 
ions are represented by green spheres, Fe by red spheres, Mn by purple 

spheres, and PO4 by gold and grey tetrahedra. 
 

 
Figure 8.iii: Averaged Na+ ion positions over 2 ns of the metadynamics 

simulations of NaFePO4 and NaMnPO4. Na+ positions calculated every 10 ps. 
Na+ ions are represented by green spheres, Fe by red spheres, Mn by purple 

spheres, and PO4 by gold and grey tetrahedra. 

LiFePO4 LiMnPO4 

NaFePO
4 

NaMnPO
4 
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  8.3.1. LiFePO4 
 
The evolution of the CV as the simulation progressed can be seen in Fig. 8.iv. 
The RMSD value oscillates around a well-defined average. As time progresses, 
the magnitude of oscillation increases until a sharp shift in the RMSD value is 
observed over a short period of time. The first shift is observed to start at 483 ps 
and is highlighted by the blue marker (Fig. 8.iv). The RMSD value then proceeds 
to oscillate, again, around another larger well-defined average. The magnitude 
of oscillation increases until another rapid shift of the RMSD value is observed 
at 680 ps. The second shift is highlighted by the orange marker in Fig. 8.iv. Each 
shift in the RSMD value corresponds to a series of diffusive events.  
 
In total the RMSD value shifts due to eight Li atoms within a [010] channel 
migrating by one crystallographic site as a direct result of the series of diffusive 
events. Each sequence of events is highlighted by the coloured markers in Fig. 
8.iv are analysed in depth to ascertain a general diffusion mechanism.  
 

 
 
 

Figure 8.iv: Evolution of RMSD value (CV) throughout the 2.4 ns simulation. 
Sharp changes in the RMSD value are highlighted by coloured markers.  
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8.3.1.1. Mechanistic Analysis 
 
Sequence 1 is illustrated as a series of snapshots within Fig. 8.v. Consistent with 
the results seen from the ‘Shooter’ method, diffusion is initiated by the formation 
of a Frenkel defect (Figure 8.v, frame 0). Upon the formation of the Frenkel defect 
a double-occupied Li+ site is formed and a corresponding vacancy (Fig. 8.v, 
frame 6). The Frenkel pair introduces local disorder into the channel. The 
disorder is expressed as an excess of charge within the Li+-Li+ site, and a 
deficiency of charge manifested as a vacancy. The metastable Frenkel pair 
begins to migrate within the channel as the result of single Li+ ion jumps (Fig. 
8.v, frames 10-216). The sequence of diffusive events comes to an end when 
the double-occupied Li+ site migrates and fills the vacancy from the matching 
periodic image (Fig. 8.v, frame 227). The overall result is the entire column of Li+ 
ions has migrated one crystallographic site along the [010] channel. This pattern 
of events is the same as the one seen for the ‘Shooter’ method. Two enhanced 
sampling methods have produced the same general mechanism for particle 
diffusion within LiFePO4 and similarly to the results seen from the ‘Shooter’, the 
mechanism cannot be fully described by single particle events alone. A more 
dedicated approach, whether it be the ‘Shooter’ or metadynamics, in 
combination with MD simulations is necessary to ascertain the full picture. 
 

 
 

Figure 8.v: Snapshots of the first sequence of diffusive events responsible for 
the sharp increase in the RMSD value at 450 ps of Fig. 8. iv. Each Li+ is 

individually coloured. Li+ ions of the same colour represent periodic images. 
PO4 are represented by gold and grey tetrahedra.  

 

0 ps 0.30 ps 0.50 ps 1.40 ps 1.80 ps 5.00 ps 10.80 ps 11.35 ps 
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Sequence 2 occurs at 683 ps and again results in a shift in the RMSD value. The 
successive events are illustrated in Fig. 8.vi. 
 

 
 

Figure 8.vi: Snapshots of the second sequence of diffusive events responsible 
for the sharp increase in the RMSD value at 683 ps of Fig. 8. iv. Each Li+ is 

individually coloured. Li+ ions of the same colour represent periodic images. 
PO4 are represented by gold and grey tetrahedra. 

 
The combination of the series of diffusive events within sequence 2 has the same 
outcome seen for sequence 1. A Frenkel defect is created (Fig. 8.vi, frame 10), 
the newly created Frenkel pair migrate within the [010] channel (Fig. 8.vi, frames 
139-447), eventually the pair recombine with a periodic image (Fig. 8.vi, frame 
480), the column of Li+ ions moves along the [010] channel by one 
crystallographic site. The migration of the Li+ is the cause of the increase seen 
in the RMSD value. 
 
So far, a series of diffusive events has resulted in the migration of the full column 
of Li+ ions within the [010] channel. At 920 ps into the simulation, there is a 
fluctuation in the RMSD value that doesn’t result in a shift to a new plateau within 
Fig. 8.iv (orange marker). Sequence 3 is depicted as a series of snapshots in 
Fig. 8.vii. 
 
 

0 ps 0.50 ps  6.95 ps 17.60 ps 22.35 ps 24.00 ps 
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Figure 8.vii: Snapshots of the third sequence of diffusive events responsible for 

the fluctuation in the RMSD value at 920 ps of Fig. 8. iv. The relative frame 
number is shown beneath each snapshot. Each frame corresponds to 0.05 ps. 
Each Li+ is individually coloured. Li+ ions of the same colour represent periodic 

images. PO4 are represented by gold and grey tetrahedra. 
 

From Fig. 8.vii it can be seen why sequence 3 does not result in a shift in the 
RMSD value, but is merely a fluctuation (i.e. a failed diffusion event). After the 
initial formation of a Frenkel defect (Fig 8.vii, frame 12), the metastable Frenkel 
pair migrates within the column (Fig. 8.vii, frames 12-450) until the original 
Frenkel pair recombines (Fig 8.vii, frame 697). In this case, the original formation 
of the Frenkel defect and subsequent Li+ jumps contribute to a momentary 
increase in the RMSD value. However, unlike sequence 1 and sequence 2, the 
recombining of the Frenkel pair does not involve any of the species (Li+-Li+ cage 
or vacancy) combining with a matching periodic image and thus moving the 
column of Li+ ions along the [010] channel. In sequence 3, the initial Li+-Li+ pair 
and corresponding vacancy migrate away from each other and then recombine. 
The result is that the column of Li+ ions remain in the same crystallographic sites 
(Fig 8.iv, frame 0 and 783) and thus have no travelled any further from the 
reference frame (t0).  
 
The RMSD CV provides not only a distinction between diffusive and non-diffusive 
trajectories, but also the relative direction the diffusive events.  Sequence 1 and 
sequence 2 resulted in a sharp increase in the RMSD value, this is because 
during both the column of Li+ ions migrated in the same direction (down with 
respect to the page) and consequently further away from the reference structure 
(t0). At 1 ns, a sharp decrease in the RMSD value is observed (Fig. 8. iv, yellow 

0 ps 0.60 ps 0.90 ps  8.55 ps 15.35 ps  22.50 ps  34.85 ps  39.15 ps  
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marker). The RMSD value decreases back down to the average observed 
between sequence 1 and sequence 2. This series of diffusive events, denoted 
sequence 4, is illustrated as a chain of snapshots in Fig. 8.viii. 
 

 
Figure 8.viii: Snapshots of the fourth sequence of diffusive events responsible 
for the sharp decrease in the RMSD value at 1000 ps of Fig. 8. iv. Each Li+ is 
individually coloured. Li+ ions of the same colour represent periodic images. 

PO4 are represented by gold and grey tetrahedra. 
 
In Fig. 8.viii, the migration of Li+ ions occurs in the opposite direction with respect 
to Fig. 8.v and 8.vi. Although the end result is identical – the column of Li+ moves 
one crystallographic site within the [010] channel, it is in the reverse direction 
(Fig 8.viii, frame 667). Therefore, the Li+ ions are migrating back ‘towards’ their 
reference positions (t0) and decreasing the overall RMSD value. Diffusion within 
this sequence, once again, occurs via the formation of the a Frenkel defect (Fig 
8.viii, frame 11), the migration of the Frenkel pair (Fig 8.viii, frames 11-171), and 
the recombination of one Frenkel species (Li+-Li+ site or vacancy) with the 
corresponding species from the next periodic image (Fig 8.viii, frame 171).  
 
At 1165 ps into the simulation, a large increase in the RMSD is observed (Fig. 
8.iv, purple marker). The magnitude of the shift in the RMSD value is larger than 
shifts seen at 450, 683, 1000 ps. The long sequence of events responsible for 
the dramatic increase is depicted in Fig. 8.ix. 
 

0 ps 0.55 ps 1.30 ps 3.45 ps  8.55 ps  33.35 ps 
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Figure 8.ix: Snapshots of the fifth sequence of diffusive events responsible for 
the large sharp decrease in the RMSD value at 1165 ps of Fig. 8. iv. Li+ ions of 
the same colour represent periodic images. PO4 are represented by gold and 

grey tetrahedra. 
 
Sequence 5 is a protracted series of Li+ ion jumps that results in the migration of 
the column of Li+ ions by two crystallographic sites along the [010] channel, 
which in turn results in the larger increase in the RMSD value. Diffusion is 
observed to occur via the same mechanism seen in the previous sequences and 
the ‘Shooter’ results.  
 

 
 
 

 

52.15 ps 

0 ps 0.35 ps 0.50 ps  3.50 ps  8.00 ps 8.35 ps  17.90 ps 26.80 ps 40.30 ps 

43.15 ps 46.80 ps 62.45 ps 63.00 ps 65.80 ps 68.15 ps 68.70 ps 
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8.3.1.2. Evolution of the Free Energy Surface 
 
As the simulation proceeds, Gaussian functions are deposited along the system 
trajectory in the collective variable space. The free energy surface (FES) can be 
reconstructed from the the simulation (see section 3.4.1.2., Chapter 3). 
 
Fig. 8.x illustrates the evolution of the FES as the simulation proceeds. Initially, 
after 20,000 iterations a single energy minimum is observed. After 40,000 
iterations, the original energy minimum has been ‘filled’ and two new energy 
minima have started to emerge. As time progresses, and more Gaussian 
functions are deposited along the trajectory, more energy minima at larger 
RMSD values are explored (i.e. configurations further from the reference frame). 
The RMSD value is calculated for all 160 Li+ atoms. Only 8 Li+ atoms (one [010] 
channel) are witnessed to diffuse throughout the simulation. The Li+-Li+ site 
distance in LiFePO4 is approx. 3.0 Å. Therefore, from Eq. 8.i, the 8 atoms will 

contribute √3 Å to the RMSD value and 152 atoms will contribute a fluctuating 
minor value (i.e. the atoms oscillate around the reference position at t0).  
 
Li+ ions occupy periodic sites along the [010] channels within FePO4, and 
therefore one would expect the energy minima to be periodically separated.  The 
first energy minimum corresponds to an RMSD value of 0.57 Å. The second 
energy minimum is observed at an RMSD value of 0.88 Å, a difference of 0.33 
Å. Apart from the second energy minimum, the energy minima are observed 
periodically every 0.6-0.7 Å. The reason for the smaller separation between the 
first and second energy minima is unclear. The reference frame used for this 
simulation was an instantaneous configuration taken from a 700 K NpT MD 
simulation. The Li+ positions, therefore, were not perfectly located in their 
respective equilibrium positions. This is likely the cause for the for the smaller 
RMSD difference seen between the first and second energy basins. Using a 
reference frame of Li+ positions fixed at the equilibrium position is expected to 
fix the first energy minimum at a RMSD value of 0 and display a periodic 
separation between energy basins one would expect from a periodic structure. 
 
However, these are preliminary metadynamics calculations aimed at providing 
a new approach to study diffusion within battery materials. To obtain a fully 
converged and accurate FES requires time-consuming parameter optimisation, 
and to obtain accurate values requires multiple simulations to acquire the 
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necessary statistics. Nevertheless, the energy barriers between local minima 
can be assigned to a sequence of diffusive events and analysed. 

 
 
 

Figure 8.x: The evolution of the FES as the simulation progresses. Gaussian 
functions were deposited every 100 simulation steps. Each iteration 

corresponds to 20 fs. 
 

Iteration 20000 Iteration 40000 

Iteration 60000 Iteration 80000 

Iteration 1000000 Iteration 1500000 
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Figure 8.xi: The evolution of the CV (top) and the corresponding FES (bottom). 
Energy minima are matched, with numbers (blue), to the respective ‘plateau’ 

observed in the CV profile. Free energy barrier are also numbered (red). 
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Each ‘plateau’ observed in the CV profile is a product of the system residing 
within the corresponding energy minima. The oscillation around a well-defined 
average resembles the Li+ ions exploring the energy basin until a series of 
diffusive events occurs, forcing the system into the next energy basin. Sequence 
1 corresponds to the system travelling from energy basin 1 to 2. Sequence 2 
corresponds to the system travelling from energy basin 2 to 3. Sequence 4 
corresponds to the system migrating back from basin 3 to basin 2 and finally 
sequence 5 corresponds to the system travelling from basin 2, bypassing basin 
3 and straight in energy basin 4.  
 
Each transition and sequence of diffusive events is characterised by a free 
energy barrier. 
 

Barrier No. Free Energy / kJ mol-1 Free Energy per atom / eV 

1 125.0 0.16 
2 151.5 0.20 
3 139.0 0.18 
4 156.6 0.20 
5 179.7 0.23 
6 150.1 0.19 

 
Table 8.ii: Calculated free energy barrier for Li+ diffusion within LiFePO4. 

 
The energy barriers for each series of diffusive events varies and each energy 
minima within the FES also has a different free energy value. Each sequence of 
diffusive events involves the migration of 8 Li+ ions one crystallographic site. 
Each diffusive sequence follows the general pattern of Frenkel defect formation 
and recombination, but the constituent details and dynamics vary. Some 
sequences realise a fewer number of events for the total migration to be realised. 
For example, in the case of sequence 1 (Fig. 8.v) and sequence 2 (Fig. 8.vi), the 
column of Li+ ions migrate one crystallographic site as the result of 8 Li+ ion 
jumps. However, within sequence 5 (Fig. 8.ix), 12 Li+ ion jumps are realised 
before the column of Li+ ions migrate one crystallographic site. The number of 
events and the nature of the events have an effect on the free energy barrier 
associated with that particular sequence.  
 
Dividing the calculated free energy barriers by the number of diffusive atoms (8) 
yields an estimated value for [010] migration per atom. Values are calculated in 
the range of 0.16-0.23 eV. These values are lower than the single particle DFT 
value calculated by Morgan et al.10 (0.27 eV) and much lower than the value 
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calculated from single particle calculations using interatomic potentials811109 
(0.55 eV). However, it is hard to make a comparison to potential energy 
calculations as the entropic contribution is completely absent. Using 
metadynamics to calculate the free energy barrier includes the entropic 
contributions. Also, the metadynamics simulations were run at 700 K and the 
literature values are calculated at room temperature. Additional calculations at 
room temperature could provide useful comparison to other literature values.  
 
 8.3.2. LiMnPO4 

 
As for LiFePO4, the evolution of the CV shows periods of oscillation around a 
defined average that are connected by sharp increases in the RMSD value.  

 
 

Figure 8.xii: Evolution of the collective variable (RMSD) throughout a 3 ns 
metadynamics simulation of LiMnPO4. Relevant areas of interest are 

highlighted by coloured markers.  
 

For the first 215 ps of the simulation, the RMSD oscillates around an average 
value of 0.53 Å. Between 215 and 275 ps a rapid increase in the RMSD value is 
observed (Figure 8.xii, blue). The CV then reverts back to oscillating around a 
well-defined average (0.91 Å) for 228 ps. Within that time the magnitude of 
fluctuation around the average values increases until another rapid increase in 
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the CV is observed at 503 ps (Figure 8.xii, green). Once again, the CV values 
return to fluctuate about an average value (1.49 Å). Over the course of the 
simulation the RMSD value increases, indicating that the structure is moving 
away from the reference configuration (t0). At 885 ps, the CV momentarily 
deviates from the previous pattern and decreases in value before increasing 
rapidly until oscillation begins again (Fig 8.xii, orange). The pattern of rapid 
increase followed by a growing oscillation around a well-defined average 
happens another three times before the CV steadily decreases over the last 800 
ps on the simulation. As for LiFePO4, the rapid changes observed in the RMSD 
value correspond to a series of diffusive events. 
 
 8.3.2.1. Mechanistic Analysis 
 
As for LiFePO4, the mechanism of diffusion observed throughout the simulation 
followed the same general pattern seen from the ‘Shooter’ method. Particle 
diffusion is driven by the formation of Frenkel defects. Sequence 1 is illustrated 
as a series of snapshots in Fig. 8.xiii and is responsible for the increase in the 
RMSD value from 0.53 Å to 0.91 Å.  
 
The diffusive sequence is initiated by the formation of a Frenkel defect as the 
result of a single Li+ jump (Fig. 8.xiii, frame 0). The Frenkel pair is represented 
by a double occupied Li+ site (Fig. 8.xiii, frame 7 – purple and light blue Li+) and 
a corresponding vacancy (white square with black outline). The introduction of 
disorder, manifested as a local charge imbalance, activates the channel. The 
metastable Frenkel pair migrates within the channel as the result of single Li+ ion 
jumps (Fig. 8.xiii, frames 7-1200). The series of diffusive events ends when the 
migrating vacancy meets the Li+-Li+ site from a periodic image (Fig. 8.xiii, frame 
1200). The end result is that the eight Li+ ions within the [010] channel have 
migrated one crystallographic site. 
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Figure 8.xiii: Snapshots of the first sequence of diffusive events responsible for 
the sharp increase in the RMSD value at 215 ps of Fig. 8. xii. Each Li+ is 

individually coloured. Li+ ions of the same colour represent periodic images. 
PO4 are represented by gold and grey tetrahedra. 

 
Sequence 2 corresponds to the series of events responsible for the shift in RMSD 
value at 503 ps. The same general diffusion mechanism is observed. The result 
is identical to that seen for sequence 1, the column of Li+ ions move one Li+ cage 
along the [010] channel which results in a sharp increase in the CV. The series 
of diffusive events corresponding to the increase in RMSD value between 503 
and 533 ps are illustrated as a series of snapshot in Fig. 8.xiv. 
 
 

0 ps 0.35 ps 1.75 ps 4.30 ps 19.75 ps 44.85 ps 

46.45 ps 55.45 ps 59.70 ps 60.00 ps  60.10 ps 
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Figure 8.xiv: Snapshots of the second sequence of diffusive events 
responsible for the sharp increase in the RMSD value at 503 ps of Fig. 8. xii. 

Each Li+ is individually coloured. Li+ ions of the same colour represent periodic 
images. PO4 are represented by gold and grey tetrahedra. 

 
After the creation of a Frenkel defect (Fig 8.xiv, frame 0), the resulting double-
occupied Li+ site starts to migrate (Fig 8.xiv, frame 9). The Li+-Li+ cage migrates 
back and forth between two cages (Fig 8.xiv, frames 22-181), there the overall 
displacement between frames 9-181 is zero and a mini-plateau is observed 
during the rapid change of CV (Fig 8.xii, green). Subsequently the vacancy and 
Li+-Li+ site combine when the vacancy meets the periodic image of the double-
occupancy. The result is that the 8 Li+ ions within the [010] column move along 
one crystallographic site.  
 

0 ps 0.35 ps 1.10 ps 7.80 ps 9.05 ps 17.25 ps 

20.00 ps 20.30 ps 22.80 ps 29.30 ps 29.90 ps 
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Sequence 3 involves a momentary decrease in the CV value. This is due to Li+ 
ion jumps that migrate in the opposite direction to those seen so far (i.e. back 
towards the reference position (t0)). The CV value subsequently begins to 
increase again as the Li+ ions begin to migrate in the same direction seen in Fig. 
8.xiii, 8.xiv (down with respect to the page). The series of diffusive events are 
illustrated as a series of snapshots in Fig. 8.xv. 
 
 

 
 
Figure 8.xv: Snapshots of the third sequence of diffusive events responsible for 

the decrease in the RMSD value at 885 ps of Fig. 8. Xii and the subsequent 
increase. Each Li+ is individually coloured. Li+ ions of the same colour 

represent periodic images. PO4 are represented by gold and grey tetrahedra. 
 

0 ps 0.35 ps 1.70 ps 3.60 ps 38.20 ps 43.25 ps 

46.35 ps 46.70 ps 63.85 ps 68.60 ps 71.05 ps 74.55 ps 
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Initially, after the creation of a new Frenkel defect (Fig. 8.xv, frame 0), the Frenkel 
pair is observed to migrate in the opposite direction seen in sequence 1 and 
sequence 2 (Fig. 8.xv, frames 764), resulting in a decrease in the RMSD value. 
After 6 individual Li+ ion jumps (Fig. 8.xv, frame 865) the vacancy stats to migrate 
back in the direction seen in sequence 1 and sequence 2 (down with respect to 
the page). 6 more Li+ ion jumps are observed in this direction (Fig 8.xv, frames 
934-1491), resulting in the increase in the RMSD value. The overall result is that 
the column of Li+ ions reside in the same crystallographic sites at 959 ps (Fig 
8.xv, frame 1491) as they did at 885 ps (Fig 8.xv, frame 0).  
 

8.3.2.2. Evolution of the Free Energy Surface 
 
Fig. 8.xvi illustrates the evolution of the reconstructed FES as the simulation 
proceeds. After 500 ps (Fig. 8.xvi, iteration 25000), two energy minima have 
been explored at RMSD values of 0.53 Å and 0.91 Å. After 1 ns, the Gaussian 
functions have ‘filled’ the two basins and have forced the system into a third 
energy basin 1.5 Å away. As the simulation progresses and has forced the 
system to explore more of the FES, more energy minima are observed. The 
energy minima appear at periodic values of the RMSD which is to be expected 
as Li+ occupy periodic sites within the [010] channels, except for the first and 
second basin. As mentioned for LiFePO4, the is likely due to the reference 
configuration used 
 

Transition Difference in RMSD  
1® 2 0.38 
2® 3 0.59 
3® 4 0.64 
4® 5 0.64 
5® 6 0.66 
6® 7 0.66 

 
Table 8.iii: Difference in the RMSD values between the multiple energy minima 

observed in the reconstructed FES. Labels are matched with the 
corresponding energy minima in Fig. 8.xvii.  

 
As for LiFePO4, the energy minima display varying values of free energy. The 
RMSD has proven to be an insightful CV, distinguishing between diffusive and 
non-diffusive regimes and distinguishing between the relative direction of 
diffusive. However, here a shift in energy is seen in all basins between iteration 
125000 and 150000. 
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Figure 8.xvi: The evolution of the FES as the simulation progresses. Gaussian 
functions were deposited every 100 simulation steps. Each iteration 

corresponds to 20 fs. 

Iteration 25000 Iteration 50000 

Iteration 75000 Iteration 100000 

Iteration 125000 Iteration 150000 
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Figure 8.xvii: The evolution of the CV (top) and the corresponding FES 
(bottom). Energy minima are matched, with numbers (blue), to the respective 
‘plateau’ observed in the CV profile. Free energy barriers are also numbered 

(red). 
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Each sequence of diffusive events is mapped to a transition between free energy 
minima on the reconstructed FES, and the associated free energy barrier (Fig. 
8.xvii).   
 
Diffusion is realised when the oscillation around the well-defined average is large 
enough to escape the energy minima the system currently resides in. Each 
‘plateau’ observed in Fig. 8.xvii (top) corresponds to the matching energy basin 
in Fig. 8.xvii (bottom). After 2.1 ns, the RMSD value steadily decreases, showing 
no signs of residing within an energy minimum. This is due to the fact that the 
Gaussian functions have ‘filled’ up all the observed energy minima and the 
system is moving freely on top of the ‘full’ FES.  
 
Each of the 7 observed transitions corresponds to a free energy barrier.  
 

Barrier No. Free Energy / kJ mol-1 Free Energy per atom / eV 

1 93.3 0.12 
2 161.8 0.21 
3 177.7 0.23 
4 133.8 0.17 
5 130.6 0.17 
6 138.7 0.18 

 
Table 8.iv: Calculated free energy barriers for Li+ diffusion within LiMnPO4. 

 
As in LiFePO4, with every transition between energy minima, eight Li+ ions 
migrate one crystallographic site. Apart from the initial energy barriers (1), the 
remaining free energy barriers show a small variation. The variation arises as 
each sequences of events is different, comprised of a different number and type 
of translocation events. The calculated [010] migration values are similar to 
those seen for LiFePO4 (Table 8.ii). LiMnPO4 is known to exhibit inferior transport 
kinetics to LiFePO4 and this is reflected in the self-diffusion coefficients 
calculated by the ‘Shooter’ method (Chapter 6, section 6.2). Further investigation 
into the contribution of various diffusive sequences (i.e. normalising the free 
energy barrier or the tracer length of the sequence) could provide more clarity 
on this. Additional metadynamics calculations could also provide a better 
estimate of the free energy barriers.  
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8.3.3. NaMnPO4 

 

A much more regular and step-wise pattern to the CV profile is seen for 
NaMnPO4 compared to LiFePO4 and LiMnPO4. 
 

 
 

Figure 8.xviii: Evolution of the collective variable (RMSD) throughout a 3 ns 
metadynamics simulation of NaMnPO4. Relevant areas of interest are 

highlighted by coloured markers.  
 

The evolution of the CV as the simulation progresses follows a regular pattern. 
The RMSD value oscillates around a well-defined average which correspond to 
an energy minimum. As the Gaussian functions are deposited along the system 
trajectory, the oscillation of the RMSD value increases as the corresponding 
energy basin is filled. Once the energy basin is sufficiently filled, the system is 
forced to explore a new energy basin. The transition is realised as a series of 
diffusive events, which correspond to sharp increases (or decreases, 
dependent on direction) in the RMSD value. The first sequence of diffusive 
events is observed at 372 ps (Fig 8.xviii, red) and the second at 625.5 ps (Fig 
8.xviii, green). 
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8.3.3.1. Mechanistic Analysis 
 
A detailed study of the dynamics of diffusion within the metadynamics simulation 
reveals that diffusion occurs via the same general mechanism seen in the 
‘Shooter’ results. Diffusion is driven by the formation of Frenkel defects and the 
subsequent local disorder introduced into the [010] channels. Sequence 1 is an 
example of the series of diffusive events seen throughout the simulation and is 
presented as a series of snapshots in Fig. 8.xix. 
 

 
 

Figure 8.xix: Snapshots of the sequence of diffusive events responsible for the 
first shift in the RMSD value at 372 ps of Fig. 8. xviii (red). Each Na+ is 

individually coloured. Na+ ions of the same colour represent periodic images. 
PO4 are represented by gold and grey tetrahedra. 

 
Sequence 1 occurs very rapidly, the whole column of Na+ ions migrate one 
crystallographic site in 2 ps. All Na+ ion jumps occur in the same direction (up 
with respect to the page). After the creation of a Frenkel defect via one Na+ ion 
jump (Fig. 8.xix, frame 0), the Frenkel pair immediately begins to migrate (Fig. 
8.xix, frame 8). Multiple correlated Na+ ion jumps combine to shift the channel of 
Na+ rapidly (Fig. 8.xix, frames 19-29). The series of diffusive events ends when 
the matching periodic Na+-Na+ site meets the vacancy (Fig. 8.xix, frame 29). As 
a result, the 8 Na+ ions move along one Na+ cage within the [010] channel 
causing a shift in the RMSD value. In comparison to Li+ ion diffusion within the 
olivine frameworks, Na+ ion diffusion appears to occur more rapidly. The entire 
column of Na+ ions move one crystallographic site in 2 ps (Fig. 8.xix). Within 

0 ps 0.40 ps 0.95 ps 1.45 ps 2.00 ps 
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LiFePO4, the column of Li+ ions was observed to migrate in 11.35 ps (Fig. 8.v) 
and 24 ps (Fig. 8.vi). Within LiMnPO4, the column of Li+ ions was observed to 
migrate in 60.1 ps (Fig. 8.xiii) and 29.9 ps (Fig. 8.xiv). Within the same simulation 
time (3 ns) and using the same simulation parameters, 10 sequences of diffusive 
events are observed in NaMnPO4 in comparison to the 6 observed in LiMnPO4. 
There is already an indication that Na+ ions are more mobile within the olivine 
frameworks in comparison to Li+ ions.  
 
Sequence 2 is another series of diffusive events that corresponds to a sharp 
increase in the RMSD values (Fig. 8.xviii, green). This time the 8 Na+ ions migrate 
one crystallographic site in 6.6 ps. The diffusive trajectory is depicted as a series 
of snapshots in Fig. 8.xx. 
 

 
 

Figure 8.xx: Snapshots of the sequence of diffusive events responsible for the 
second shift in the RMSD value at 625.5 ps of Fig. 8. xviii (green). Each Na+ is 
individually coloured. Na+ ions of the same colour represent periodic images. 

PO4 are represented by gold and grey tetrahedra. 
 

The Frenkel defect is created via the combination of a set of correlated Na+ ion 
jumps (Fig. 8.xx, frame 0). Following the formation of the Frenkel pair, the double-
occupied site initially migrates in the opposite direction (down with respect to 
the page) to the previous Na+ ion jumps (Fig. 8.xx, frame 22). Subsequently, the 
following Na+ ion jumps are realised in the same direction as those seen in frame 
0 (Fig. 8.xx, frames 50-125), culminating in the recombination of a Frenkel pair 
(Fig. 8.xx, frame 125). The result is that the 8 Na+ ions have moved one Na+ site 
along the [010] direction.  

0 ps 1.10 ps 2.50 ps 3.40 ps 6.25 ps 6.60 ps 
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8.3.3.2. Evolution of the Free Energy Surface 

 

 
 

Figure 8.xxi: The evolution of the FES as the simulation progresses. Gaussian 
functions were deposited every 100 simulation steps. Each iteration 

corresponds to 20 fs. 
 

Iteration 25000 Iteration 50000 

Iteration 75000 Iteration 100000 

Iteration 125000 Iteration 150000 
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The evolution of the FES as the simulation proceeded is illustrated within Fig. 
8.xxi. 

 
 

Figure 8.xxii: The evolution of the CV (top) and the corresponding FES 
(bottom). Energy minima are matched, with numbers (red), to the respective 
‘plateau’ observed in the CV profile. Free energy barriers are also numbered 

(blue). 
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The reconstructed FES for Na+ ion diffusion within NaMnPO4 exhibits periodic 
energy minima of similar free energy. As seen for LiFePO4 and LiMnPO4, there 
is a smaller RMSD difference between the first two energy basins in comparison 
to the rest. 
 

Transition Difference in RMSD  
1® 2 0.35 
2® 3 0.58 
3® 4 0.66 
4® 5 0.66 
5® 6 0.66 
6® 7 0.68 
7® 8 0.67 
8® 9 0.69 
9® 10 0.67 

 
Table 8.v: Difference in the RMSD values between the multiple energy minima 

observed in the reconstructed FES. Labels are matched with the 
corresponding energy minima in Fig. 8.xxii.  

 
From Table 8.v, it is clear that the difference between energy basins starts at a 
smaller value but eventually converges on a periodic separation (0.66-0.69Å), 
which must be attributed to the choice of reference configuration. The RMSD is 
calculated over all 160 Na atoms (Eq. 8.1). After every sequence of diffusive 
events, and therefore transition from one energy basin to another, 8 Na+ atoms 
migrate one crystallographic site. The other 152 Na are not observed to diffuse 
and thus contribute a fluctuating average value to the overall RMSD. Each 
sequence of diffusive events corresponds to a transition from one energy basin 
to another. Free energy barriers are calculated for each transition and presented 
in Table 8.vi. 
 
The calculated free energy barriers for particle diffusion are similar to those seen 
for LiFePO4 (Table 8.ii) and LiMnPO4 (Table 8.iv). The free energy barriers 
calculated are fairly consistent, displaying a small variation associated with the 
difference in sequences.   
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Barrier No. Free Energy / kJ mol-1 Free Energy per atom / eV 

1 164.4 0.21 
2 150.2 0.19 
3 155.2 0.20 
4 154.0 0.20 
5 142.3 0.18 
6 170.2 0.22 
7 136.3 0.18 
8 148.2 0.19 
9 150.4 0.19 

 
Table 8.vi: Calculated free energy barriers for Li+ diffusion within NaMnPO4. 

 
 
8.3.4. NaFePO4 

 

The evolution of the collective variable as the simulation progresses displays a 
very regular pattern, similar to that seen for all other materials studied. A step-
like profile is observed where the RMSD values oscillates around a well-defined 
average until a sharp increase is observed. This process repeats itself until the 
simulation ends (3 ns). When the RMSD value fluctuates around an average it 
represents the system exploring a local energy minimum (i.e. the Na+ ions are 
rattling within their crystallographic sites). As the Gaussian functions are 
deposited along the system’s trajectory, the fluctuations of the RMSD increase 
(i.e. the rattling within the Na+ cages becomes more vigorous). After a period of 
time the energy minimum is ‘filled’, and the system is forced to explore another 
region of the free energy surface (i.e. Na+ ion jumps are realised).  
 

Fig. 8.xxiii displays the evolution of the CV throughout the course of the 
simulation. 11 ‘plateaus’ (energy minimum) are observed and therefore 10 rapid 
increases in the RMSD (diffusive transitions). In comparison to NaMnPO4, using 
the same simulation parameters, more sequences of diffusive events are 
observed (11 vs. 10) and therefore the Na+ ions have travelled further (6.8 Å vs. 
6.2Å). This is an early indication that Na+ ions within FePO4 are more mobile. 
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Figure 8.xxiii: Evolution of the collective variable (RMSD) throughout a 3 ns 
metadynamics simulation of NaFePO4. Relevant areas of interest are 

highlighted by coloured markers.  
 

Each transition between a ‘plateau’ in Fig. 8.xxiii corresponds to a sequence of 
diffusive events. Two sequences are analysed in depth, the sequences 
occurring at 837 ps and 1.08 ns.  
 

8.3.4.1. Mechanistic Analysis 
 
A closer look at the dynamics of the diffusive sequences reveals the same 
general mechanism seen using the ‘Shooter’ method, and for all metadynamics 
calculations presented above. Diffusion is driven by the formation of Frenkel 
defect, which introduce local disorder into the [010] channels and activate them. 
The resulting Frenkel pair migrate within the [010] channels as the result of single 
Na+ ion jumps or a correlated sequence of jumps. A diffusive sequence comes 
to an end when a Frenkel pair recombines. Sequence 2 is an example of a series 
of diffusive events and is illustrated as a succession of snapshots in Fig. 8.xxiv. 
Starting at 837 ps, sequence 2 occurs over 1.85 ps.  
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Figure 8.xxiv: Snapshots of the sequence of diffusive events responsible for 
the second shift in the RMSD value at 837 ps of Fig. 8. xxiii (red). Each Na+ is 
individually coloured. Na+ ions of the same colour represent periodic images. 

PO4 are represented by gold and grey tetrahedra. 
 

A Frenkel defect is created as the result of a set of three correlated Na+ ion jumps 
(Fig. 8.xxiv, frame 0). The metastable Frenkel pair (Na+-Na+ and vacancy) 
migrate along the [010] channel (Fig. 8.xxiv, frames 16-33). The series of jumps 
ends when a periodic image of the Na+-Na+ meets the vacancy (Fig. 8.xxiv, 
frame 33). The overall result is that the column of Na+ ions move along one Na+ 
site in the [010] channel. This sequence of events occurs very rapidly (1.85 ps) 
and appears to be a common trait amongst all the sequences observed 
throughout the simulation.  
 
The following series of events, sequence 2, occurs over 2.05 ps. The constituent 
Na+ ion jumps that make up sequence 2 are presented as a series of snapshots 
in Fig. 8.xxv. 
 
Sequence 2 is initiated by a set of three correlated Na+ ion jumps (Fig. 8.xxv, 
frame 0). The newly created Frenkel pair (Na+-Na+ site and vacancy) introduces 
local disorder intro the [010] channel expressed as a local charge imbalance. 
The metastable vacancy beings to migrate within the channel as the result of a 
single Na+ ion jump (Fig. 8.xxv, frame 17). Recombination of the Frenkel pair is 
swiftly realised as the result of a set of five correlated Na+ ion jumps (Fig. 8.xxv, 
frame 29). The result is that after 2.05 ps the eight Na+ ions migrate one 
crystallographic site within the [010] channel.  

0 ps 0.80 ps 1.25 ps 1.65 ps 1.85 ps 
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Figure 8.xxv: Snapshots of the sequence of diffusive events responsible for the 
third shift in the RMSD value at 1.08 ns of Fig. 8. xxiii (green). Each Na+ is 

individually coloured. Na+ ions of the same colour represent periodic images. 
PO4 are represented by gold and grey tetrahedra. 

 
8.3.4.2. Evolution of the Free Energy Surface 

 
The evolution of the FES as the metadynamics calculation proceeds can be seen 
in Fig. 8.xxvi.  

0 ps 0.85 ps 1.45 ps 2.05 ps 
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Figure 8.xxvi: The evolution of the FES as the simulation progresses. Gaussian 
functions were deposited every 100 simulation steps. Each iteration 

corresponds to 20 fs. 
 

Similar to the reconstructed FES for the other three materials, two energy minima 
appear at low RMSD values (0.65 and 0.96 Å) that are close to each other. 
However, the second energy minimum at 0.96 Å appears as a small ‘shoulder’ 
to the first energy minimum. The following energy minimum observed in the FES 

Iteration 25000 Iteration 50000 

Iteration 75000 Iteration 100000 

Iteration 125000 Iteration 150000 
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appear at a more constant separation of RMSD, indicative of the periodic 
structure of NaFePO4.  

 
 

Figure 8.xxvii: The evolution of the CV (top) and the corresponding FES 
(bottom). Energy minima are matched, with numbers (red), to the respective 
‘plateau’ observed in the CV profile. Free energy barriers are also numbered 

(blue). 
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Each energy minima observed in the reconstructed FES corresponds to a 
‘plateau’ in the CV profile (Fig. 8.xxvii). The separation of energy minima 
converges on an average value (0.65-0.68 Å) which is to be expected from a 
periodic structure such as NaFePO4. 
 

Transition Difference in RMSD  
1® 2 0.31 
2® 3 0.57 
3® 4 0.63 
4® 5 0.66 
5® 6 0.65 
6® 7 0.66 
7® 8 0.67 
8® 9 0.67 
9® 10 0.68 
10® 11 0.65 

 
Table 8.vii: Difference in the RMSD values between the multiple energy minima 

observed in the reconstructed FES. Labels are matched with the 
corresponding energy minima in Fig. 8.xxvii. 

 
Each transition from one energy basin to another corresponds to a series of 
diffusive events that has an associated free energy barrier (Fig. 8.xxvii, blue 
numbers).  

 
Barrier No. Free Energy / kJ mol-1 Free Energy per atom / eV 

1 121.4 0.16 
2 141.2 0.18 
3 123.2 0.16 
4 124.3 0.16 
5 112.7 0.15 
6 135.8 0.18 
7 133.6 0.17 
8 119.8 0.16 
9 132.9 0.17 
10 119.4 0.16 

 
Table 8.viii: Calculated free energy barriers for Li+ diffusion within NaFePO4. 
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Each free energy barrier is divided by 8 to calculate a migration energy per atom 
along the [010] direction. The calculated values (Table 8.viii) are all in the range 
of 0.15-0.18 eV. In comparison, the calculated energy barrier for [010] migration 
in NaFePO4 is slightly lower in comparison to the other materials studied. From 
the ‘Shooter’ method it was shown that NaFePO4 has the highest self-diffusion 
coefficient (Chapter 7, section 7.2.2.) and therefore the energy barriers for 
migration are expected to be lower. Again, the values calculated from the 
metadynamics simulation are much lower than the value calculated by Tripathi 
et al.,9121110 using an interatomic potential and single particle potential energy 
calculations (0.32 eV). As stated previously, metadynamics calculates the free 
energy which includes the entropic contribution missing from potential energy 
calculations.  
 
It must be noted that these are preliminary calculations aimed at establishing 
metadynamics as an advantageous tool for analysing particle diffusion within 
battery materials. To obtain an accurate FES and energy barriers will require 
further parameter optimisation and averaging over many metadynamics 
simulations.   
 
8.4. Metadynamics Simulations using Entropy as a Collective Variable  
 
The mechanisms elucidated from the results of the ‘Shooter’ method, and 
corroborated by the RMSD metadynamics calculations, clearly indicate that 
entropy plays a pivotal role in particle diffusion within the olivine phosphates. 
The formation of Frenkel pairs introduces a local disorder into the structure. The 
migration of the newly created Li+-Li+ site/vacancy pair can migrate as the result 
of individual particle translocations or as the product of a set of correlated jumps. 
Entropy is a measure of disorder and therefore biasing the system within respect 
to entropy may yield interesting results. Using the collective variables (SH and 
S2) introduced in the work of Piaggi et al.,6 we intend to better understand the 
role of entropy. 
 
A s value of 0.005 and a rmax value of 0.65 were chosen for the S2 CV (see Eq. 
8.2, 8.4). An average value of enthalpy per atom was calculated using Eq. 8.3. 
The Gaussian width, height and rate of deposition used were 0.25, 0.5 and 100 
simulation steps (20 fs) respectively.  
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Using entropy and enthalpy as CVs, diffusion is observed during a 3 ns 
metadynamics simulation. 
 
 

 
 

Figure 8.xxviii: Averaged Li+ positions (every 10 ps) throughout a 3 ns 
metadynamics simulation. Li+ ions are represented by green spheres, Fe2+ ions 

are represented by red spheres and PO4 by gold and grey tetrahedra. 
Relevant crystallographic directions are indicated.  

 
 
The averaged Li+ ion positions throughout the simulation show diffusion not only 
along the [010] channels, but across channels too. The dynamics of the 
simulation were different to the dynamics observed for the ‘Shooter’ method 
simulations and metadynamics simulations using the RMSD as a CV.  
 
Normally, the Li+ ions rattle within their respective cage until one or more Li+ ion 
jumps are realised. Using the S2 and SH CVs, the Li+ ions displayed an 
interchanging ordered-disorder behaviour. A schematic representation of the 
disordered and ordered regimes is depicted within Fig. 8.xxix. 
 
Starting with an ordered configuration (Fig 8.xxix, top-left), the Li+ ions occupy 
well-defined positions within the [010] channels. The Li+ ions are observed to 
position themselves off-centre with respect to their respective Li+ ion cages, 
forming a ‘zig-zag’ pattern (Fig 8.xxix, top-left dashed line). The Li+ ions are 
behaving like a solid. Upon the switch to a disordered regime (Fig 8.xxix, top-

[010] [100] 

[001] 
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right), the Li+ ions occupy an array of different positions, displaying much less 
order than the previous regime and behaving much like a liquid. Upon 
propagating the metadynamics simulation the alternation between the two 
regimes continues (Fig. 8.xxix, bottom-right and bottom-left). 
 
 

 
 

Figure 8.xxix: Examples of the alternating ordered, and disordered regimes 
observed. Li+ ions are represented by green spheres, Fe2+ ions are 
represented by red spheres and PO4 by gold and grey tetrahedra.  

 
 8.4.1. Mechanistic Analysis 
 
After 2.12 ns, a full column of Li+ ions are observed to migrate one 
crystallographic site within the [010] channel. A closer look at the dynamics of 
the diffusive trajectory reveals the Frenkel defect driven mechanism observed 
previously. The sequence of events is illustrated as a series of snapshots in Fig. 
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Order 

Disorder 
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8.xxx. Three correlated Li+ ion jumps combine to create a Frenkel defect (Fig. 
8.xxx, frame 0). After 0.4 ps the resulting Li+-Li+ site and vacancy migrate 
simultaneously (Fig. 8.xxx, frame 8). Then after 0.85, another three correlated Li+ 
ion jumps occur and result in the recombination of the Frenkel pair (Fig. 8.xxx, 
frame 25). After a total of 2.5 ps, the column of Li+ ions move by one Li+ cage 
(Fig. 8.xxx, frame 50). 
 
 

 
 

Figure 8.xxx: Snapshots of a sequence of diffusive within a [010] channel. 
Each Na+ is individually coloured. Na+ ions of the same colour represent 

periodic images. PO4 are represented by gold and grey tetrahedra. 
 

Diffusion across channels and along the [001] direction is observed due to the 
spontaneous formation of Li+/Fe2+ antisite defects. Fisher et al.11 calculated that 
the Li+/Fe2+ antisite defect has the lowest energy of formation (1.13 eV) of all 
intrinsic defects. An antisite defect represents an added element of disorder 
within the system, biasing entropy has resulted in the formation of such defects. 
A detailed analysis of the dynamics reveals an intricate, correlated sequence of 
events and is illustrated in Fig. 8.xxxi. Three [010] channels are involved in the 
creation of two Li+/Fe2+ channels. The three [010] channels are separately 
coloured blue, green and orange. A view parallel to the [010] channels and a 
view along the [010] channels are depicted as to demonstrates their relative 
positions (Fig. 8.xxxi, snapshot a – black outline). An individual Li+ ion jump 
creates a Frenkel defect within the blue [010] channel (Fig. 8.xxxi, snapshot b).  
 

0 ps 0.40 ps 1.25 ps 2.50 ps 
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Figure 8.xxxi: A series of snapshots depicting the formation of two Li+/Fe2+ 
antisite defects. Three [010] channels are involved and the constituent Li+ ions 
are separately coloured blue, green and orange. PO4 are represented as gold 

and grey tetrahedra. Relative frame numbers are indicated beneath each 
snapshot. Each frame represents 0.05 ps. 

a) 0 ps b) 6.45 ps 

c) 16.90 ps d) 22.60 ps e) 26.35 ps 

e) 26.35 ps (ii) 
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This is followed by the formation of a Frenkel defect within the orange [010] 
channel, also as the result of a single Li+ ion jump (Fig. 8.xxxi, snapshot b). The 
left-side Li+ ion within the blue Li+-Li+ site migrates along the [010] channel. As 
the Li+ ions are in the ordered regime (zig-zag form) instead of pushing the 
neighbouring blue Li+ ion along the channel as normally observed, the Li+ ion 
directly by-passes the neighbouring blue Li+ ion to and migrates to the right-
hand side of the new Li+-Li+ double occupancy (Fig. 8.xxxi, snapshot c – red 
arrow). Simultaneously, two correlated Li+ ions within the green [010] channel 
combine to form a Frenkel defect (Fig. 8.xxxi, snapshot d). The swapping of the 
Fe2+ and Li+ ions is realised as the result of a combination of many Li+ ion 
translocations. The left-side blue Li+ ion within the Li+-Li+ site migrates towards 
the Fe2+ ion. This in turn forces the Fe2+ ion to migrate into the vacancy within the 
green [010] channel (Fig. 8.xxxi, snapshot d). Simultaneously, the right-side 
green Li+ ion within the double-occupancy migrates towards the other Fe2+ ion. 
This causes the Fe2+ ion to move into the neighbouring orange [010] channel 
and fill the vacancy (Fig. 8.xxxi, snapshot d). The result of this correlated 
sequence of events is the swapping of two Li+ and Fe2+ ions. To highlight the 
new positions of the Fe2+ ions a view is displayed parallel to the [010] channels 
(Fig. 8.xxxi, snapshot e – red outline) and along the [010] channels (Fig. 8.xxxi, 
snapshot e(ii) – red outline). 
 
As seen in the results from the ‘Shooter’ method, the formation of antisite defects 
facilitates Li+ ion migration between channels along the [001] direction. Similarly, 
[001] migration can occur via two distinct mechanisms. A ‘passing’ mechanism, 
where a channel Li+ ion directly passes the antisite Li+ ion and into the adjacent 
[001] channel, and a ‘replacement’ mechanism where the channel Li+ ion 
replaces the antisite Li+ ion. An example of the ‘passing’ mechanism is illustrated 
in Fig. 8.xxxii. 
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Figure 8.xxxii: A series of snapshots illustrating cross-channel migration via the 
‘passing’ mechanism. All Li+ are separately coloured. PO4 are represented by 

gold and grey tetrahedra.  
 

An example of the ‘replacement’ mechanism is depicted in Fig. 8.xxxiii.  
 

 
 

Figure 8.xxxiii: A series of snapshots illustrating two cross-channel migrations 
via the ‘replacement’ mechanism. All Li+ are separately coloured. PO4 are 

represented by gold and grey tetrahedra.  
 

 8.4.2. Evolution of the Free Energy Surface 
 
As two CVs (SH and S2) are being biased throughout the simulation, a three-
dimensional energy surface can be reconstructed (Fig. 8.xxxiv) Biasing entropy 
and enthalpy results in the observation of an ordered and disordered regime. 
An ordered regime, where the Li+ ions behave as a solid and adopt ordered 
positions within the [010] channel (zig-zag order) and a disordered regime, 
where the Li+ ions occupy an array of positions that have very little order (liquid-
like behaviour). This behaviour is indicative of the known solid-solution phase 
(Li@FePO4).12 
 
 

0 ps 0.45 ps 2.15 ps 

0 ps 1.10 ps 2.50 ps 
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Figure 8.xxxiv: Reconstructed 3D FES for LiFePO4 using entropy and enthalpy 
as CVs (top). View from above the reconstructed 3D FES illustrating the 

ordered and disordered regimes. SH given is expressed in kJ mol-1 and S2 in kB.  
 

The reconstructed FES clearly shows two the two distinct regimes (labelled in 
Fig. 8.xxxiv).Very interestingly the liquid regime is “sideward” with respect to the 
solid regime (i.e. it deviates from the solid line). The entropy and enthalpy CV 
present an exciting new CV to analyse particle diffusion. The role of disorder is 
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critical in the role of particle diffusion and defect formation within the olivine 
phosphates. The entropy and enthalpy CV present a framework with which to 
explore the role of disorder.  
 
 
8.5. Conclusion and Future Work  
 
Using the RMSD of Li+ and Na+ as a collective variable, metadynamics 
simulation successfully achieved particle diffusion within the olivine phosphates. 
Metadynamics realises diffusion on a workable simulation timeframe through the 
introduction of an additional bias which enables the system to explore the free 
energy surface in the bias potential space. The choice of collective variable is 
of extreme importance and fundamentally dictates the reliability of a 
metadynamics simulation. Using the RMSD as a collective variable, it is possible 
to distinguish between states on interest (i.e. diffusive and non-diffusive 
regimes) and also relative intermediates. It is also possible to determine the 
relative direction of diffusion.  
 
A detailed analysis of the general particle diffusion mechanism within the 
metadynamics simulations generated the same results seen from the ‘Shooter’ 
method. In all four materials, particle diffusion is initiated by the formation of 
Frenkel defects. The newly created defect introduces local disorder into the 
[010] channel. The disorder is expressed as a local charge imbalance. An 
excess of charge is manifested as a double-occupied Li+/Na+ site and a deficit 
of charge is manifested as the corresponding vacancy. The metastable Frenkel 
pair are mobile species that migrate within the [010] channel as a result of single 
Li+/Na+ ion jumps or a combination of a correlated sequence of events. The 
diffusive trajectory comes to an end when the Frenkel pair recombine.  
 
Metadynamics represents another enhanced sampling technique that is able to 
address the collective particle dynamics present in a multi-particle system. It 
does so under consideration of all degrees of freedom and explicitly allows for 
local structural changes and lattice dynamics. Dedicated approaches, such as 
metadynamics or the ‘Shooter’ method’, enable the full picture of diffusion to be 
captured, uncovering details that single-particle calculations fail to capture. In 
using metadynamics, single-particle jumps can be connected into a general 
particle diffusion mechanism.  
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Using Eq. 3.13, it is possible to reconstruct the free energy surface in the 
collective variable space. The reconstructed FES of all the materials displayed 
a number of recurring characteristics. The difference in RMSD value between 
each energy minimum started at a small value and then converged on a constant 
value, indicative of the periodic structure of the olivine phosphates. The free 
energy values of the energy minima and energy barriers varied within all 
materials. This is due to the variation in the intricate details of the sequences 
responsible for diffusion. Future studies could be to determine the effect of the 
differences in the diffusive sequences on the corresponding free energy 
barriers. Efforts towards parameter optimisation also provides scope for future 
work, well-tempered metadynamics could be implemented in order to avoid 
over-filling the FES and reduce the error of the calculated free energy barriers. 
During the metadynamics simulations the only mode of diffusion that is realised 
is along the [010] direction. Biasing the RMSD in the separate crystallographic 
directions could lead to the observation of cross-channel migration and the 
calculation of an accurate free energy barrier.  
 
Using an entropic and enthalpic CV to bias the disorder within the system 
yielded some very interesting results. Diffusion was observed along the [010] 
channel, following the same general particle diffusion mechanism observed in 
all other calculations. The dynamics of the system were different to what has 
been normally observed. Instead of rattling around their respective equilibrium 
positions, the Li+ ions alternated between an ordered and disordered regime, 
mimicking the behaviour of a solid and a liquid respectively. Biasing disorder 
within the system led to the formation of Li+/Fe2+ antisite defects. Antisite defects 
have been shown to have the lowest formation energy of all intrinsic defects11,13 
and have also been observed experimentally14,15 The formation of antisite 
defects facilitated diffusion between channels along the [001] direction. Cross-
channel migration occurred via the two distinct mechanism seen in the ‘Shooter’ 
method results. One mechanism involves the direct migration of a channel Li+ 
ion past the antisite Li+ ion, the ‘passing’ mechanism. Whilst the other involves 
the replacement of an antisite Li+ ion by a channel Li+ ion, the ‘replacement’ 
mechanism.    
 
Overall, the prospect of exploiting metadynamics to analyse diffusion within 
battery materials opens a new doorway to a plethora of exciting new research.  
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Chapter 9 
General Conclusions and Closing Statements 
 
Detailed conclusions and future work sections were presented at the end of each 
results chapter. The following section provides a general summary of the work 
contained in this thesis and its wider implications.  
 
Within this thesis, two novel enhanced sampling techniques have been shown 
to successfully realise particle diffusion on a reasonable simulation timeframe 
and at temperatures close to the operational temperatures of batteries.  
 
The first of the techniques, the ‘Shooter’ method, involves the selective ‘warming’ 
up of the mobile cations (Li+/Na+) by transferring a variable amount of kinetic 
energy from the slow non-diffusive framework atoms (MPO4, M = Fe/Mn). The 
transfer of kinetic energy is done under strict conservation of linear and angular 
momentum as to maintain the simulation temperature at 700 K. This achieves a 
velocity distribution that is not typical of the ensemble average but is necessary 
to accelerate the rate of escaping local minima. It has been shown that the 
generation of these velocity distributions has no marked effect of the natural 
dynamics of the systems.  
 
Regardless of the parameter choice for within a ‘Shooting’ simulation, the 
general particle diffusion mechanism observed for each material was 
unchanged. The overall diffusion mechanism followed the same pattern in all 
four materials. Particle diffusion is driven by the formation of Frenkel defects and 
the consequent local disorder that is introduced. The local disorder is expressed 
as the segregation of charge. The formation of Frenkel defects results in the 
creation of a double-occupied Li+-Li+/Na+-Na+ site, where an excess of charge 
is located, and a corresponding vacancy, where a deficiency of charge is 
located. The double-particle site and vacancy represent metastable charged 
species that can migrate within the olivine framework. The migration of the 
charged species can occur as single particle translocation events or as a 
combination of a set of correlated particle jumps. A diffusive sequence comes 
to an end when the Frenkel pair recombine. There exists a varying number of 
different translocation events that are dependent on the collective dynamics of 
the many-particle configuration and display a high degree of correlation. The 
overall mechanism for diffusion in all materials cannot be described by single 
particle events alone. A dedicated approach that appreciates the collective 
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dynamics of a many-particle system is required to account for the complexity of 
the overall diffusion mechanism, which other methods fail to capture.  
 
The ‘Shooter’ method realises the principal mode of diffusion within all materials 
to be a curved trajectory along the [010] channels, which agrees with a number 
of theoretical1–7 and experimental8 studies. However, from the ‘Shooter’ method 
it is observed that cross-channel diffusion along the [001] direction plays a 
significant role in the reaction coordinate of particle diffusion within the olivine 
phosphates. Although single-particle potential energy calculations predict high 
energy barriers for [001] migration, it is clear that different many-particle 
configurations can achieve what a single particle cannot. The effect of the [001] 
migration on the degree of diffusion is significant, migrations of this nature are 
shown to facilitate an increase in the overall diffusion. This is due to the rare 
nature of the translocations. As a consequence of cross-channel migration a 
Frenkel defect is created. The resulting double-particle site and corresponding 
vacancy invoke a local charge segregation across channels. Introducing local 
disorder into two channels, the metastable Frenkel pair species can migrate 
within their respective channels. Due to the limited chance of recombination 
across channels, the adjacent [010] are activated by the sustained charge 
segregation. The overall effect is an increase in diffusion. Two-dimensional 
diffusion has been reported within experimental studies9 on crystalline LiFePO4 
and other theoretical studies.10 It would therefore be of considerable benefit to 
develop a battery design principle that facilitates diffusion across [010] 
channels.  
 
From the mechanistic analysis of diffusion, it is clear that disorder plays a vital 
role. The most favourable defect within the olivine phosphates is the Li+/Na+/M2+ 

antisite defect.6, 7, 11, 12 In LiFePO4, LiMnPO4 and NaMnPO4 the presence of 
antisite defects enhance diffusion. For NaFePO4 a varying effect was observed 
for the presence of antisite defects. In order to conclusively determine the effect 
on NaFePO4 additional distributions of the antisites need to be generated and 
their impact analysed. So far, NaFePO4 has shown anomalous behaviour. For 
the lithiated structures it can be seen that the antisite defects promote cross-
channel diffusion along the [001] direction. Such migration can occur via two 
different mechanisms; the ‘passing’ mechanism, where a channel Li+ ion directly 
bypass the antisite Li+ ion, or the ‘replacement’ mechanism, where an antisite Li+ 
ion is replaced by a channel ion. Even though antisite M2+ ions block their 
respective channels, an increase in overall diffusion is observed due to the 
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prolonged charged segregation associated with [001] migration. For the 
sodiated materials, antisite defects promotes three-dimensional diffusion, 
migrations along the [001] and [100] direction are observed. Migrations along 
the [001] direction occur via the same two mechanisms seen for the lithiated 
structures. However, [001] migration occurs only via the ‘replacement’ 
mechanism.  
 
The ‘Shooter’ method in combination with molecular dynamics is an efficient 
method of elucidating the governing atomistic details of all the diffusive 
processes observed. Therein, the collective diffusion dynamics and energy 
landscape of many-particle configurations are considered, where local 
structural changes and lattice dynamics are explicitly allowed. This way it 
provides the necessary framework to connect single particle events into a 
general diffusion mechanism. In the future, the ‘Shooter’ method can be applied 
to a range of battery materials in order to obtain the full mechanism of diffusion 
and use the details to develop design principles tailored to each material. The 
Shooter method can also be used to estimate the self-diffusion coefficient of a 
material. Values calculated for the four materials replicated the respective trends 
seen in the [010] migration energies6, 7 and therefore comparison of values 
remains valid. A moderate overestimation is observed in the estimated self-
diffusion coefficients for each material and this is down to the necessary bias 
introduced in order to promote diffusion.  
 
In this thesis, the first application of metadynamics to analyse diffusion with 
battery materials is shown. The critical choice involved in any metadynamics 
simulation is the choice of collective variable (CV). In this work two different CVs 
are shown to be able to efficiently simulate and analyse particle diffusion within 
battery materials. 
 
The root-mean-sqaure displacement (RMSD) CV is shown to effectively 
distinguish between diffusive and non-diffusive regimes and even to indicate the 
direction of diffusion. A non-diffusive regime is characterised by the oscillation 
of RMSD values around a well-defined average. This oscillation increases as 
Gaussian functions are deposited along the system trajectory forcing it to 
explore regions of higher energy. When the energy minimum is sufficiently filled, 
and the system is forced to explore another energy minimum, a sequence of 
diffusive events is realised. The mechanism of diffusion observed in the 
metadynamics calculations followed the same pattern seen from the ‘Shooter’ 
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method results. Diffusion is driven by the formation of Frenkel defects. From the 
metadynamics simulation the free energy surface (FES) can be reconstructed. 
Integrating along the RMSD collective variable, a corrugated FES is obtained, 
which is typical of a diffusive process. Free energy barriers for diffusion are 
calculated for each material, with each material displaying a fair consistent 
value. Small variation is seen in the energy barriers and values of the energy 
minima, this is because each sequence of diffusive events can have a variety of 
different characteristics (e.g. number of translocation events, screening 
distance between the Frenkel pair etc.). From this initial study it can be seen that 
the scope for future work using an RMSD CV within metadynamics is exciting. 
Free energy barriers for diffusion can be calculated to screen potential cathode 
material candidates. 
 
Using a novel entropic CV developed by Piaggi et al.,13 the disorder within 
LiFePO4 was biased and diffusion was observed as a direct consequence. The 
CV is designed to optimise the frequency of transition within the material and 
this is observed. An alternation between an ordered and disordered regime is 
observed for the Li+ ions. Within the ordered regime the Li+ ions position 
themselves off-centre with respect to the channel making a ‘zig-zag’ like pattern. 
In this regime the Li+ adopted very ordered and periodic positions, much like a 
solid. Within the disordered regime the Li+ ions occupy an array of positions that 
display no degree of order, much like a liquid. A mechanistic analysis of the 
observed diffusion once again corroborates the results of the ‘Shooter’ method. 
Of most interest is the simulation of antisite formation. Antisite defects are known 
to be the most favourable defect in LiFePO4 and by biasing entropy, this is 
realised. Antisite defects are formed as the result of the combination of multiple 
highly correlated Li+ translocations. In the immediate aftermath of the formation 
of the defect, cross-channel diffusion is observed. The cross-channel diffusion 
occurs via the two mechanisms observed in the ‘Shooter’ method results. The 
reconstruction of a three-dimensional FES illustrates the two distinct regimes 
(ordered and disordered). It has been shown that entropy plays a significant role 
in the particle diffusion with battery materials. Using the novel CV, diffusion is 
simulated, and the formation of the most favourable defect is realised. In the 
future, this CV can play an important part in identifying the role of entropy within 
different battery materials. 
 
The work in this thesis hopes to demonstrate that particle diffusion within battery 
materials is much more complex than first thought. Although single-particle 
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potential energy calculations remain a valid means to guess activation energies, 
a dedicated approach is required to obtain the full picture of the complex 
diffusion mechanism. This work presents two new exciting techniques that 
provide the framework to do so. 
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